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Einstein-Podolsky-Rosen steering is a form of quantum nonlocality exhibiting an inherent asym-
metry between the observers, Alice and Bob. A natural question is then whether there exist entangled
states which are one-way steerable, that is, Alice can steer Bob’s state, but it is impossible for Bob to
steer the state of Alice. So far, such a phenomenon has been demonstrated for continuous variable
systems, but with a strong restriction on allowed measurements, namely considering only Gaussian
measurements. Here we present a simple class of entangled two-qubit states which are one-way
steerable, considering arbitrary projective measurements. This shows that the nonlocal properties of
entangled states can be fundamentally asymmetrical.

The nonlocality of entangled quantum states, first
pointed out by Einstein, Podolsky and Rosen 1], was
later proven by Bell [E] to be an inherent feature of the
theory. Nowadays quantum nonlocality is considered
as a fundamental aspect of the theory, and plays a
central role in quantum information processing [@@]

The concept of steering (or EPR-steering), proposed
by Schrodinger [5], brings an alternative approach to
this phenomenon. Consider two remote observers,
Alice and Bob, who share a pair of entangled particles.
By performing a measurement on her system, Alice
can steer the state of Bob’s system. Importantly, it is
the intrinsic randomness of quantum theory that pre-
vents this effect from leading to instantaneous signal-
ing. First explored in the context of continuous vari-
able systems ld, 71, quantum steering was recently
formalized as an information-theoretic task by Wise-
man et al. [8]. Steering finds applications in quantum
information processing, e.g. for cryptography [d] and
randomness generation [ﬁﬁ]. Experimental investiga-
tions have been reported [|ﬁ|], with notably a recent
loophole-free experiment [ﬁ]. Steering has also been
discussed for detecting entanglement in Bose-Einstein
condensates [IE] and atomic ensembles [@].

A characteristic trait of steering—distinguishing it
from both entanglement and Bell nonlocality—is an
asymmetry between the observers. As formalized in

], a steering test can be viewed as the distribution of
entanglement from an untrusted party. Hence, in this
protocol, Alice and Bob play different roles which are
not interchangeable. Specifically, Alice tries to con-
vince Bob that they share an entangled state. How-
ever, Bob does not trust Alice, and thus asks her to re-
motely steer the state of his particle according to a dif-
ferent measurement basis. Bob can then verify Alice’s
claim by checking a steering inequality [15], as the vi-

olation of such an inequality implies the presence of
entanglement. Conversely, if the inequality is satis-
fied, Bob will not be convinced that entanglement is
present, since a local state strategy can in principle
reproduce the observed data. Interestingly steering
turns out to be a form of quantum nonlocality that is
intermediate between entanglement and Bell nonloc-
ality, in the sense that not all entangled states lead to
steering, and not all steerable states violate a Bell in-
equality [8, [11].

A natural question, already raised in Ref. [d], is then
whether there exists one-way quantum steering. That
is, are there entangled states such that steering can
occur from Alice to Bob, but not from Bob to Alice?
The properties of such states would thus be funda-
mentally different depending on the role of the ob-
servers. On the one hand Alice can convince Bob that
the state they share is entangled. On the other hand,
it is impossible for Bob to convince Alice that the state
is entangled since the observed behaviour can be re-
produced by a local state model. Note that such a
phenomenon cannot occur for pure entangled states,
which can always be brought to a symmetric form via
local basis change (using the so-called Schmidt de-
composition). Hence one-way quantum steering re-
quires mixed entangled states. So far, it was shown
theoretically [@, @] and experimentally [@] that such
phenomena can occur in continuous variable systems.
However, these results hold only for a restricted class
of measurements, namely Gaussian measurements,
and there is no evidence that this asymmetry will
persist for more general measurements. In fact, it is
known that non-Gaussian measurements are useful in
this context, as they are necessary to reveal the nonloc-
ality of certain entangled states [[19].

