
ON CLASSICAL OCCUPANCY PROBLEMS II 
(Sequential Occupancy) 

by 
ANDRÁS B É K É S S Y 

1. Introduction. W e consider, as in Pa r t I [1], a random dis t r ibut ion 
of balls in n cells, assuming t h a t t h e balls are r a n d o m l y and independent ly 
dropped i n t o the cells wi th the same probabi l i ty ljn. I n P a r t I t h e number 
of the bal ls was t aken t o be f ixed, a n d the " s t a t e " of the set of cells was 
regarded a r andom var iable . Suppose now t h a t cer ta in parameters , charac-
terising a " s t a t e " of cells, are f ixed, while the r a n d o m variable is t h e n u m b e r 
of balls necessary t o reach tha t g iven s ta te . Let be к the n u m b e r of cells, 
which con ta in less t h a n m + 1 (m = 0, 1, 2, . . . ) balls, and let be v(n, m, k) 
the n u m b e r of i ndependen t throws. 

Most results concern the r a n d o m variable v(n, 0, k) i.e. t h e number 
of balls needed to ob t a in a t least one ball in each, except к cells (к = 0, 1. 
2 ,. . .) . Probabi l i ty distr ibutions, m o m e n t s and l imit ing dis t r ibut ions related 
to v(n, 0 , k) have been determined [ 2 ] , [ 3 ] . D . J . N E W M A N N and L . S H E R P 

and la ter on P . E R D Ő S and A . R É N Y I have deal t w i th the expec ta t ion and 
with t h e limiting d is t r ibut ion of v(n, m, 0) [4], [5].1 

I n t h e present pape r two theo rems on t h e limiting d is t r ibut ion of 
v(n, m, k) a re given. 

2. Probability generating function. 
le < n t h e generat ing funct ion 

The f i r s t s t a t ement is t h a t for 

VP{v(w,w, k) = N}-xN 

N ^ O 

can be expressed in t h e integral f o r m 

(1) 

where 

» m i 
e x p пи 1 - — IJ (1 - Km(u))n~k~l ( K m ( u ) ) k HJu) du, 

xm p—x m i r 
Hm(x) = , KJu) = У Hu(u) = dt. 

m ! , , = o m\ J 

1 Let pj (j = 1, 2 n) denote the probability of a ball falling into the j-th 
cell. 1'арегя discussing v(n, m, k) under the more general assumption that the pj's may 
be different from each other, will be referred later. 
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Proof. The probabili ty of the event t h a t af ter the AGth throw there 
remain к + 1 cells occupied by no t more t h a n m balls, while the N -f- 1- th 
hall is falling in to a cell, which contains m balls already, depends only on t he 
number of cells occupied by m and tha t occupied by less t h a n m halls. Let 
p(n, N, m, llt l2) be the probabil i ty tha t a f t e r N throws there remain lx cells 
having m and l2 cells having less t han m balls. This probability can be expressed 
by the G-function (13, Par t I) ; i t is easy to see t h a t the G-funetion of p(n, N, 
m, l v l2) defined as 

, (nz)N 

2 2 P(n > X ' m ' h 'h) Зц 

is equal to 

hence 

(2) 

N—0 AM i l=0i s = 0J  

enz[l + ( X i _ 1} Hm(z) + (x2 - 1) Km_fz)V , 

(nz)N 

2 p(n, A7, m, l v l2) 
N- 0 N\ 

П ! z(l - Km(z))»-h-u (Km_fz))h (tfm(z))<-. 
lx\l2\ ( n - h - l f l 

Since the probabil i ty q(n, N + 1, m, k) of the event 

v (n, m, k) = N + 1 
is equal to 

У p(n,N,m,lvl2) 
h 

ll+l,=k+1 

it follows from (2) tha t 

(3) 2q{n,N + l,m,k) 
(nz) 

N1 

N » — 11 
z ( i - аду-*-' ( . K m ( z ) Y H j z ) . 

