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1. Introduction 

We const ruct a model of a r a n d o m car-parking procedure as follows. 
T a k e t he segments [0, x] (x ^ 0) of t he x-axis. If x < 1, this segment is con-
sidered t o be a " g a p " . If x 1, choose a r a n d o m number tl £ [0, x — 1] 
(i.e. fA is a r a n d o m variable, un i fo rmly d is t r ibuted over [0, x — 1]). We now 
consider the un i t in te rva l [tv tl -f- 1 ] to be "covered" and so tu rn our a t ten-
tion t o the remain ing segments [0, f j , + 1 , ж]. If tl ^ 1, choose a r andom 
n u m b e r t2 £ (0, t j — 1] and then regard the un i t interval \t2, t2 + 1] as "cov-
e red" . If i1 < 1, t h e n the segment [0, /,] is le f t "uncovered" and we regard 
th is segment as a "gap" . Similarly, if x — tx — 1 ^ 1, choose a r andom 
n u m b e r t3 € [tx + 1, x — 1] and so "cover" the uni t interval [<3, t3 + 1 ] . 
If x — tx — 1 < 1, we regard t he segment [tx + 1 , x] as a "gap" . We cont inue 
to "cover" , in th is r a n d o m way, all t he remaining segments with un i t intervals 
un t i l each such remain ing segment is of length str ict ly less t h a n one. Le t n(x) 
deno te t he n u m b e r of unit in tervals so placed on t he segment, [0, ж]. No te tha t 
t he possibility of overlapping of t h e un i t intervals, either between themselves 
or over the ends of t he original segment [0, x], has been excluded. We have 
also made the convent ion t h a t when one of the remaining segments , as yet 
"uncovered" , is of length equal t o one, t hen in a determinist ic way we regard 
th is segment as " cove red" a t t he nex t s tage of t he process. 

A M B A R T S U M I A N [ 1 ] , B Á N K Ö V I [ 2 ] , G R I F F I T H S [ 3 ] , N E Y [ 4 ] , R É N Y I [ 5 ] , 
R O B B I N S and D V O R E T Z K Y [6] and S M A L L E Y [ 7 ] have all studied th i s problem, 
A M B A R T S U M I A N , G R I F F I T H S and S M A L L E Y reproducing some of t h e results 
f i r s t proved by R É N Y I . R É N Y I has der ived equat ions for bo th t he expectat ion 
a n d the variance of t he random var iable n(x), and he obta ined an asympto t ic 
expression for t h e expectat ion, valid as ж — I t should be no ted t h a t 
D . G . K E N D A L L has pointed ou t a mis take in R É N Y I ' S equat ion, 5. 4, for the 
variance, which however does n o t a f fec t a n y of his conclusions. I t is R É N Y I ' S 
work which is t h e most re levant t o this present paper . 

This paper is only p a r t of work done to prove tha t , asymptot ica l ly , 
t h e dis t r ibut ion of n(x) is normal . The proof was based on a s t u d y of the 
moments of n(x). However R O B B I N S and D V O R E T Z K Y also claim to have 
p roved the a sympto t i c normal i ty , and are abou t to publish the i r proof.2 

(We have not , as yet , seen their work.) We shall therefore conten t ourselves 

1 University of Cambridge. 
• Cf. the paper of R O B B I N S and D V O R E T Z K Y in this issue, pp. 209. 
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here with a s t u d y of the second momen t of n(x), which is, of course, of special 
in teres t . The s t u d y of the higher moments is r a t h e r similar. 

Results of a Monte Carlo exper iment , which simulated the park ing 
procedure, will also be recorded. 

2. Asymptotic behaviour of the variance of n(x) 

The main resul t obtained b y R É N Y I was t h a t for any posit ive integer m 

(1) E{»(x)} = ex + с — 1 + 0 ( l /x m ) (x —>• oo) , 

where E denotes expectat ion and 

e x p 
Í 

s 
1 ~ e d t \ d s m 0 . 7 4 7 5 9 

t 

T h e computing of th i s est imate of the number с was carried ou t by t he Mathe-
matical Labora to ry , Univers i ty of Cambridge. 

