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The general form of t he lo t tery-game — as it is well known — is the follow-
ing: 

On each lot tery-t icket there are t h e integers 1 ,2 , . . ., n f rom which 
one has to select к numbers . Af t e r this I n u m b e r s are d rawn ou t f rom 1,2, . . ., n. 
I f the set of numbers selected on a lo t te ry t icket has exac t ly d common ele-
ments with t h e set of 1 n u m b e r s which have been drawn (d 9 I 9 4), we say, 
t h a t we ob ta ined a tZ-hit on t he lo t tery- t icket . 

The so-called lo t tery-problem in question is the following: what is t he 
minimal of lot tery-t ickets , so, t h a t sui tably selecting the 4 numbers on t hem, 
we can be sure t o have a t least one d-hit? (In the case of t h e lo t te ry in H u n g a r y 
7? = 90, 4 = I = 5, 1 9 d 9 5). 

The general combinator ia l problem according to th i s is the following: 
Let 4,1, d, n be posi t ive integers, 1 9 к 9 n , 1 9 I 9 n, 1 9 d 9 min 

(4, Z) and E a set with n elements. We call a subset of 4 elements of the set 
E a 4-tuple of E. Let S be a system of 4-tuples of E. We say, t h a t S has property 
P, if to each Z-tuple L of E t he re exists a t least one 4-tuple of E belonging to S, 
which has a t least d common elements wi th L. (We can say, t h a t the d- tuples 
of the 4- tuples belonging t o S represent all Z-tuples of E.) Denote by N t h e 
number of A'-tuples belonging to S. The problem is as follows: 

Wha t is t he min imum of N, depending on n, 4, Z, <Z? 
We call an S-sys tem with p roper ty P a minimal-system S0(n, 4, Z, d), 

if for this t h e value Л \ ,(n, k, Z, d) is the possible smallest . 
We give in this paper a lower hound for N0 in case d = 2, and an a sympto -

tic formula for i t in case for f ixed 4,1, d = 2 and n•,—*• We can de te rmine 
the exact value of N0 a n d the minimal system S0 only in the case к 9 5 
d = 2 and for special va lues of n sat isfying some congruences. (For example 
for the case n — 84 or n — 100 and 4 = 5). So we can consider the lo t te ry-
problem essentially solved only in the case, when we w a n t t o be sure of a 2-hit. 

T h e o r e m . Given a set E of n elements, integers 4 , 1 ^ 2 and a minimal-
system iS'0 (n, 4 , Z, 2) (with property P) then for the number A7,, of k-tuples in S0 

we have the inequality 
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and 

m H N^OO / A ( / — 1 )" 

71 
J f Je ^ о and - is integer, further 

71 
- - 1 mod /•(/• - 1) 
Z - 1 

(3) or 
П 

= Á m o d — 1) 
I - 1 

Лен there exists a minimal-system S 0 f o r which the equality 

(4) N n [ n - l + l ) 

k(l - l)2 

holds.4 

Proof. For the proof we use the following three resul ts : 
1. Theoremof T U K Á N P . ([1]): (in a specialized form) . L e t E be a set wi th 

n elements, and let an in teger I be prescr ibed (3 ^Ll SL n, I — ljn). If В is a 
system of N pairs of e lements f rom E w i th the p rope r ty , t h a t each subse t 
of E wi th I elements con ta ins a t least one pair belonging t o B. then the ine-
quali ty 

N > ( 1 - 1 ) 1 ^ 
\ l - 1 

\ 2 ) 
holds. 

E q u a l i t y holds for and only for the following sys tem B: we divide t h e 
n 

elements of E into mutua l ly disjoint subsets each having elements. The 

minimal sys tem B0 con ta ins all pairs (and only those) whose elements are 
f rom the same class. 

2. Theorem of H A N A J S T I ([2]): Let t he set E have m e lements and let H 
he a sys tem of Á-tuples of E with the p roper ty , t h a t each pair of elements 
f rom E is contained a t leas t in one fc-tuple of I I . Then f i o m the number M 
of T-tu pi es in H we have obviously 

(5) M > m ( m - 1 } 

- k ( k - l ) 
If к ^ 5 a n d 

m = 1 mod k(k — 1 ) 

FT. 4 E q u a l i t y holds also in the case к = p, and = p" or к = p 1 and 

I >l I + i> + p" where p is a power of a pr ime and v an a rb i t r a ry posit ive integer. T h e 
proof goes on the same way on ly instead of H A N A N I ' S theorem in [2] we have to use A 
result f rom [5]. 
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or 
m - к m o d к (к — 1 ) 

t hen t h e r e exist minimal systems H 0 for which equa l i ty holds in (5)5. 
3 . Theorem of E R D Ő S — H A N A N I [ 3 ] (see also [ 6 ] ) : With t he above nota-

t ions when M 0 is t h e n u m b e r of Z-tuples in a minimal-system H 0 : 

r M 0 -
m_>«. m(m — 1 ) 

= 1 . 

k(k — 1) 

To prove our theorem, let us suppose t h a t we have a system S of il'-tuples 
with p r o p e r t y P. Then , if we consider all the pairs of elements in these fc-tuples; 
t hey represen t all t h e Z-tuples of E ; i.e. each / - tuple of E contains a t least one 
pair f r o m these. Bu t t h e n , according t o Turán ' s theorem, the number of different 

in t h e case, if these pa i r s are the following: We divide t he n number s into Z — 1 
equa l classes, and t h e Z-tuples in S contain all t he pa i rs — and only these — 
the t w o elements of which belong to t h e same class. Since each Z-tuple contains 

j ̂  j pairs , and the " b e s t " case is, when all the pairs in t h e I"-tuples are d i f ferent 

(no t w o Z-tuple in S h a s two common elements) — S has obviously a t least 

( n \ 
( Z - l ) Z - L 

2 
к 

2 
Z-tuples. This p roves (1). 

I n case when (3) holds, us ing Hanani ' s t heorem and construct ing a 
71 

minimal-system H 0 w i th m = — , for each of the l — l classes we ge t 

a minimal-system S0 which has 

71 

I — 1 

2 

Z-tuples, and this proves (4). 
As to the a sympto t i c case, using the t heo rem of E R D Ő S and H A N A N I 

71 
again for each of t h e I — 1-classes and m = we get (2). 

I — n 

5 For the construction of such a system see [2]. Evidently for such a minimal 
system each pair of elements of E is contained in exactly one I-tuple of H . 
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Remark. If in the lo t te ry-problem we wan t to construct in a similar 
way a minimal-system S which assure a 3,4 or 5-liit, we would need a generaliz-
a t ion of T U R Á N ' S theorem® and A generalisation of H A N A N I ' S theorem and 
cons t ruc t ion . 

(Received December 6, 1963) 
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Резюме 

Пусть будут к, I, d, п положительные целые, 1 5g к, I ^ n, 1 5g d ^ 
ig m i n (к, l) и Е — множество, состоящее из п элементов. Пусть будет s не-
которая система подмножеств Е , состоящих из к элементов. Мы говорим, 
что s имеет «представительное свойство», если для каждого подмножества 
А, состоящего из I элементов от Е , существует элемент от в, который имеет с 
А общие элементы не меньше d. Пусть обозначает N0 = N0(n, к, I, d) наи-
меньшее число элементов s с «представительным свойством». В случае d = 2 
доказана. 

Теорема. 
n i n - J + l f 

k(l - l ) 2 

v „ 
lim о  

п(п — I + 1 ) 

Если & 5g 5, у — ^ целое, и 

I - 1 
тогда 

Л т о 

1 (mod к(к — 1)) 

п(п — I + 1) 

H'- I E ' 

6 The necessity of generalizing T U R Á N ' S theorem, which is raised in [4], turned up 
a l ready in several quest ions. 
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