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Introduction 
In the following we shall give a definit ion of dimension and ent ropy 

for a class of stochastic processes wi th the p roper ty t h a t the sample functions 
a r e step funct ions wi th probabi l i ty one. 

Dimension and en t ropy toge ther give a measure of t he unce r t a in ty associ-
a t e d with a r a n d o m variable, or in our case a stochastic process, see [1] and [9]. 

In § 1 we give some examples of stochastic processes, whose sample 
funct ions a. s.2 are step func t ions — such a process is called a jiurely disconti-
n u o u s process, a P D P . 

Some known propert ies of t he dimension and t he en t ropy for random 
variables and vectors, needed in t he following, are s ta ted in § 2. 

In § 3 we def ine dimension and en t ropy for a class of P D P : s regarded 
on a f ini te in terval (0, T). As an example the dimension a n d ent ropy of a 
Poisson process are calculated. The asymptot ic T-dependence of the dimen-
sion is studied in § 4 for ergodic Markov chains wi th a f in i te s t a t e space and 
for renewal processes. 

For vector processes t h e corresponding defini t ions are made in § 5. 
An example wi th Poisson processes is discussed. 

Finally in § 6 we give a me thod of approximat ing by P D P : s stochastic 
processes whose sample func t ions are a. s. continuous. Especially the Brownian 
motion is discussed and t he dimension of the approx imat ing P D P is s tudied. 

§ I. Purely discontinuous processes 
By a s tochast ic process we shall mean a one-parameter fami ly of r andom 

variables (measurable func t ions on a probabi l i ty space), see [6]. The measure 
of the probabi l i ty space will a lways be assumed to be complete. The paramete r 
will be called t ime. We shall only consider processes on t he interval [0, 
T h e stochastic process is t hen wr i t t en {X(Z): t Ç [0, or {Х(/, со): t £ [0, 
и 6 fi). Here Q is the space of e lementary events . The sample funct ion corre-
sponding to со is X(-, со). 

A stochastic process is called a purely discont inuous process, a P D P , 
if t he sample funct ions a. s. a re s tep funct ions, wi th a f in i te n u m b e r of j u m p s 
on every f in i te t ime in terval . T h e t ime points corresponding t o jumps will be 
called points of jump. 
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I f X(t) = (Xßt) Xr(t)). t 6 [ 0 , o o ) , W h e r e { Z , ( í ) : t € [ 0 , »)}, i = 
= 1, . . . , r, are P D P : s, then {X(t): t € [0, «>)} is called a purely disconti-
nuous vec tor process. 

Genera l condit ions for a process to he a P D P have been given by M. 
Fisz, see [7]. 

I m p o r t a n t types of P D P : s a re f o u n d among Markov processes and rene-
wal processes. 

A sufficient condi t ion for a separable Markov process {X(t): t € [0, °°)J 
with s t a t iona ry t rans i t ion func t ion p(t, A) = P{A(s +t) £ A\ X(s) = {} 
to he a P D P is tha t 

( 1 ) l i m p(t, {£}) = 1 
<—o 

uni formly in I, see [6], theorem V I . 2.4. 
By a renewal process, see [10], we shall mean a process {A(i) : t £ [0, 

X(t) = m a x n , 
Tnät 

where r t Ai т2 т3 íS . . . are r a n d o m variables taking values on the interval 
[0, oo) a n d such tha t t j , r^ — Tj, т3 — r 2 , . . . are independent and equidis t r ibuted. 
Let Р{т 2 = 0} < 1. T h e n {Z(f) : t € [0, is a P D P . For let a > 0 be 
c h o s e n s o t h a t P { T j :> с / . ] > 0 a n d l e t A n b e t h e e v e n t t h a t тп — тп 2 > о. 

In order t o show tha t {X(t) : t € [0, ° ° ) } is a P D P we have only t o prove t h a t 
P{lim т п = oo} = 1. A sufficient condition for th i s relat ion is t h a t 

P{lim s u p А л} = 1. But th i s equal i ty follows f rom the Borel—Cantelli lemma since 
N—>OO 

2 P Ш = Р{т, > a} 2 1 = °° • 
n =2 n=2 

§ 2. Information theoretic background 

I f f is a discrete r a n d o m var iab le taking the va lue xk, / • = 1 , 2 , . . . , 
with t h e probabi l i ty p k , к = 1, 2, . . t h e ent ropy Я 0 (£) of £ is def ined by 

ВД)= - 2 p k l o g ? , , 
fc = 1 

i f t h e s e r i e s i s c o n v e r g e n t . T h e b a s e o f t h e l o g a r i t h m i s h e r e a r b i t r a r y . 