Here we present a simple class of two-qubit en-
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tangled states with one-way steering for arbitrary pro-
jective measurements. First we show that steering is
not possible from Bob to Alice by constructing an ex-
plicit local hidden state model. Then we show that the
state is nevertheless steerable when the roles of the
parties are interchanged. Making use of techniques
recently introduced in Skrzypczyk et al. [2d], we con-
struct a steering test for demonstrating steering from
Alice to Bob. The present work thus demonstrates a
fundamental asymmetry in the nonlocal properties of
certain entangled states.

We start by introducing the scenario and fixing
notations. Consider two remote parties, Alice and
Bob, sharing an entangled quantum state p 4p. By per-
forming a local measurement on her particle, Alice
can prepare the state of Bob’s particle in different
ways. In this work we will focus on the case of two-
qubit states p4p and local qubit projective measure-
ments. Consider that Alice measures the observable
X - 0 and obtains outcome a = =41; here X denotes a
vector on the Bloch sphere, and ¢ = (07, 03, 03) is the
vector of Pauli matrices. Then, Bob’s particle is left in
the (unnormalized) state

Pajz = tra(papMyz ® 1) M

where M,z = (I +aX-)/2 is the projector corres-
ponding to outcome a. The set of unnormalized states
{pajz}, referred to as an assemblage, thus character-
izes the experiment [E, 24, |2_l|]. The assemblage charac-
terizes both the conditional probability of Alice’s out-
come, p(alX) = tr(p,x), and the (normalized) condi-
tional state prepared for Bob g,y = p, 3/ p(a|X). Note
that all assemblages satisfy Y, 0,z = Y404z for all
measurement directions ¥ and X/, ensuring that Alice
cannot signal to Bob.

In a steering test [B], Alice wants to convince Bob
that she can steer his state. Bob, who does not fully
trust Alice, wants to verify her claim. In order to do so,
he asks Alice to make a measurement in a given dir-
ection ¥ (chosen from a given set of measurements),
and then to announce her result a. By repeating this
procedure a sufficient number of times, Bob can es-
timate the assemblage {p,z}, e.g. via quantum state
tomography. Bob’s goal is now to find out whether
(i) Alice did indeed steer his state by making a meas-
urement on an entangled state p 45, or whether (ii) she
cheated by using a local hidden state (LHS) strategy,
in which no entanglement is involved. In this second
case, Alice would prepare a single qubit state p, and
send it to Bob; here A represents a classical variable
known to Alice, with an arbitrary distribution w(A).
Upon receiving a measurement direction ¥ from Bob,

Alice announces an outcome 4, according to a pre-
determined strategy p,(a|X). Hence Bob holds the
state

Palz = ;w(/\)m(alf)m )

Therefore, the problem for Bob is to determine
whether the states in the assemblage {p, 3} admit a
decomposition of the form @). If this is the case,
then Bob will not be convinced that Alice can steer his
state. On the other hand, if no decomposition of the
form (2) is possible, then Bob will be convinced that
Alice did steer his state. More generally, we say that
a state p op is unsteerable from Alice to Bob, if the as-
semblage {p,z} admits a decomposition of the form
@) for all possible measurement directions ¥. On the
other hand, if there exists a set of measurement direc-
tions such that the corresponding assemblage {p,z}
does not admit a decomposition of the form @), we
say that p 4p is steerable from Alice to Bob.

A steering test is thus clearly asymmetrical, as the
roles played by Alice and Bob are different. Hence it
is natural to ask whether there exist entangled states
p 4 that can be steered only in one direction, say from
Alice to Bob but not from Bob to Alice. Here we show
that such a phenomenon of one-way steering occurs for
simple two-qubit entangled states, considering arbit-
rary projective measurements.