The function on t he left-hand side of (3) being the Borel-transform of the 
probability generat ing function, t he latter can be written as 

(4) | n ~ С e " z , ( l - Km(zt)y-x-> ( j K m ( z t ) Y Hm(zt) c ' dt 

ó 

so t h a t the final resul t (1) now immediately follows. 
Put t ing Km(u) = v, integral (1) takes the form 

(5) 
» — 1 

к 
j V ( l л л - к - l v) e x p n u j v ) 1 - dv, 

where um(v) is t he inverse of v = Km(u). 
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From (5) t he expectat ions E{v(n, m, k)} and Е{ю2(я, m, к)} arc 

( 6 a ) 

and 

( 6 b ) 

n-
n — 1 

~k 

l 

; - - ] [ » „ ( » ) «fc(l - г ) " "*" 1 dv 

n — 1 ] 

к 
(1 — v)n~k~1 dv — E {v(n,m,k)} 

respectively. 

3. The first limit theorem. If n —У яг = const,, A; = const,, then 

_ М т г . г а Д ) . , , . 1 

P 1 — - — log n — m log log n — log — < x 

j n m\ 

к e-/ix 
e x p e ~ x } ' 2 r 

// = 0 /М! 
holds. 

Proof. In t roduc ing the moment genera t ing funct ion by put t ing x = es 

in (5), and t ak ing for b rev i ty ê = я(1 — e~sln) the relat ion 

4* 

O) 
о 

Г (к + 1 - s ) 

dv 

Г (к + 1) 
exj) (s log n + m loglog n -f- log -

m\ 

has to be proved for — J/2 A s A + 1 / 2 according to CURTISS ' theorem used 
already in P a r t I . 

The asympto t i c behaviour of the in tegra l (7) is de termined by t h e 
values t aken u p by t he in tegrand in the close vicinity of v = + 0 . L e t u s 
divide the integral (7) in two pa r t s : 

(8) J = [ + J = / 1 + / 2 , 
о ö è 

where ô > 0 is some cons tan t . In I2 the var iab le v canno t be smaller t h a n 
ô and & being bounded f r o m above as n—у 0 0 , it follows 

(9) 7 a(«) < C(ô) (1 - ô)n, 

where C(ô) m a y depend on б b u t not on n . 
In order t o de termine Iv t h e behaviour of the funct ion um(v) for v —У — 0 

has to be found . F rom the definit ion it is easy to get 

(10) um(v) = l o g — + m l o g l o g — l o g m ! + r j ( v ) 
v v 



1 3 6 l i É K É S S Y 

with )j(v) — o(l) for те—>- 4 - 0 . Hence p u t t i n g w = nv we have from (7) and (8) 

h = 
(log n)m d 

6n 

(m\)0 n » nk+1 

n — к—1 
dw -f 

+ (log n) 
(;m\)9W 

Г t o * - « i l - -
. * + » - * J { П 

0 

n-k-l i 
1 — 

log W 

log те 

m» 
e «4(« ' /n ) _ J 

Since # tends to s uni formly in — 1I2 9 s 9 */2 for те —>- Laplace ' s 
method app l i ed to / u g ives 

(И) A 
(log те)" 

(тег!)s n k+l-s J ' 

Wk-se-w dw - Г(к + \ - 8 ) gS(log n + m loglog л — log m! ) 

while the modulus of t he t e r m I u is no t larger than 

(log те)тй 

(тег!)е те' »nk+l-e 
m 

with lim C(ő) = 0, by t h e obvious inequa l i ty 
t-> о 

(12) [ j logw) 
m» 

еч» — 1 9 
{ log n 

m y w
 еч» ! g - m e i o g i c / i o g n i + | е ч » _ ] 

log те 

Now, a l t hough the value of ô must be k e p t constant while те - > 0 0 , i t m a y 
be taken a rb i t r a r i ly small such tha t f r o m (11) and (12) we obtain 

(13) 

and the summar iz ing of t h e par t ia l resu l t s (9), (11) and (13) leads t o (7) we 
wanted to p r o v e . 