P u t 

(2) n(x) = cx -f- e — 1 + r(x) . 

Since n(x) x fo r x > 1, n( 1) = 1, and n(x) = 0 for 0 ^ x < 1, we observe 
t h a t I r(x) I ^ x fo r x ^ 1, and | r(x) | < 1 for 0 ^ x < 1, whence E | r(x) |fc < 
< 1 + xk for all x i i 0. We then deduce f r o m R É N Y I ' S result (1) t h a t 

E[n(x) - E{»(x)}]2 = E[r(x) - E{r(x)}]2 - E{r(x)}2 + o(l) (x-+<~). 

I t t u r n s out t h a t E{r(x)}2 = R f x ) , say, is much easier to deal with t h a n 
E{«(x)}2. We also wri te E{r(x)} = Rfx). Deno te by r(x \ t) t h e n u m b e r 
r{x) (x ^ 1) condit ional on t being the f irst r a n d o m number chosen in the 
model described in t he in t roduct ion . Then 

r(x + 11 t ) = r(t) + r(x — t) (0 ^ t ^ x ) , 

where r(t) and r(x — t) are independent . I t fol lows t h a t for x > 0, 

R f x + 1) = E { r ( x + 1)}2 = 

= — j E { r ( x + 1 j t ) f d t = 

о 

x 

E{r(t) + r ( x - t ) ¥ d t = 

0 

x 

= [ R f t ) + R f t ) R f x - t)]dt . 
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Thus 
R2(x) = (1 - с - c x f 

Ä , ( 1 ) = 4 ( 1 - cf 

( O ^ x < 1 ) 

(3) 

л. л 

R,(x + 1 ) = 2 - I R0(t) dt-\ Г R f t ) Rx{x - t ) dt (X > 0 ) . 
X J X J 

( 3 ) is a much simplified and corrected version of R É N Y I ' S equation [ 1 ] for the 
variance. Similarly i t is easy to see tha t Rx{.) satisfies 

Rx(x) = 1 — с — cx 

R x ( l ) = 2(1 - c) 

(4) + 1) = A J R f t ) dt 

( 0 ^ x < 1 ) 

(x > 0) . 

We see from these formulae t h a t Rk(x) (Ic = 1 , 2 ) is continuously differenti-
able in the intervals (0 ^ x < 1), (1 < x < 2), (2 < x < There is a simple 
j u m p discontinuity a t x = 1, with //,,(1 + ) = //,.(1) and 

Rk( 1 + ) - Rk(1 - ) = (2 - 2 с)" - (1 - 2 c)k = jk > 0 . 

Rk(x) is continuous bu t not differentiable a t x = 2. 
P u t 

фк(8) = J e~sxRk(x)dx (s > 0 ; к = 1 , 2 ) . 

This integral exists since | Rk(x) | < xk + 1 (0 ^ x < Now 

Ф 2 (s) - j e ~ s x R2(X) dx = e s J e~sxR2(x)dx = 

i 

" J 
e~sx R2(X + 1 ) d x = 

Since 

= 2 J e~sx — R2(t) dt + J Rx(t) Rx{x - t ) dt 

о 

j - dx j ' d t + j' _ t ) d t 

10 A Matematikai Kutató Intézet Közleményei IX, A / 1 - 2 . 
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is uniformly convergent for 0 < s < 0 0 , we may differentiate t h e above 
equation to obtain 

JL 
ds 

Ф2(я) — j e-sxR2(x)dx = — 2 e~sx dx R2(t) dt 

+ j Rx(t) Ra(X - t) dt 

The repeated integral on the right hand side is absolutely convergent, hence, 
hv Fubini 's theorem, we may invert t h e order of integration. T h u s 