Let £ be a real r a n d o m variable, a n d p u t = __ [ 7 l t ] j where [ж] is the 
n 

integral p a r t of x. If Я „ ( | ( 1 ) ) < we p u t , according to A . R É N Y I , see [ 9 ] , 

d = d ( £ ) = l i m Я ° ( 1 < П ) ) , 
l o g П 

provided t h a t the limit exists, and call d the dimension of £. If f u r t he r the 
limit 

tfd(£) = l i m [ # „ ( £ < " > ) - d l o g я ] 

exists, i t is called the d-dimensional e n t r o p y of £. 
A r a n d o m variable £ is said to be t h e mixture w i th weights {qk\, qk è 'h 

E qk = 1, of the variables {£k} if t h e dis t r ibut ion func t ion of £ is 27 qk Fh, 
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where Fk is t h e distr ibut ion func t ion of f k , If N is a r a n d o m variable, t a k i n g 
t h e values {k\ with probabi l i t ies {</,,} a n d if the condi t ional dis tr ibut ion 
of I, given t h a t N = 1c is equa l t o the dis t r ibut ion of t h a n £ is the mix tu re 
of {!fc} wi th weights {qk}. 

If £ is t h e mixture of £k, к = 1, . . . m, with weights qk, lc = 1, . . . m, 
t hen 

2 qk ВД>) ^ # о(1(п)) ^ 2>qk #„(#>) - 2 Ян log Як • 
к к к 

T h e f i rs t inequal i ty follows f r o m Jensens inequal i ty appl ied to the convex 
funct ion X log X, and t he second inequal i ty follows f r o m t h e fact t h a t for 
discrete var iables the e n t r o p y of a mixture is always less t h a n or equal t o t h e 
sum of the weighted average of the entropies of the components in the m i x t u r e 
and the e n t r o p y of the mix ing distr ibution, in this case {gj j , see [1]. Dividing 
wi th log n a n d letting n pass t o inf ini ty we obtain 

m 
( 2 ) <*(£) = 2 Я к ^ к ) . 

If the components in the mix tu re have pairwise or thogonal 3 and e lementary 4 

distr ibut ions in the sense of [1] we f u r t h e r have, see [1], 
m m 

(3) Н Д ) = 2 Як Häk(h) - 2 Як log Як > 
к=1 Л=1 

where dk = d(£fc). 
Let £ be a random vector , £ = (Ii, • • • l r) . We p u t 

£ ( n ) = 
N l i ] N l r J 

If 770(£(1>) < °° the d imens ion of £ is de f ined by 

d = d(C) - lim , 
log П 

if the l imit exists. If f u r t h e r the limit 

tfd(C) = lim [#„(£<">)-<7 log n\ 

exists, i t is called the d-dimensional e n t r o p y of £. If £ ha s an absolutely con-
t inuous dis t r ibut ion a n d if 770(£(1)) < oo t h e n according t o [9] 

(4) d(£) = r , 
and 

( 5 ) н AO = - j ' / N ) l o g M dx , 

see [9] a n d [4]. Here f(x) is the densi ty func t ion of £ a n d t h e integral is t a k e n 
over t he ent i re r-space. 

3 £ A N D И B A V E O R T H O G O N A L DISTRIBUTIONS IF T H E R E EXIST T W O DISJOINT B O R E L M E A S U R A B L E 
S U B S E T S E A N D F O F T H E R E A L LINE, S U C H T H A T P{£ £ E} = P{r) £ F} = 1. 

4 T H E DISTRIBUTION O F F IS CALLED E L E M E N T A R Y IF IT IS T H E M I X T U R E O F A FINITE DISCRETE 
D I S T R I B U T I O N A N D A N A B S O L U T E L Y C O N T I N U O U S D I S T R I B U T I O N W H O S E D E N S I T Y F U N C T I O N IS PIECE-
W I S E C O N T I N U O U S , O N L Y H A S DISCONTINUITIES O F T H E FIRST K I N D A N D IS ZERO O U T S I D E A FINITE 
INTERVAL. 
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§ 3. Dimension and entropy for purely discontinuous processes 

Let {X(t, to) : t € [0, оо), со ё ß } be a P D P . We shall regard the process 
on the i n t e rva l 0 < t < T. L e t N(T) = N(T, со) be t h e number of j u m p s 
on this in te rva l . We will f i r s t show t h a t N(T, • ) is a r a n d o m variable. 

Lemma 1. N(T, • ) is a measurable function. 
Proof. L e t {r(} be a countab le set of points dense in t h e interval (0, T). 

As shown below there t h e n exists a sequence {/„}, where fn for each n is a 
Borel measurab le funct ion f r o m the n-space to the set of nonnegat ive integers 
< n, such t h a t a. s. 

lim fn(X(r4, со) X(rn . со)) = N(T, OJ) . 
n->« 

The lemma then follows f r o m the fact t h a t the limit of an a.e. convergent 
sequence of measurable func t i ons is measurable . 