Specifically, we consider states of the form

1—a I I
pan(o) =¥+ 257 (2000 3 + 350 1)1
©)
where ¥_ = |¢p~) (¢~ | denotes the projector on the

singlet state |p~) = (]0,1) —|1,0))/v2 and 0 <
a < 1. The state pap(x) is entangled for & >

1/19 (—6 + 5\@) ~ 0.3288, as can be checked via

partial transposition [4]. We will see that in the range
0.4983 < a < 1/2, the state p4p(a) is one-way steer-
able. The proof is divided into two parts. First we
show that the state is unsteerable from Bob to Alice, by
constructing a LHS model for p45(1/2). Second, we
show that steering can nevertheless occur from Alice
to Bob, by showing that the assemblage resulting from
14 well chosen projective measurements on the state
pap(a) with @ 2 0.4983 does not admit a decomposi-
tion of the form (2).

No steering from B to A. We construct a LHS model,
from Bob to Alice, for arbitrary local projective meas-
urements on p45(1/2). The model works as follows.
Bob first sends to Alice a pure qubit state of the form

oA = (I+Agh-7)/2 4)



where Ay = =1, and A = (A, A2, A3) =
(cos¢psinf,sin ¢ sinf,cosh) is a vector on the Bloch
sphere distributed according to the density

w(6,9) = % cos2(0/2). 5)

That is, the probability of using a given vector A de-
pends on its height on the Bloch sphere. Note that A

and A represent here the classical variables available
to Bob. Upon receiving an arbitrary measurement dir-
ection i = (1, Y2, y3) from Alice, Bob then announces

outcome b = —Agsgn(7- A). Finally, Alice character-
izes her state. For convenience, we consider here the
case where she performs an arbitrary projective meas-
urement along direction X = (x1, x, x3) with outcome
a.

Now we compute the statistics of the above model,
focusing first on the case Ag = 1. Due to the form of
the state (@), we can take i = (0, sin 6p, cos ) without
loss of generality. Moreover, it will be convenient to
use a new reference frame such that the &5 = (0,0,1)
axis is aligned on Bob’s vector ij. Angles and axes
in the new frame are denoted with a tilde. First we
evaluate the distribution of A in the new frame. That
is, we compute w(8,$), with A = (A1, Ap, A3) =
(cos psinf,sinpsinf,cosh). Since the new frame is
obtained by performing a rotation of —fp around the
é1 = (1,0,0) axis, we have that A3 = —sinfgA, +

cos 0pA3. Moreover, since 6 = arcos(A3), we have that

1 arcos(A3) 1+ A3
w(b,¢) = Ecos2 < 2< > =~

(6)
Hence we get that
w(0,$) = (1 — sinfp sin P sinh + cos O cos §) /47t

Next, we write Alice’s vector in the new frame, ¥ =
(cospasinBy,sindasinfy, cosfy). Using the fact
that tr(X¥ - dp,) = ¥ - A, we obtain the correlation

(ab) = — /O iy /O " sin8dfw(8,6)( - 1)sgn(7- )

/0 o dgTJ( /‘ﬂ sin6d0 w (8, §) (7 - X) @)

Jt/2

/2 o Lo .
- / sinfdf w(d,§) (¥ - A))
0
Since ¥- A = sinfsin G4 cos(¢p — g4) +cosfcos G4, we
find after a lengthy but straightforward calculation

_ cosby _ ¥
(ab) = =Ty (8)

Note that 04 is the angle between vectors ¥ and .
Finally we calculate the marginals, i.e. the local ex-
pectation values for Bob

27 7T o o .
(b) = —/0 d¢3/0 sinfdf w (8, §)sgn(7 - 1)
_ cosbOp Y3
== =72 ©)

and for Alice

(a) = /Oznd¢/0nsin0d6w(0,<p)(f-7t)

cosfs x3
= = =2, 1
3 3 (10)

Note that for computing Alice’s marginal, it is more
convenient to use the original reference frame.