A 
ds 

Ф2(а) — J e~sxR2(x) dx 

0 

Observing t ha t exp j — 2 j 

2 Ф2(в) 
2 0\(s). 

dt is an integrating fa t cor for this equa t ion , 

see t h a t 

e s | 0 2 ( s ) — J e~sxR2(x) dx exp 
" 2 I 

dt 

exp - 2 f — dt 

J t 
e~sxR2(x)dx — 2 0 f ( s ) 

Denoting t he right hand side of this equat ion by Y(s) and integrating both 
sides f rom и to и ' (0 < и < и') 

1 

02(s) — ^ e~sxR2(x)dx 

0 

00 и 

e x p j — 2 J ' e — d t U = ^ Y ( s ) d s . 

We then no te tha t 

lim e"' 

so that 

1 

Ф,(и') — j e~ux R 2 ( X ) tfarj e x p | - 2 J — dt 
t 

= 0 

— e Ф2(и) - e~uxR2(x)dx ex]> 2 J <**) = J d s • 
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Thus 

(5) и2еи[Ф2(и) — f e~ux R2(X) dx] = 
6 

i 

f ( 2 s J e~sx R2{X) d x + 2s2 Ф ? ( в ) ) A ( u , s) ds , 
и о 

whore A(u, s) = exp | —2 

Similarly 

1 — e - t 
dt\ . 

( 6 ) u-eu 

P u t 

Then 

Now 

« М e~ux Rx(x) dx H i 
и 0 

• 1 — e-

e-sxRx(x)dx A{u, s) ds. 

dt ds. c(u) — J exp — 2 j 
и и 

C(u) = c + ( 2 c — 1 ) « + 

1 

t2eu [0j(w) - e-ux Rx(x)dx] = c(u) — с + (1 — 2 c ) 

c - 1 « 4 0(u3) ( u j 0 ) . 

rrhus, it is easy to see that 
lim Фх(и) = 0 
u jO 

For small s the integrand on the right hand side of (5) is 0(s), (when s > 0). 
Thus 

~ i 
l im m2 Ф2(и) = 2 j' {s f e~sx R2(x)dx - f «2Ф?(«)} 
" 1 0 " 0 0 

e x j i — 2 
1 - е - ' 

dt d s . 

We note t ha t t he integrand here is strictly positive for «>(). Hence lim и2Ф.,(и) = 
= c2(say), where 0 < c2 < in fact we have "1° 

c 2 ^ 0.035672, 

this estimate having been computed from the above formula by Mrs. M. O. 
M U T C H of the Mathematical Laboratory, Universi ty of Cambridge. I am parti-
cularly indebted to Mrs. M U T C H since the computing of c2 proved to be a very 
delicate mat ter , involving a great deal of pat ience and ingenuity. 

1 0 * 
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3. Asymptotic behaviour of the variance of n(x) (continued) 

W e may not immedia te ly deduce, f rom the f ac t t h a t 

и2 Ф2{и) ~ c2 M O ) , 

T?2(x) ~ c2x (x —> oo) . 

We need some monotonic i tv p roper ty of R2(x). This we shall proceed t o esta-
blish. 

R É N Y I showed t h a t for any posi t ive integer m, 

t ha t 

(7) 

(8) 

R f x ) = 0 

R[(x) = 0 

(x-

(X-

For x > 1 we may d i f fe ren t ia te (3) t o obta in 

xR2(x + 1) + R2(X + 1) = 2 R2(X) + 2 ( 1 - c ) R f x ) + 2 R f x - 1) 

(9) + 2 ф R f t ) R[(x — t ) d t , 

where |> denotes in tegra t ion over (ff), x] — {1, 2}). Thus from (7) a n d (8) 
о 

we see t h a t , for a n y posi t ive integer m, 

P u t 

Then 

^ R ' 2 ( x + 1 ) = xR2(r) - j R2(t)dt + 0(1/x" 

f ( x ) = x R2(X) — j R2(t) d t , 

f ' ( x ) = xR'2(x) 

and / ' will be cont inuous for x > 2. T h u s 

(10) 

Now 

x 2 / ' ( x + l ) ) + 0 ( 1 y m ) 

2(x + l ) 

( X -

(/r > 2 ) , 

(X 

и \ e-ux R2(x) dx = § e~ux R'2(x) dx + ( 3 - 4 c ) er" + (1 - с ) 2 , 
б о 

Also, for 2 < A < оо , 

l i m и ф е-их Щх) dx = l i m и J е~их R'2(x) d x . 
u j 0 0 u 10 À 
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Thus 

(И) l i m И I е ~ " х R'2{X) dx = c 2 , 
u | o A 

Let 0 < A < c2. Suppose tha t , for all x > A, 

R'Ax) ^ A . 
Then 

l i m и j e~ux R'2{X) dx ^ A . 
u j.0 A 

This is impossible from (11); thus we may assert t ha t for any A > 2, there 
is an x > A such tha t 

R ' f x ) > A . 

Denote the remainder t e rm in (10) by h(x). Then 

x 2 f ' ( x + 1) (12) - f ( x ) + h(x) 
2(x + 1) 

Let e > 0. We may certainly choose As > 1 such t h a t , for all x > A, , 

I h(x) I < e . 
We now choose xa such t ha t 

(i) x0>Ae + 4 , 

(Ü) ^ 
U x 0 - 2 f \ X x l 2 c 

— 2 £ 
L 2 X 0 1 2 

— e > x j , 

о ! * 

(i i i) R'2(XО + 1) > A .  

Thus f'(x0 + 1) > A (x0 + 1) > 0. From (iii) and (12) we see that 

f { x o ) + H x o ) > M . 
л 

Thus, from (ii), 

f ( x 0 ) - B > / ^ L - 2 s > 0 . 
2 

Let us suppose tha t , for all x £ [x0, x 0 + 1 ],f'(x) > 0. Then, for all x £ [x0, 
+ 1] ' 

f ( x ) + h(x) > f ( x 0 ) - £ > 0 , 

and so, for all x £ [x0 -f- 1, x0 + 2], 
/ ' ( * ) > о -

If f'(x) iL 0 for some x > x0 + 2 , then f'(x) must (by continuity) vanish for 
some such x, in which case we write 

z = inf {x : x > x0 + 2, f ' ( x ) — 0). 
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Then, from (12), /(г 
we also have 

1) + h(z - 1) = 0. Yet since f'(x) > 0 (ж0 ф x < z), 

f ( x ) +h(x)> f ( x 0 ) - s > 0 (x0 ф x < z ) , 

which, in part icular , implies t ha t f(z — 1) -f- h(z — 1) > 0. This is a contra-
diction: we t h u s deduce t h a t i f / ' (ж) > 0, for all x £ [ж0, ж0 + 1 ] , then / '(ж) > 0 
for all x W x0. We proceed t o show tha t this is in fact the case. We recall t ha t 
f'{x) is positive a t ж0 + 1 , a n d if it is no t positive throughout [ж0, x0 -)- 1] 
then, by continuity, it mus t vanish at a t least one point in this interval . 

Suppose t h e n that there is an жх (ж0 ^ жх < x0 + 1 ) such tha t f'(Xy) — 0. 
Then, from (12),/(жх — 1) + Л(жх — 1) = 0. Also by the f i r s t mean-value theo-
rem, there is an x2 (жх — 1 < ж2 < x0) such t ha t 

X u — Xy r 1 
Hence, from (12), 

H - 1 ) 2 

2 x2 

Thus , from (ii), 
( x o — 2 ) 2 ( A x l 

2 Xc\ 

e > ^ - 2 e > 0 , 
2 

f ( x 2 - 1) + Л(х2 - 1) > 

f ( x 2 - l ) - e > 

Xxf 

2 
2 £ 

2 e 2 e > 0 

I t is now impossible for /'(ж) to be positive throughout [x2 — 1, x2], since other-
wise, by a repeti t ion of the preceding argument , f'(x) would be positive for all 
x W x2 — 1, and we have assumed that f'(Xy) = 0 (and Xy > x2 — 1). Thus 
there is an x3 (x2 — 1 ) such t ha t f ( x 3 ) = 0, by continuity and the 
f a c t tha t f'(x2) > 0. Then, f r o m (12), f(x3 — 1) + h(x3 — 1) = 0. Again, f rom 
t h e first mean-value theorem, there is an i , (x3 — 1 < ж4 < x2 — 1) such t h a t 

A u ) = 
/ И - i ) - Л и - i ) > f ( x 2 — 1) — e > 0 . 

Thus , from (12) and (ii), 

Л и - 1 ) > 
i ) 2 

2x. 
[ f ( x 2 — 1) _ e] — e > 

> ( и - A 

i) 
( U - 2 ) - 

2жп 

— ' - 2 e 2s E > 
2(x0 

> 

> ( u - i ) 3 . 

where ж4 — 1 > Ae > 1. But we see from the definition of f(x), and the fact 
t h a t 0 W R2(x) ^ x2 (x W 1), t h a t / ( ж ) W ж3 (ж W 1). We thus have a contra-
dict ion, and we conclude that / ' (ж), and hence R'.,(ж), is positive for all ж x0. 

Put 
R(x) ^ R2(X) 

= A ( u ) 

(x W ж0) 

(0 ^ ж < ж0) 
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so t h a t R is a monotonie increasing function on [0, Also, when s j 0. 

c 2 + o ( l ) = s2<Z>2(s) = 

= « J R f x ) d ( — e~sx) = 
6 

= E Ä 2 ( 0 ) + S [ e - s x d R f x ) = 
о 

= sR.fO) + s \ ' e ~ i a d ( B f x ) - R(x)) + a j" e~sxdR(x) = 
о о 

= 0(1) + s J e~sxdR(x). 
о 

Thus, f rom K A R A M A T A ' S Tauberian theorem ( [ 8 ] , Chapter V , Th. 4 . 3 ) we con-
clude tha t 

R(x) ~ c2x (X—>OO) , 
and hence that 

R f x ) ~ c2x (x —oo) . 
We also see, from (9), t ha t 

R ' f x ) - > c2 (x —oo) . 
I t follows then tha t 

D2[ra(x)] ~ c2x (X—>-OO), 
where it will be recalled that 

C2 ^ 0 . 0 3 5 6 7 2 . 

Note also that D2[»(x)] is ul t imately an increasing function of x, since 

D2[»(x)] = R2(X) - [ R f x ) ] 2 , 
and, f rom (7) and (8) 

— D2 [«(*)] = R f x ) - 2 R f x ) R'fx) - > c2 > 0 (x ^ oo). 
dx 

In a ra ther similar piece of work (which we do not intend to publish' 
we have proved t h a t 

M 2 k _ f x ) = o(xk~i) (x >• o o ) 
and t h a t 

. , , . ( 2 k ) \ c k x k 

M2k(x) ~ v - ? ( x —>• o o ) , 
2k ' k\ 2k 

(k — 1 , 2 , . . . ) where 
M f x ) = E[«(x) - E {n(x)}Y-

I t is then an immediate consequence of the moments convergence theorem 
of F R É C H E T and S H O H A T tha t 

n(x) — cx 

I COX 

is asymptotically (x —*• normally distr ibuted with mean zero and standard 
deviation one. 
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4. The ,,Monte Carlo" experiment 

A "Monte Carlo" exper iment , s imulat ing the parking procedure described 
in the in t roduc t ion , was pe r fo rmed by Edsac I I , until recent ly t he electronic 
computer of t h e Mathemat ical Labora to ry , Univers i ty of Cambridge. T h e 
machine 's " r a n d o m " numbers were supplied by a pseudo- random-number 
mechanism. Th i s mechanism t a k e s an assigned number (chosen f r o m a " t ab l e 
of random n u m b e r s " and fed in to the machine), raises it t o a high power 
a n d selects t h e middle port ion of the n u m b e r obta ined as t he f i r s t genera ted 
" r a n d o m " n u m b e r . In this w a y also, the second generated " r a n d o m " n u m b e r 
is obtained f r o m the first, t h e th i rd f r o m t h e second, and so on. We took 
x = 1000 and 2000 runs were performed. T h e resul ts are shown, in h is togram 
fo rm, in Figure 1. The sample mean , m. and sample variance, s2, were respecti-
ve ly 747,447 a n d 38,5000. T h e shape of t h e his togram for »(1000) is ve ry 
nea r ly normal . Assuming t h a t »(1000) is. in fact , normal wi th mean 747,5 
a n d variance s2, we calculated a value of •/- f r o m our observations, which were 
g rouped into 31 p a r t s . We o b t a i n e d 

Xl8 = 32,408. 

Since the upper 5 per cent level for %2 wi th 28 degrees of f reedom is 41,337, 
t h e r e is no s igni f icant evidence here for non-normal i ty . 

If we as sume t h a t »(1000) is normally d is t r ibuted, we m a y inquire in to 
t h e question of whe the r our a sympto t i c fo rmulae are, in practice, usable when 
x = 1000. Le t us assume then t h a t «(1000) is normal ly d is t r ibuted . Wri te p = 
== E[«(1000)]. T h e n wo have t h e following 95 per cent confidence in te rva l 
for p: 

747-17 < p < 747-72. 

Since p* = 1000c + с — 1 = 747,34 lies in t h e above interval , it is n o t un rea -
sonable to suppose t h a t the app rox ima te fo rmu la 

E[»(x) ]==cx + с — 1 (x ^ 1000) 

is qui te accurate, as the order of R É N Y I ' S r emainder t e rm would suggest . 
Again, still supposing t h a t »(1000) is normal ly dis t r ibuted, we know 

t h e n t h a t (n — 1 ) s2/<r2 has a x2 d i s t r ibut ion wi th » — 1 degrees of f reedom, whe re 
n = 2000 and a 2 = D2[»(1000)]. Since » is large, we may suppose t h a t 

У2(n — 1 ) s2/a2 - f 2 ( » — Г) — 1 

is normal ly d i s t r ibu ted with zero mean and uni t variance. This gives t he follow-
ing 95 per cent conf idence in te rva l for a: 

6,02 < a < 6,41. 

Howeve r a* = \ 1000c2 = 5,97, a n d so there is an indication t h a t the uninvest i-
ga t ed remainder t e r m in the approximat ion a ^ | f c 2 x is no t quite negligible 
when x = 1000. 

I t is not surpr is ing tha t so haphazard a method of space filling should 
lead t o about a 25 p e r cent wastage of the space available, h u t i t may be t h o u g h t 
cur ious tha t when x — 1000 t he s tandard devia t ion of the n u m b e r of cars 
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accomodated should be less t h a n one per cent of t h e expected n u m b e r of c a r s . 
T h e space filling process seems t o have more r ig id i ty than one would intui t ively 
ascr ibe to it . 
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СЛУЧАЙНОЕ ЗАПОЛНЕНИЕ ИНТЕРВАЛА 

D. MANNION 

Резюме 

В работе проводятся дальнейшие исследования проблемы случай-
ного заполнения интервала изучаемой A. RÉNYI И др. Пусть п(х) означает 
числа интервалов длины 1 при случайном заполнении с такими интерва-
лами интервала длины х. Автор показывает, что D-(n(x)) монотонно растет, 
a D - ( п { х ) ) ~ с 2 х , где с2 = 0 ,035672. . . 

В связи с этой асимптотической формулой в работе разобраны резуль-
таты одних вычислений, проведенных по методу Монте-Карло (х = 1000, 
2000 опытов). 
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