4. The second limit theorem. If n - > тег = const . , ß = cons t . , 
(0 < ß < 1), к = n ß then 

( H ) 

with 

(15) 

v(n, m,k) — E 

D 
< е-''/2 dt 

E = n u m ( ß ) , 

D2 = n(ß( 1 - ß) (u'm{ß))2 - um(ß)) , 

where the function um(x) is the inverse of x = Km(u) and u'm(x) is the derivative. 
The q u a n t i t y D2 is posi t ive , because i t is the a sympto t i c value of t h e 

variance D 2 { v ( n , m, к)} for те —»- °° under t h e assumptions on к and m ment io -
n e d above. T h i s can be seen by deduc ing asymptot ic expressions f o r 
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E [v (n , m, k)} and E{v2(n, m, k)} (6a, 6b). Laplace 's method gives in the 
present case (see [6]) 

and 

hence 

E{v(n, m, Щ = n u j ß ) + ( l - ß ) u j ß ) + - ß { l - ß) < ( ß ) + O(n-i) 

E{v*(n, m, Щ = rP u j ß ) + 2 n ( l - ß) u j ß ) u j ß ) + 

+ n ß ( l - ß ) u j ß ) u j ß ) - n u j ß ) + 0(1) 

D2{V(«, m, к)} = E{R2} - (E{R})2 = n ß ( l - ß) ( u j ß ) ) 2 - n u j ß ) + 0 ( 1 ) 

follows. 
Introducing the moment generating function, the s ta tement to be 

proved will be 

V - = n 
Д 

n — 1 
J ' e"S»(l _ Кт(и))"«-^(Кт(и)Г* HJu) du 

(16) 

e x p 
Es _ s2  

D 2 

whore S = 1 — e sl°. By the definition (15) of D wc have 

s s2 

( 1 7 ) S = — - — + 0(п~312). 
П 2 D-

Put t ing 
f ( u ) = ß log K j u ) + (1 - ß) log (1 - K j u ) ) . 

the moment generating funct ion (16) can be rewritten as 

(18) 
1Д/ 

= n 
In — 1 

k 
enSu+nf(u) Hm(u) d u 

1 - KJu) 

I t is easy to show that the funct ion/ ' (м) is decreasing in 0 :££. и < whereas 
lim f'(u) = + TO, l im/ ' (и) = —ß such t h a t for sufficiently large n the re 

exists a "saddle point" b def ined by 

(19) 

Equation (19) leads to 

(20) S = HJb) 

or to 

f'(b) = - s . 

ß - Кт(Ь)  

K J b ) ( \ - K J b ) ) 

(32) = ß _ K j b ) ( l - K j b ) ) _ ^ 

HJb) 
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— since S = 0(re -1 '2), a n d since the fac to r Km(b) ( l — Km(b))jHm(b) is boun-
ded f rom above. This m e a n s tha t the p o i n t b lies in t h e close vicinity of u j ß ) . 

Let us now wri te W(s\D) in t h e fo rm 

(22) 4'(sjD) = F. J , 

where t h e two factors a re 

in - 1 
(23) 

and 

(24) 

(25) 

F = Y% л n 
к 

exp{mSr& + nf(b)} 

J = 
n 

2л 
- ( exp {пЩи - b ) + n f ( u ) - nf(b)} - -H'n{u) - d u . 
i J I — Km(u) 

о 

The calculations on F, leading t o 

F ~ /3-1/2(i _ /5)i/2 exp 
Es 

D 
(n-

are ra ther elementary b u t somewhat cumbersome, so t h a t it doe m n o t seem 
to be super f luous to give some details. F i rs t , using St ir l ing 's formula t o the 