The func t ions {/„} can be chosen in t he following way . For f ixed n. 
let i' and i" be indices such t h a t rr and г,- are the left a n d r igh t neighbours 
of r, among rv . . . , rn. For t h e least and t h e largest of rv . .., rn only one 
neighbour exists . If xv .. ., xn are given real numbers, we let A(xv . . ., xn) 
be the set of those x,- : s such t h a t x, = x, or х,- = x,- and let m(xv . . . . xn) 
he the n u m b e r of different rea l numbers in A(xv ...,xn). T h e n we can p u t 

fn(xv . . ., xn) = m(xv . .., x„) - 1. 

If t he n u m b e r of j u m p s of I ( •, со) is f in i te on t h e in te rva l (0. T), an 
event which has probabil i ty one, then for f ixed со 

fn(X(rv со), . .., X(rn, co)) = N(T. со) 

for sufficiently large n. 
Q E D . 

Note. T h e slightly compl ica ted s t ruc ture of the fn : s in t h e proof is caused 
by the possibil i ty t ha t some of the r, : s m a y coincide wi th points of j u m p 
wi th probabi l i ty greater t h a n zero. If this were not the case, or if the sample 
funct ions a.s. were right or l e f t continuous, we could have chosen fn(xv . . . , x n ) 
t o be equal t o t h e number of d i f fe ren t n u m b e r s among xv . . ., xn minus one. 

Let /(со), . . . tN(Tfco) be t he points of j ump on t h e in te rva l (0, T) 
ordered such t h a t 0 < / < . . . < tN,T) < T. F o r simplicity we def ine /(со) = 
= T if к > N(T, со). Then { / } become r a n d o m variables according to 

Lemma 2. tk, к = 1, 2, . . . , are measurable functions. 
(Sketch of ) Proof. As t h e proof is r a t h e r similar to t he proof of lemma 1, 

we will only ind ica te how i t can he carried th rough . Let {r ;} be given as in 
t h e proof of l emma 1. Given X(rit со), i = 1, . . ., n, it is possible to choose 
t{"'(cо), к = 1 , 2 , . . ., among t h e numbers rv . . ., rn such t h a t a.s. 

l im 4">(co) = tk((o) . 
77-*°° 

T h e number /"'(со) can fur ther be chosen in such a way t h a t t h e choice only 
depends on t h e mutua l size re la t ions among X(rt, со), i= 1, ...,n. Then 
{/" '( • )} and therefore also { / ( • ) } become measurable func t ions . Q E D . 



DIMENSION AND ENTROPY FOR STOCHASTIC PROCESSES 77 

A similar proof, which is completely left out , is also valid for t h e following 
Lemma 3. X(tk + 0, • ), к — 1, 2, . . . are measurable functions. 
F r o m now on we will drop œ in t h e nota t ions fo r random var iables and 

stochastic processes. 
I f we disregard X(tf), X(t2), .. . , a sample func t ion of our process can, 

on t he in terval (0, T), a.s. be descr ibed by the ( 2 N ( T ) + l ) - tup le 

| (T) = (<!,..., tNm, X(+ 0), X(ty + 0) X(tNm + 0)) . 

In case X(ty), X(t2), . . . , are essential for the descript ion of t h e stochastic 
process t h e procedure has to be modif ied. However , if we know t h a t the 
sample funct ions a.s. a re continuous f r o m the le f t , or if we know t h a t they 
a.s. a re continuous f r o m the r igh t , then | (T ) a .s . determines t h e sample 
func t ions on the in te rva l (0, T). 

Now i(T) can b e regarded as t h e mixture wi th weights 

(6) qn(T) = P{N(T) = n), n = 0 , 1 

of t h e variables 

(7) $n(T) = (tv ...,tn,X( + 0),X(t1+0) X(tn + 0)), n = 0, 1, . . . , 

where t h e (2n + l ) - tup le !„(7') ha s t h e conditional distr ibution of t he points 
of j u m p and the corresponding X-va lues , given t h a t N{T) = n. I f q„(T) > 0 
this condit ional d is t r ibut ion exists according t o l emmata 1, 2, a n d 3. From 
the def ini t ion of a P D P it follows t h a t 

2 я п ( Т ) = 1. 
n=0 

If $n{T) has a dimension and an e n t r o p y we d e n o t e them 

(8) dn(T) = 
and 

(9) Hdn(T) = HdniT){tn(T)) • 

As in(T) and l m ( P ) for n m t a k e values in spaces of d i f fe ren t dimensions 
it is na tu ra l to r ega rd the corresponding dis t r ibut ions as or thogonal . The 
re la t ions (2) and (3) then mot iva te t h e following definit ions. 

Definition 1. I f !n(T) for each n has the dimension dn(T), t h e dimension 
of t h e process {X(<) : t £ [0, «=)} rega rded on t h e interval (0. T) is defined b y 

(10) d* = dT(X)= 29n(T)dn(T), 
n=0 

if t h e series is convergent . 
Definition 2. I f !„(T) for each n has the dimension dn(T) a n d the ent ropy 

Hdn(T) and if the series (10) converges, the d r -d imensional en t ropy of t he 
process (A(/) : t £ [0, regarded on the in te rva l (0, T) is de f ined by 

(11) HT = HT(X) = 2 qn(T) Hdu(T) - 2 qn(T)\ogqn(T) , 
n = 0 n=0 

if t h e series are convergent . 
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Note. In these defini t ions we t r e a t the po in t s of jump and t h e correspond-
ing process values in t he same w a y (see the def in i t ion of | n ( T ) ) . I t may in 
some instances be more na tura l t o have d i f fe ren t "scales" of uncer ta in ty fo r 
t ime values and process values. 

For later appl ica t ion we no t e t h a t if 

dn(T) = an +b,n = 0,1, 
then 
(12) dT = am(T) + b, 

where m(T) is the average number of jumps on t h e interval (0, T) , 

m(T) = j?nqn(T). 
n=0 

Example. Let {A(Z) : t , [0, ° ° )} be a Poisson process w i th parameter 
A, i.e. X(0) = 0 and 

r /At, т\1п-т 

P{Z(Z) = n I X(t) = m} = 1 -1 — - e-Ä(f-v) > r . 
(n — m) ! 

Let fu r the r t he process be separable. As (1) is sa t isf ied un i fo rmly for | = 
= 0, 1, . . , t he process is a P D P . W e will now calculate its dimension and 
en t ropy . 

Regard t he process on t he in te rva l (0, T). T h e number of jumps on 
th is interval is a.s. X(T). We t h e n have to de t e rmine the dimension and 
en t ropy of the r a n d o m vector (ty, . . ., tn) given t h a t X(T) = n . As before, 
tv .. ., tn are the po in t s of j u m p ordered in such a w a y t h a t 0 < ty <C . . . tn < T. 
Since t he relat ion X(tk + 0) = к holds a.s. we need no t take in to account 
t he X-values a t t he po in ts of j u m p when calculat ing the dimension and the 
en t ropy . The d is t r ibut ion of (tv . . ., tn) is uni form in tha t region V of the 
тг-space where 0 < x, < . . . < x n < T , {x,} being t h e coordinates, see [11] 

p 86. The region V has t h e volume — T". According to (4) and (5) we have 
тг! 

d(ty, . . . , t n ) = n 
and 

Г гг ' и ! T n 

Hn(ty, . . tn) = - I - l o g T - dXy . . . dxn = log _ . 

V 

The dimension of t he process is 

dT = 2 n P{X(T) = «} = A T. 
i l = 0 

The corresponding en t ropy is 

- ( 1 T \ " n T V 1 . 
= HT= 2 - - T - e~XTl°g — - У e XT log 

/1=0 n \ тг! ^ o гг ! 
Ату:е->.т 

n ! 
T. 

Let { X j ( t ) : t , [0, °°)}, i — 1, . . ., тгг, be s tochas t ic processes. We say 
t h a t {X(t) : t , [0, is the mix tu re wi th weights ph i = 1, . . ., m. p; 
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0, Zpi= 1, of the processes : t £ [0, г = 1, . . . , m, if there 
is a r a n d o m variable N, t a k i n g the va lue i with the probabi l i ty pjt a n d such 
t h a t if N = i, then X(t) = X ß ) for all t £ [0, 

Theorem 1.Let {2ОД : t £ [0, be the mixture with weights p,, i = 1 , .. .m, 
of the PDP: s { X ß ) : t £ [0, <»)}, i = 1, . . . m. Then {X(t) : t £ [0, ° ° ) } is 
a PDP and 

m 
dT(X) = yPid

T(X,), 
1 = 1 

provided that the right member exists. 
Proof. I t is obvious t h a t [X(t) : t £ [0, °o)} is a P D P . Let q„(T), | „ (T) 

and dn{T) be def ined according to (6), (7) and (8) a n d let q<f>(T): ßß(T) and 
d<ß(T) be t h e corresponding quant i t ies for : t £ [0, i = 1, . . ., m. 
Then I n ( T ) is the mix tu re with weights 

qn(T) 

of Yß(T), i = 1, ... m. Since 

m 

i = i 

we have 27 r, = 1. F r o m t h e relation (2), or r a the r f r o m the corresponding 
relation for r andom vec tors , we have 

m 
dn(T) = 2 M m • 

1 = 1 

Therefore 

dT(X) = 2 4n(T) dn(T) = 2 Pi 2 ^{T) d m = V Pi d^Xi). 
n i n i 

QED 

§ 4. Dimension for Markov chains and renewal processes. 

Let {X(t) : t £ [0, be a M a r k o v chain w i t h s ta t ionary t ransi t ion 
funct ion and f ini te s t a t e space, which , we assume, consists of t h e integers 
1, . . . N. P u t 

Piß) = Р{Л'(/ + s) = j\ X(s) = i}, i, j = 1, . . . N. 

As <-> Pi-(t) t ends t o a limit, see [6]. If this l imit is i ndependen t of i, 

lim P i ß ) = P j , 

the chain is said to be ergodic. T h e n irrespective of the initial d is t r ibut ion 

lim Р { 2 ф ) = /} = P], 

and if t he initial d is t r ibut ion is equal t o {Pj}, t he s t a t iona ry d is t r ibut ion , then 
for all t 
(13) P {X(t) = f } = Pj. 

Ш90М. .ubMlA 
тшш 
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Suppose tha t p, ;( í) —*• á, ; as t —> 0, i.e. the condi t ion (1) is sa t i s f ied . If (X(t) : t 6 
€ [0, is separable then i t is a PDP. F u r t h e r , see [6], t h e transi t ion in ten-
sities 

qt = lim 1 - P » ( t ) 

/->о t 
exist . 

Theorem 2. If \X(t) : t € [0, °°)} is a separable, ergodic Markov chain 
with finite state space and stationary transition function, and if the transition 
probabilities P j f t ) tend to <5iy- as t—*• 0, then the dimension dT(X) exists for 
every T > 0 and is a differentiable function of T such that 

lim ^ - d \ X ) = 2 P t q i . 
T-»~ dT t 

Here {/',} is the statiomry distribution and {</,} are the transition intensities. 
If the initial distribution is equal to {P,}, then 

d T ( X ) = ( y p i q i ) T 

for all T > 0. 
Note. C H I N T S C H I N (1953) showed for a f in i te s ta t ionary and ergodic 

Markov chain w i t h discrete p a r a m e t e r t h a t t h e r-step en t ropy is r times t h e 
ones tep en t ropy . T h e later p a r t of theorem 2 g ives a corresponding proper ty 
for Markov cha ins with cont inuous parameter . 

Proof. If ч and у are r a n d o m variables o r vectors, whose dimensions 
exist , 

m a x (d({), d(V)) A d(l у) A d ( f ) + d(y). 

This follows easily f rom the corresponding p r o p e r t y of the e n t r o p y . Therefore 

d(ty, . . ,tn) g, d($n(T)) A d(ty, ... t„) + 2 d(X(th + 0)) , 
k=0 

where /0 = 0. As X(tk + 0), к — 0, ...,n, a r e random var iables taking a 
f in i te number of va lues their dimensions are zero . Consequently 

d($n(T)) = d(t1, . . . t n ) . 

Now (q, . . . , t„) h a s an absolutely continuous dis t r ibut ion. In o rder to prove 
t h a t this is the case it is suf f ic ien t t o show t h a t if 0 A ay A by A a2 A . . . 
. . . A b n A T t h e n 

n 
P {a, A t,Ay b,,, i = 1, . . . n\N(T) = n}AC Ц (b, - a,), 

í = i 

where С is a c o n s t a n t independent of {a,} and {&,}. As before N(T) denotes 
t he number of j u m p s in the i n t e r v a l (0, T). Now, if 0 A a < b 

P{N(b) - N(a) = 0| X(a) = г} = P{X(t) = i, a A t < b\X(a) = i} = e~«(»-«>, 

see [6]. P u t 
q = max q t . 



DIMENSION AND ENTROPY FOR STOCHASTIC PROCESSES 81 

Let Л be a set in the Borel field genera ted b y {X(t) : 0 g i g e ) . Then 

P{W(h) - N(a) k l | / l } = v P{N(b) - N(a) ^ 1, X(a) = г \ Л} = 
i 

= 2 , P { N ( B ) - X ( A ) ^ 1 Í X ( A ) = *} = » I Л ) = 
i 

= 2 (1 — e-«''6-")) P{X(œ) = i j Л} ^ (1 — e-ov-a)) 2 P{X(a) = » | Л } , 
l i 

which gives 
P{N(b) - N(a) ^ 1 j Л ) ^ q(b - a) . 

Consequent ly 

P{a, t. <L bi, i = 1, . . . n I N(T) = n}< — P{N(b.) — 

- Nia,) ^ 1 , г = 1 »} = P{N(bx) -
Р { А Г ( Т ) = n } 

- N(ax) Ж 1} Ц P{AT(fc,) - N(a,) è 11 N(bj) - Nty) k l , / = 
i—2 

O" " 
= 1, . . . г - 1 } <i i TT (h/ - a,). 

As t h e dis t r ibut ion of (tx tn) is concentra ted to a bounded set in 
t h e «-space 

ВДУ.... [ * „ ] ) < « » . 
and according to (4) 

d(Cn(T)) = d(tl,...tn) = n. 

Then (12) shows t h a t dT(X) = m(T), t h e average n u m b e r of j u m p s on the 
in terval (0, T). Le t V , j ( T ) be the ave rage number of j umps to j g iven tha t 
X(0) - i. Then according to [3]. t h e o r e m I I . 16. 2, V • ) is d i f ferent iable and 

Um V'iJ(T)=PJqj. 
T->0O 

As 

m(T) = 2P{X(0) = i}Vu(T), 

m( • ) is different iable a n d 

lim m'(T) = 2 ' P£X(0) = i} PjÇTj = 2 P j l j • 
i, j j 

This proves t he f i rs t p a r t of the t heo rem. The second p a r t now follows from 
t h e f ac t t h a t if the init ial dis t r ibut ion is equal to t h e s ta t ionary dis t r ibut ion, 
t hen according to s ta t ionar i ty (13) 

т(Тх + Тг) = m ( T x ) + m ( T 2 ) , 
all Tv T2 > 0. Q E D . 

6 A Matematikai Kutató Intézet Közleményei I X . A / 1 - 2 . 
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Let tv r2 , . . . be nonnega t ive random variables such t h a t tv T2 — 
т3 — r2, . . . a r e independent a n d have t h e same dis t r ibut ion funct ion F . 
T h e n F will b e called the g a p distr ibution funct ion of t h e renewal process 
{X(t) :t € [0, °o)} where, 

X(t) = max n . 

I f 

y — \ xdF(x) < oo 
о 

we get the corresponding s t a t i ona ry renewal process by le t t ing r, have t h e 
dis t r ibut ion f u n c t i o n 

F*(x) =— ( [1 - F(i 
F J 

(y)]dy, 
У • 

о 
see [11]. 

Theorem. 3. If : t € [0, is a renewal process with absolutely 
continuous gap distribution function F, then dT(X) exists for every T > 0 and 

l i m ^ U V , 
r—>«» T и 

where 

у = I xdF(x). 
о 

If p = oo then— is to be interpreted as zero. If // < 00 the corresponding statio-

uary renewal process has the dimension 

T 

У 

Proof. Knowledge of the p o i n t s of jump t1<t2 < • • • <tn m a k e s it possible 
t o determine t h e corresponding W-values a n d therefore 

d(uT)) = d(tv ...,tn). 

T h e condition t h a t t he gap d i s t r ibu t ion is absolu te ly cont inuous implies t h e 
absolu te cont inu i ty of the d is t r ibu t ion of (tv . . ., tn) given t h a t N(t) — n. 
Indeed if 0 xx ^g. x2 ... ^ r „ ^ T we have 

Р{/ ^ X f , i = 1, ... n I N(T) = n} = 
X i X 2 X 3 X n 

r j = n } J J J " " j / ( ' / l ) / ( ' V 2 ~ ~ y i ) f ( y s ~ У г ) • • ' f { V n _ У п ~ ' ] [ 1 ~ P{AT(T) = 
0 }/, Уг Уп-i 

- F(T - yn)} dy, . . . dyn 

where / i s the de r iva t ive of F , a n d different ia t ion with respect t o xv x2, . . ., xn 
gives the desired resu l t . In the s t a t iona ry case t h e proof is s imilar . 
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According t o (4) one has 

d(tv t„) = n 

(cf. t he proof of theorem 2). Therefore dT(X) — m(T), t he ave rage number 
of j umps on the in te rva l (0, T). Now 

l im J ü £ > = I , 
r->- T y 

see [1П], and in t h e s ta t ionary case 

T 
m(T) = — y 

for all T, see [11]. 
Q E D . 

If t h e gap dis t r ibut ion func t ion has m o m e n t s of h igher orders, one 
can give a more detai led descr ipt ion of m{T): s asymptot ic behaviour, see 
110]. The same is t r u e of the dimension dT. 

§ 5. Dimension and entropy for purely discontinuous vector processes 

Let {X(t) : t Ç [0, be a purely discont inuous vec to r process, i.e. 

X(t)=(X1(t) Xr(t)),0^t < ж, 

where {Ak(i) : t 6 [0, к = 1 r, are P D P : s. By Nk(T) we denote t h e 

n u m b e r of j umps on t he in terval (0, T) of t h e к : th PDP , к — 1 r. P u t 

ЩТ) = (ЩТ) Nr(T)). 

If n — (nv . . . , nr), where {nk} a re nonnegat ive integers we pu t 

qn(T) = P{N(T) = n}. 
The points of j u m p of the к : th process are deno t ed tkl < tk2 < . . . . Measura-
bil i ty questions are here t rea ted in t he same w a y as in § 3. For n = (??,, . . ., n r ) 
we let 

t n ( T ) = ( h l A / + 0 ) , 

A 1 ( í 1 1 + 0 ) , . . . . A r ( í r n r + 0 ) ) 

have the condit ional dis t r ibut ion of the points of j u m p and t h e corresponding 
Xk-values, к = 1, . . ., r, given t h a t N(T) — n. I f the dimension and e n t r o p y 

of £n(T) exist we deno te them dn(T) and Н^п(Т). If we change У] into 
n=о 

± 2- 2 
n,=0 n,=0 nr=0 

(1* 
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we can use t he def ini t ions 1 and 2 l i teral ly to de f ine the dimension 

dT = dT(X) = dT(X1, . . . Xr) 

and the d T -d imensional en t ropy 

HT = HT(X) = HT(Xx, . . . Xr) 

of {A(i) : t € [0, oo)} regarded on t h e interval (0, T). 
W i t h these def in i t ions we f i nd for example: 

If {-X,,/) : t £ [0, к = 1, . . r , a r e independent processes, t h e n 

dT(X\,... Xr) = 2dT(Xk) 
k=1 

and 

H T ( x l t . . . x r ) = 2 H T ( x k ) , 

1 

if the respec t ive right members exist. T h e proofs of these relations a r e straight-
forward computa t ions f r o m the def in i t ions . 

W i t h r = 2, i.e. w i t h two P D P : s, one can now define coun te rpa r t s to 
mutual in fo rmat ion a n d conditional e n t r o p y for pa i r s of random variables. 
For example , the condit ional dimension a n d entropy of the process {A(i) : t £ 
£ [0, oo)} regarded on t h e interval (0, T) given the process { Y ( t ) : t € [0, °°)} 
on the s a m e interval a re defined by 

dT(X\Y) = dT(X, Y) — dT(Y) 
and 

HT{X\Y) = HT(X, Y) - HT(Y), 

if the r igh t members exis t , cf. § 4 of [1]. 

An example with Poisson processes. Le t (A(/) : í £ [0, °°)} a n d {Z(t ) : t 
£ [o, oo)} b e independent separable Poisson processes wi th pa rame te r s A and 
p. Let Y{t) = X(t) + Z(t), for 0 ^ t < oo. Then {Y(t) : t € [0, oo)} becomes 
a separable Poisson process with p a r a m e t e r A -(- //. W e shall now calculate 
dT(X, Y), HT(X, Y), dT(X\Y) and HT(X\Y). 

Let N4(T) and N(T) be the n u m b e r of jumps of X{t) and Y(t) on the 
interval 0 < t < T. For N(T) = n a n d N f T ) = nx we let 

t = ( / , ..., tn)t tx < t2 < ... < tn , 
and 

T = ( h  

denote t h e po in t s of j u m p of Y( • ) and X( • ). Then a.s. for every k, 1 ^ к ^ îi1, 
rk = ti fo r some /, 1 ^ I ^ n. The condit ional d is t r ibut ion of r g iven t is 

finite w i t h П possible outcomes, all of which h a v e t he same probabi l i ty . 
Ц 

Therefore, cf . the example of § 3 in th i s pape r and also § 4 of [1], 

d(t, r) - d(t) = n 



DIMENSION AND ENTROPY FOR STOCHASTIC PROCESSES 8 5 

and 

H(t, r) = log ^ - f l o g 
n ! 

n 

п л "1 

From the def ini t ions of dimension and ent ropy we then have 

=> n 
dT(X, Y) = 2 2 P{X(T) = щ, Y(T) = n)n, 

n = 0 / ! , = 0 

HT(X, Y ) = 2 2 P{X(T) = Пу, Y(T) = n} 
п = 0 n , = 0 

, T" (n\ I 
l o g — + l o g 

71! 7 * i / J 

- 2 2 P{X(T) = ^ , Y(T) = log P { X ( T ) = Пу, Y(T) = 71} , 
n =0 n,=0 

which a f t e r some calculations gives t h a t 

d T ( X , Y) = (X + f i ) T , 

HT(X, Y) — (I fi)T log e — XT log A — /7 T log p,. 

As dT(Y) = (A + p)T and HT(Y) = (A + ft) Tflog e - log (A + /*)], 

see the example in § 3, one has t h a t 

d T ( X / Y ) = 0, 

HT(X/Y) = [(A + /7) log (A + p) - A log A - /г log /7] T. 

