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1. Introduction 

For each integer k, SNk = {1, 2, . . ., Nk} is a finite population of Nk 
un i t s with characteristics {Ykv Yk2, • •., Yk<Nk}. A simple random sample, 
S„k, of size nk is d rawn with replacement f rom Sni. The set of distinct uni ts 
in S„k is denoted by smk and it contains mk uni ts . Let 

У к — ' У У и . 
m k i i s„ k 

This note is concerned with t h e asymptotic distribution of yk . In section 3, 
wc show this to be normal by t h e following device. The conditional distri-
but ion of smic when mk is f ixed is that of a simple random sample without 
replacement f rom S N k . The mean of a simple random sample without replace-
ment and mk a re known to be asymptotically normal. These facts and t he 
theorem S E T H U R A M A N | 3 ] quoted in Section 2 (Lemma 3), establish the result . 

2. Preliminaries 

Let Y k = ' 2 ' Yk,i 
л к i í s X k 

= % (Yki — Yk)2 

Щ л к Nk — 1 '« s-v* 

We now def ine two conditions: 

Condition A. 

For each т > 0 
2 ( r k J - T k ) 2 

<es(r) ^ A 

2 ( Y k i i - Y k ) 2 

' T H I S W O R K W A S PARTIALLY S U P P O R T E D B Y T H E N A T I O N A L S C I E N C E F O U N D A T I O N , G R A N T 
G - 1 8 9 7 6 . 

2 M I C H I G A N S T A T E U N I V E R S I T Y . 
3 U N I V E R S I T Y O F ILLINOIS. 
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where 

Condition В. 

S(r) = {i : j Y k i - Y k w r]/ 2 ( Yk,t - Yk)2 j . 

Nke N* 
N , 

- — I 
e 

W h e n 
N„ 

, f in i te or inf ini te , condit ion (B) is equ iva len t to the following: 

7Ь 
ei ther —— —>- a, 0 < a < oo 

n 

W 
• - —v о a n d WW - V o o Щ  

Nt. 

or 
N„ 

oo a n d Nk e N«- —> oo . 

The following l emma is due to A . R É N Y I [ 2 ] . 
Lemma 1 (RÉNYl). 
I f condition В is satisfied then 

P {Vk S. y} 
'2л. 

e x p ( — F / 2 ) dt. 

where 

(1) Vk = 
m. N k ( l - e ) 

Nke N" 1 - 1 
N, 

_ 
e N* 

For each 0, let [mk(0)} be a sequence of integers such that the following 
condit ion holds. 

Condition C. 

mk(6) a n d Nk — mk(6) —>- °° uni formly in 6. 

Let ,s'mt(0) be a s imple random sample of size mk(6) drawn f r o m 
wi thou t replacement . L e t 

1 
y*(0) = -ûw 2 Y k i 

and 

Le t 

тк(в) >€s»,(в) 

Nk - тк(в) 1 

mk(0) Nk - 1 Nk »es.v 
• 2' ( Y k i i - Y k y , 

m = 
y j ß ) - Y k  

°к(в) 
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L e m m a 2 ( H Á J E K ) . 
U n d e r condit ions (A) and (C) 

X 

P{|k(0) ^ *} - > - L exp ( - Ф) dt 

un i fo rmly in в. 
Proof. J . H á j e k [1] has shown t h a t the above convergence holds for 

a n y f ixed 6. A few simple modif icat ions of this proof, which will n o t be recount-
ed here, establish t h e required un i fo rmi ty in convergence. 

Definition. A sequence of r a n d o m variables {lk(0)} is said t o converge 
t o {1(6)} in t h e UC* sense re la t ive to в in a bounded interval on the real 
line if 

E [0 ( ik (0 ) ) ] ->E[ ? ( | ( 0 ) ) ] un i fo rmly in 0 
a n d 

E|<7(!(0))] is cont inuous in 0 for every bounded cont inuous funct ion g(x). 
We shall make use of t h e following l e m m a due to J . S E T H U E A M A N [3], 

Theorem 3 in t h e n e x t section. 
L e m m a 3 (SETHURAMAN). 
Let (|k, rjk), к — 0, 1, . . . be a sequence of random variables. Let the 

conditional distribution of |ft given that pk = rj converge in the UC* sense to the 
conditional distribution of |0 given that rj0 = у relative to r) in any bounded 
interval. Let the distribution of rjk converge to the distribution of p0 in law. Then 
the joint distribution of pk) converges to the joint distribution of (|0, rju) 
in law. 

3. Main theorem 

Define У к — Yk 

a n d let rjk be as in (1). 
Theorem. Under conditions (A) and (B) 

(2) j | * e x p [ - i - ( Z 2 + w2)|dZdM. 

In particular, 

(3) i exp ( — Z2  

У 2л J 
- Z2/2) dt. 

Proof. The conditional d is t r ibut ion of smjc given t h a t pk = г/, t h a t 

m = mk(rj) = Nk( 1 - е "*)+V 

_ i 
N k e - N t i _ 1 + 

I i ) 

8 * 
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is t h e conditional d is t r ibut ion of a simple r andom sample of size mk(rj) drawn 
f r o m SNk wi thout rep lacement . F u r t h e r | Ä is t h e normalized mean of this 
sample . 

Under condit ion (B), mk(r]) and Nk — mk(rj) —у °° un i fo rmly in any 
b o u n d e d interval of rj. This fac t toge ther with condit ion (B) yield the follow-
ing f r o m Lemma 2. T h e condit ional dis tr ibut ion of given t h a t r\k = rt 
converges in the UC* sense to t h e s tandard normal dis t r ibut ion relat ive to 
у in a n y hounded in terval . L e m m a 1 states t h a t t h e dis t r ibut ion of rjk con-
verges t o the s t anda rd normal d is t r ibut ion in law. T h e relation (2) now follows 
f rom L emma 3. Re la t ion (3) is immed ia t e f rom re la t ion (1). 

4. Remarks 

I t would be in teres t ing to f i n d ou t whether resul ts like L e m m a s 1 and 
2 can be obtained w h e n sampling wi th unequal probabil i t ies. Some results 
on t h e lines of L e m m a 1 are now u n d e r investigation and the resul ts shall be 
publ ished elsewhere. 

(Received October 1, 1963) 
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ОБ АСИМПТОТИЧЕСКОМ РАСПРЕДЕЛЕНИИ СРЕДНЕГО 
РАЗЛИЧНЫХ ЗНАЧЕНИЙ В ВЫБОРКЕ ИЗ КОНЕЧНОЙ 

ПОПУЛАЦИИ 

Р . К . Р А Т Н А К И J . S E T H U R A M A N 

Резюме 

Воспользуется теоремаSETHURAMAN-Э [3], чтобы получить асимптоти-
ческую нормальность различных значений в простой случайной выборке с 
возвращением из конечной популации. 
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