* and taking logari thms in (23) we obtain 

1 - KJb) 

factor 

log F = log (ß'xr-( 1 _ ß)i/2) + nbS — n ß log 1 + S 
HJb) 

H 1 — /8) log 1 —S , Km(b) 

Hm{b) 

vers of 

l o g F = log (/3-1/2( 1 — ß)1'2) + nbS - nS 

fo(l) 

and then, expanding the logar i thms in powers of S up t o S2, we have 

, ß - K m ( b ) , 

(26) 
Нт(Ъ) 

^ I w l A Ä + { 1 _ ß ) M l + 0 ( 1 ) . 

( H m ( b ) ) 2 
{HJb))2l 

With regard t o (20), the t e r m ( ß - Km(b))IHm(b) in (26) may be replaced 
b y SKJb) ( I - Km(b))l(Hm(b))2, and, since by (19) t h e quant i ty K J b ) 
differs f rom ß only by an 0 (n" 1 ' 2 ) term, t h e la t ter can be substi tuted to t h e 
former in (26). Thus the expression (26) for F becomes 

( 2 7 ) l o g F = l o g ^ U - ßY1*) + n b S - n S ' + o ( l ) . 
2 HJb)2 

Let us now consider the var iab le b. From (20) b is equal t o 

, K J b ) ( l - K J b ) ) 
ß — S-

H J b ) 
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which can be expanded to give 

(28) um(ß) 
/?(! - ß)  
(Hm(b)f 

s + 0 - , 

having subs t i tu ted ß + Оф1!2) for KJb) a n d - ( U J b ) ) 1 + 0(n W2) for 
u'm(ß). Replacing b in (27) b y t h e r igh t -hand expression of (28) a n d then S b y 
sjD — s2\2D2 + 0(«~3 '2) , the asympto t ic re la t ion (25) now easily follows. 

The integral J def ined in (24) can be rewr i t t en as 

(29) J = 
n 

2 л J eninW 
: 

Hm(u) 
Km{u) 

du . 

hence. Laplace 's method gives 

(30) J 
Hm(b) 1 

1 - K J b ) V-9'n(b) 

and f rom (25) and (30) we obta in 

• ß V \ \ - d ) - 1 / ' 2 , ( n -

W 
D 

„ T \Es , s-
= F -J ~ exp ] \- -

I D 2 

as s tated in (16). 
When apply ing Laplace 's method to J , care must be t a k e n , because t h e 

funct ion gn(u) = S(u — b) + f(u) —f(b) slightly depends on n th rough S and 
b. The fact , however, t h a t S = 0(n~112) and b = const. + 0 («~0 2 ) makes 
possible t o ca r ry ou t the rou t ine est imating procedures. 

5. Remark. The proof of t h e second theorem is now complete , it may be, 
however, conjec tured t h a t t h e condition implied upon к is too strong; t h e 
s tandardized var iable v(n, m, k) t ends to he normal ly d i s t r ibu ted for n—у 
к —>- оо even if only D —r ° ° . In the simple special case m — 0 this can be 
shown as follows. 

For m = 0 the corresponding expressions will be (see (1), (5), (15)) 

(31) 

H0(u) = K f u ) = e~u, u0(v) = log 
1 

W 
/ > + 1) Г(к + 1 — nS) 

Г(к+ 1) Г(п+ 1 

1 

n S ) 
S = 1 — e~slD ; 

E == n log - , D2 = n I - l - l o g I 
ß ß 

я k • 
ß = — ; 

n 

where now ß is not supposed to be cons tan t . 
By Stir l ing 's formula we have 

(32) log W — (n + 1/2) log»/, — (k + 1/2) log к + 

+ (k + 1/2 — nS) log (k — nS) - (re + 1/2 — nS) log ( n — nS) + o ( I ) . 
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If lim sup ß < 1, t h e n S = 0(n 1l'i) and the calculations leading to 

log ÎF Es 

T ) 
+ 0(1) 

are obvious, however, if ß - > \ , — since nS3 = o(l) does not hold in t ha t 
case — we have to t r ans form (32) by pu t t ing ß* =(1 — ß)\ß in order to lend 
it the fo rm 