As the condi t ional en t ropy in this case is zero-dimensional it ough t 
to be possible t o calculate i t w i t h o u t the use of t he dimension concept. Th i s 
is also the case. L e t namely A = [ty, . . . , / „ } b e a part i t ion of the interval 
(0, T), 0 < ty < t2 < . . . <tn< T , a n d p u t 

I A I = m a x (if - t ^ y ) , 
í ^ ' á i + i 

where t0 = 0 and tn + 1 = T. Then if h(tv .. ., tn) is the condi t ional e n t r o p y 
of the r andom vec tor (X(ty), . . . , X(/„)) given t h e random vec to r (Y( ty ) , . . . 
..., Y(tn)) one can show t h a t 

h(ty tn) = [(A + / 7 ) log (A + / 7 ) - A log A - /7 log / 7 ] T + 0( | A | ), 

i .e . h(ty , . . . , t n ) - > H T ( X / Y ) a s | A | 0 . 

§ 6. Approximation of continuous processes 

Let {X(t) : t £ [0, °°)} be a stochastic process , whose sample func t ions 
a.s. are cont inuous. Fur the r , suppose for s implici ty, t ha t P{X(0) = ж0} = 1 
for some x0, — 00 < a;0 < 00. W e can then f o r m an approximat ing P D P in 
t he following w a y . P u t r„ = 0 and 

т„_и, = inf {t : t > т„, I X(t) — X(r„) j = e}, n = 0 , 1 
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If for some 11 we have | X(t) — X(r„) \ < e for all t > rn we put тп+1 — r n + 2 = 
= . . . = 0 0 . As the sample functions a . s . a re continuous, {17, } become random 
variables de f ined on a se t of p robabi l i ty one and possibly taking t h e value 
°° with pos i t ive p robabi l i ty . A deta i led proof of th i s f a c t can be m a d e with 
the help of a secjuence {r ,} dense in (0, cf. the p roof s of l emmata 1 and 2. 

We p u t 

Xc(t) = X(Tn),Tn^t < T„+ 1 , 71 = 0 , 1 , . . . . 

As Р { т л - » = 1, Xe(t) is def ined a.s . for 0 ^ t < °° and { X f t ) : t € 
£ [0, 00)} becomes a P D P approx imat ing t h e original process in t he sense tha t 

P{lim (sup I Xt(t) — X(t) j ) = 0} = I . 

S u p p o s e that t he dimension dT(Xe) exists for every T > (1. W e pu 

ад = lim 

if the limit exists. The a sympto t i c p roper t i e s of de(X) as e tends t o zero can 
then be u s e d t o character ize the or iginal process. 

If {X(t) : t £ [0, 00)} has i n d e p e n d e n t and s t a t iona ry inc rement s (for 
these concep ts see [6]), t h e sequence { r n } consti tutes a renewal process. If the 
gap d i s t r ibu t ion funct ion F is absolu te ly continuous we have according to 
theorem 3 

ад = - > 
F 

where 

p = j xdF(pc) . 
ô 

For by t h e calculation of t h e dimension of the process {-XE(Z) : t £ [0, we 
need not t a k e account of t h e values of t h e process as {A^Tj) A ( r n ) } for 
every n is a random v e c t o r taking a f i n i t e number of values. 

Example. Let {X(t) : t £ [0, 00)} be a separable Brownian motion 
process. According to [5] 

( e-XxdF{x) = 1 , ^ . 
I cosh ]/2 Ae 

0 

where F is t h e gap d i s t r ibu t ion f u n c t i o n . Therefore 

/7 = lim j — 1 = e2 . 
я^о I (1A eosh У 2 A e j 

and 

d f X ) = \ . 
£-
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T h i s r e s u l t c a n c o m p a r e d w i t h J A G L O M S r e s u l t 

TT 4 1 i l l //. = - - ! + 0 -
л £ e1 

s e e [ 8 ] p a g e 1 0 7 . II E is t h e K O L J U O G O R O V E - e n t r o p y f o r t h e B r o w n i a n m o t i o n 
p r o c e s s o n t h e i n t e r v a l (0, 1). w h e n t h e s a m p l e f u n c t i o n s a r e c o n s i d e r e d a s 
e l e m e n t s of L2(0, 1). 

A c k n o w l e d g e m e n t s 

F o r s t i m u l a t i n g d i s c u s s i o n s o n t h e s u b j e c t of t h i s p a p e r I t h a n k P r o f e s s o r 
H a r a l d B e r g s t r ö m . I a l so w a n t t o e x p r e s s m y t h a n k s t o I . C s i s z á r a n d J a n 
P e t e r s s o n fo r v a l u a b l e r e m a r k s a n d t o S t a t e n s T e k n i s k a F o r s k n i n g s g r á d , f r o m 
w h i c h I h e l d a r e s e a r c h f e l l o w s h i p d u r i n g m o s t o f t h e t i m e s p e n t o n t h e w o r k 
o n t h e s u b j e c t o f t h i s p a p e r . 

( R e c e i v e d S e p t e m b e r 17, 1963) 
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