At this point, it is useful to note that the correlations
(8) correspond exactly to those of the state pap(1/2).
Moreover, the marginals @) and (10) have the right
form, but are in fact slightly stronger than those of
pap(1/2). In order to weaken the marginals, while
keeping the correlation unchanged, we now use the
variable Ag. Specifically, consider the distribution
p(Ap = —1) = f. Hence the marginals are decreased
to (a) = (1—2f)x3/3and (b) = (1 —2f)y3/2. Choos-
ing a flipping probability of f = 1/5, we finally get

=1

- I

@=2, =22, @)=-2

5 10

Hence the model simulates exactly the statistics of
local projective measurements on the state p45(1/2).
The assemblage {p,;} observed by Alice is thus
identical to the assemblage expected for the state
pap(1/2), that is, Poly = trp(pap(1/2)I ® Mb@,—),
where My; = (I + biyj - 7)/2. Therefore the state
pap(1/2) is unsteerable from Bob to Alice. The ex-
tension to the case & < 1/2 is straightforward.

Finally, note that the above model can also be un-
derstood as a local hidden variable model (LHV);
thus the statistics of local projective measurements on
pap(a) with « < 1/2 cannot violate any Bell inequal-
ity [22]. This complements a series of works describ-
ing entangled states admitting a LHV model [23-26].

Steering from A to B. We will see now that the
situation is completely different when the roles of
Alice and Bob are interchanged. Specifically, the state
pap(a) with & 2 0.4983 is steerable from Alice to Bob.
In order to prove this, we will show that, for a well
chosen set of m projective measurements for Alice,
the resulting assemblage {p, 3} obtained on Bob’s side
cannot be reproduced by any LHS model.



The observables measured by Alice are denoted
A; = X;-0 withi = 1,...,m and outcome a = +1.
Bob characterizes the state p, z, by tomography, mak-
ing measurements represented by the Pauli matrices,
0 with j = 1,2,3, outcome b = £1, and ¢y = I. The
observed statistics are then given by

(ab)i; = tr(pap(a)A; ® 0)) (12)
(b); = tr(pap(@)I @ 07).

Alice’s marginals are given by (a); = (ab) .

Considering a given number of measurements 1,
we now aim at finding the largest value of «, denoted
a*, for which the state psp(a) is unsteerable from
Alice to Bob. That is, we want to determine the largest
a such that the statistics (I2) can be reproduced by a
LHS model, i.e.

ZEA

where E) (i) = pr(a = 1|i) — pr(a = —1[i) is the ex-
pectation value of Alice’s outcome a for a given A and
measurement i. Note that here the local states p, are
not normalized, and one has that )", tr(p,) = 1.

To solve this problem we make use of a semi-
definite programming (SDP) technique recently de-
veloped in [20], for deciding whether a given as-
semblage {p, 3} belongs to the set of “unsteerable as-
semblages’, that is, whether {p, ¢} admits a decom-
position of the form (). Our present problem can be
solved by the following SDP:

)tr(paoy)  (b); =) tr(paoy) (13)
A

a* = maxa

s.t. ZE/\
terA =1,
A

tr p/\(T <ab>ij, ;tr(maj) = <b)j

pr=>0 VA,

(14)
where the optimization variables are p,, and the
quantities (ab);; and (b); are computed as in (I2). Note
that we can focus here on LHS strategies for which
Alice provides a deterministic outcome a given A and
i [20], that is E,(i) = +1 for i = 1...m. Hence we have
altogether 2" possible strategies for Alice to consider.
The above SDP is then implemented for each strategy.

Using the above SDP, we can thus estimate, for
a particular choice of m measurement directions ¥;
(with i = 1..m), the threshold value a* for which
the state p4p(a) is steerable from Alice to Bob. For
fixed m, we then minimize a* over all possible choices
of measurement operators for Alice, using a hill-
climbing heuristic algorithm. Results for m up to 14
are presented in Table I. Notably, for m = 14 we get

Table I. Threshold values a* for which the state p g («) is
steerable from Alice to Bob. The optimization is conducted
over all possible steering tests where Alice performs m =
2,...,14 projective measurements.

ml 2 3 4 5 6 7 8

a*0.6951 0.5661 0.5424 0.5302 0.5156 0.5120 0.5088
m| 9 10 11 12 13 14

uc*|0.5037 0.5030 0.5014 0.5005 0.4993 0.4983

a* ~ 0.4983, thus implying that the state p4p(a) with
a 2 0.4983 is steerable from Alice to Bob.

Finally, from the result of the above optimization
procedure, it is in fact possible to extract an explicit
steering inequality. Once the optimal measurement
directions X; (i = 1...m) have been found via the hill-
climbing algorithm, the dual of the SDP problem (14)
allows us to extract a linear steering inequality [2d] of
the form

3
Zu”‘bz] Z

i [\15

sP(b); < L. (15)

Such an inequahty is characterized by (i) a set of real
coefficients: s;j, s; 4, and sP i and (ii) a bound L which
holds for any LHS strategy. In the supplementary ma-
terial, we follow the above method to give explicitly
a steering inequality featuring m = 13 measurements,
which is violated by performing appropriate measure-
ments (which we give as well) on the state p45(1/2).

Discussion. We have shown the existence of en-
tangled states which are one-way steerable when con-
sidering arbitrary projective measurements. That is,
the nonlocal properties of such states depend on the
role played by the parties: while Alice can steer the
state of Bob, it is impossible for Bob to steer Alice’s
state. This shows that quantum nonlocality can be
fundamentally asymmetrical. An interesting open
question is whether the present result can be exten-
ded to the most general measurements, i.e. POVMs.
Moreover, it would be interesting to find an applica-
tion, e.g. in quantum information processing, of the
phenomenon of one-way steering.
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APPENDIX

Here we describe explicitly the steering test wit-
nessing the fact that the state pap(a) (see eq. @) with
a > (2268/2269)(1/2) is steerable from Alice to Bob.

Here we consider the case of m = 13 measure-
ment settings for Alice, characterized by operators of
the form A; = ¥;- ¢ with i = 1,...,m with outcome
a = £1. Bob performs tomography, making measure-
ments in the Pauli basis 0j with j = 1,2,3, outcome

b = £1. The observed data is then given by

(ab)ij = tr(pap(a)A; @ 07) (16)
(b)j = tr(pap(a)I®0y) (17)
(a); = tr(pap(a)A; @T). (18)

We now construct a linear steering inequality of the
form

m 3 m 3
Y Y osijlab)+ Y st (a)i+ Y sP(b); < L. (19)
i=1

i=1j=1 j=1

The inequality is characterized by the matrix S, with
real coefficients Sijs and the vectors SA and SB, with

real elements s/ and s]B , respectively. Specifically, we
have that

1 6 -1 1
12 175 217 71
9 -1 =7 1
79 38 94 53
S1018 -1 1
162 133 18 71
17 —6 —10 2
157 143 141 111
5 —10 -1 1
62 927 629 2%4
016 1(1)3 76 A 100 B 0
S 5 5 0 |/ S 0 |,S 0
5 -6 -1 4 —15
104 79 72 103 59
4 6 54 2
73 109 433 63
3 -3 2 1
26 20 83 163
10 9 13 3
179 103 121 110
1 -4 2 1
132 33 49 96
11 14 —20 3
107 139 161 95
(20)

The local bound of the above inequality, which holds
for any possible LHS model, is L = 1. This can be
verified using e.g. the techniques of Refs [11,21].
Now we give the measurement operators for Alice,
characterized by Bloch vectors ¥; withi =1, ...,13. We



have that

=31 17 5
38 54 1
9 6
82 35 2
5 103 ,
111 110 “3
—9 7 z
11 23 4
;52 @ z
83 69 5
;l ;8 z
673 49 6
V= 2 § 7 | (21)
—128 57
7 124 “8
373
90 8 “9
47 183
77 233 <10
;37 ;53 z
94 86 ~11
=3 U6 ,
58 121 <12
B -7
23 137 ~13

where the k-th row of the above matrix is understood
to be Xj. By normalization of the vectors, we have that
z% =1- vil — viz where vj; denote the elements of
matrix V, and zj is chosen to be positive. With this
set of measurements performed on the state p 4p(1/2),
we can evaluate the right hand side of (19) giving us
the value S; > % > 1 = L hence demonstrating

steering from Alice to Bob.