ß* S j 
log У 

D 
= nS log— + / ( 1 — S - ß*S) log 1 

1 - 5 

Since now the estimates 

-kß*\og(l - 8 ) + o ( l ) . 

n ß*2 S2 = 0(D~X) = o ( l ) , 

к ß*2 S3 = 0(n~xl2) 

are valid, i t will be enough to expand the logarithmic term containing 
ß* 5/(1 - S) up to (ß* S)2I( 1 - S)2. W i t h regard to 

D = 0(nxl2 ß*), 5 = 
D 2 D2 

after some simple calculations we obta in 

log W -I D 
= (1 - e~sl°) 

Es 

D 

1 s 2 

2 Я 2 

n log 

n log 

-kß* 

kß* 

+ 

+ 0 (n-3/2 ß*~3) 

kß*s 1 kß*2s2 

D 2 

1 kß*2s2 

2 П 2 

D2 

o ( l ) = 

+ o d ) = 

Es 1 к ß*2 s2 

D D2 o ( l ) , 

thus the normal limit distribution law holds, if only D2 is asymptotically 
equal to к ß*2/2. In fact, for ß 1 the expression (31) of D2 is asymptotically 
equal to к ß*2\2. 

(Received November 26, 1963) 
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О КЛАССИЧЕСКИХ ЗАДАЧАХ ЗАПОЛНЕНИЯ Я Ч Е Е К II 
(Последовательные проблемы заполнения) 

A . B É K É S S Y 

Резюме 

Разыгрываем шарики в п ячеек независимо друг от друга и от состоя-
ний ячеек. Каждый шарик может попасть в каждую ячейку с вероятностью 
1 In. Пусть будет v(n,m,k) случайная величина — число шариков, располо-
женных в ячейках, в тот момент, когда система ячеек первый раз прини-
мает состояние, в котором хотя бы п — к ячеек содержат хотя бы по таг + 1 
шариков. Рассмотрим предельное распределение v(n,m,k), когда та безгра-
нично растёт. Согласно первой предельной теореме, если п->-о°;к;т кон-
станты, тогда 

\v(n,m,k) 1 1 fie-"* 
Р log та — т log log та — log — < x ] —*• exp {— e~ x } У - . 

та таг! j pl 

Согласно второй предельной теореме, если п—> оо, к = nß, ß = константа, 
(О < ß < 1); таг = константа (таг = 0, 1, 2, . . . ) тогда 

р Ы п , т , к ) - Е < х ] 1 Г e _ „ l 2 d t 

I D j ]f2n J 
где 

Е = num(ß) 

D- = n(ß(l - ß ) (u'm(ß)f - um(ß)) 
m uP 

um(ß) — обратная функция функции ß = У — е - ' 1 

„ = 0 pl 

um(ß) — производная функций um(ß). 

Е — ассимптотическое значение математического ожидания величины 
г(та, m, к) a D- — ассимптотическое значение дисперсии этой величины со-
гласно предельному распределению, данному во второй теореме. 

Вышеупомянутые теоремы являются обобщениями теорем, известных 
в литературе [2], [3], [4], [5]. Доказательства исходят из интегралной формы 
производящей функции моментов величины v(n,m,k) доказанной во втором 
параграфе, и в них основную роль играет метод ЛАпллса. 


	9. kötet / 1-2.sz.�������������������������
	BÉKÉSSY, A.: On classical occupancy problems (Sequential occupancy)��������������������������������������������������������������������������

	Oldalszámok������������������
	133����������
	134����������
	135����������
	136����������
	137����������
	138����������
	139����������
	140����������
	141����������


