
ON A COMBINATORY DETECTION PROBLEM I 

by 

BERNT L I N D S T R Ö M 1  

1. Introduction 

The presen t invest igat ion was inspired by the work of H. S . S H A P I R O 
and S . S Ö D E R B E R G [4] on a weighing p rob lem: 

"Counte r fe i t coins weigh 9 grams and genuine coins weigh 10 g r a m s . 
Given a scale t h a t weighs all real numbers exact ly, w h a t is the m i n i m u m 
number of weighings required t o ex t rac t all t he counterfe i ts f rom a s amp le 
of n co ins"? . 

The schemes for f ind ing t he counter fe i t s are of t w o kinds; (1) e i t he r 
one de termines in advance which coins are t o be weighed together in each 
weighing or (2) the choice of coins for a weighing is made t o depend on t h e 
results of all previous weighings. I shall on ly consider schemes of t he f i r s t 
kind. Then t he problem can be given a formula t ion in t e r m s of sets. 

Detection Problem. Le t S be a given set of | S | = n e lements . A f a m i l y 
^ o f subsets Tv T2, . . ., Tm of S is a detecting family for S if each subset M 
of S is un ique ly determined b y t he m n u m b e r s \M П Tt | , г = 1, 2, . . . , т. 
Then the problem is to f ind / ( « ) = min m is t h e class of all detect ing famil ies 
for S. 

I t is easy to prove t h a t / ( 4 ) = 3 and / ( 5 ) = 4, bu t for larger n the d e t e r -
mination of f(n) is diff icul t . Therefore one m u s t in the f i r s t instance search 
for good es t imates . 

Since the re are a t most (n + l ) m combinat ions of va lues for the n u m b e r s 
I M П Ti |, (г = 1, . . . , m) a n d d i f ferent combinat ions correspond to t h e 2" 
different subsets of S, we f i nd t h a t 2" gL (n + l ) m and 

( L I ) f(n) 
log (n + 1) 

The main achievement of H . S . S H A P I R O and S . S Ö D E R B E R G was t h e 
proof of 

( 1 . 2 ) f(>i) = 0 П 

log n) 

P . E R D Ő S and A . R É N Y I have given a proof [1] of t h e inequal i ty 

(1.3) l i m i n f / ( № ) 1 ° g ^ l o g 4 . 

1 Stockholm. 
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This inequa l i ty has also b e e n proved b y B. G O R D O N , L . M O S E R and myself 
(see [1] R e m a r k ) . Al though my proof is n o t the shor tes t it may have some 
interest as a n application of information theory. 

But m y main result is 

(1.4) l i m s u p / ( w ) 1 0 g ^ l o g 4 , 
n->."> П 

thus conf i rming a conjec ture in [1] t h a t t h e limit exists. 
I am g r a t e f u l to Professor H. S. Shap i ro for s t imula t ing discussions dur ing 

his stay in Stockholm. I also express m y thanks to P r o f . 0 . F ros tman , who 
suggested m a n y simplifications in my proofs . 

2. 

The following two inequali t ies are easy consequences of the def ini t ion. 

( 2 . 1 ) / ( » ) £ / ( » + 1 ) , n = 1 , 2 , . . . 

(2.2) / К + n2) < / Ю + f(n2), nvn2= 1,2 

In o rde r to prove (2.1) we note t h a t if Tv ..., Tm is a detecting fami ly 
for S and T is anv subse t of S then T П Tv ..., T П Tm is a de tec t ing 
family for T П S.' Take | S | = n + 1, \T \ = n, m — f(n + 1) a n d (2.1) 
follows. 

Now, le t Sx and S2 b e t w o disjoint se ts and 9): T iv . . . , T,mi a de tec t ing 
family for S j (i = 1, 2). T h e n 9: T n , . . . , Tlm, T2V . . ., T2m is a de tec t ing 
family for S1(JS2. W i t h \Sj\ = я,-, яг,- = /(«,•), (г = 1, 2) we get (2.2). 

I t is su i table to use vec tors represent ing sets, and matrices represent ing 
families of se ts . Define Sn = ( 1 , 2 , . . . , n). A subset T of Sn can be represented 
by an я-dimensional co lumn vector x w i t h ,,1" in t h e г'-th position if i £ T 
and „0" if г £ T. A family 9: Tv . . . , Tm of subsets in Sn can be represented 
by an m X n matr ix A = (a, ;) with = 1 if j £ T , a n d = 0 if j £ Tj. 
With this m o d e of represent ing sets we f i n d t h a t Ax is an яг-dimensional column 
vector wi th IT П T, | in i t s г-th position (i = 1, . . ., m). If is de tec t ing 
family for Sn we say t h a t t h e corresponding matr ix A is a detecting matrix. 

Suppose A is a ma t r i x , all of whose entr ies are 0 or 1, which has t h e pro-
perty t h a t Ax = Ay implies x = y for x, y columnvectors with entries 0 or 1. 
Then A ev iden t ly is a de t ec t i ng matr ix . 

For convenience we in t roduce vec tors í with entr ies f rom the set {—1.0 , 
1}. Then t h e above s t a t e m e n t can be expressed in t he f o r m : 

A is a detecting matrix if Aí = 0 implies í = 0. 
E x a m p l e . To the f a m i l y {1, 3, 4}, {1, 2}, {2, 3} of subsets of St corre-

sponds the m a t r i x 
I 1 0 1 1 \ 

1 1 0 0 , 

V о i i о . / 

which is eas i ly proved to be a detecting mat r ix . ([4] p. 1069). 
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3. 

I n th i s section we p rove the following result 

Theorem 1. f(lc 2"-1) ^ 2k — 1 , к = 2,3 

I n order to prove th i s theorem we shall prove the exis tence of a (2k — 1) x 
Xk2k~1 detect ing mat r ix Ak for every in teger k^.2. T h e matr ix Ak will be 
of t he fo rm 

Ak = Bk\C\?\Cfr\...\C\?, 

where Bk, Ck
l etc. are cer ta in matrices t o b e def ined later , a n d the bars ind ica te 

t h a t t h e y mus t be p u t toge ther side b y side. Before we def ine them we shall 
prove t h r ee lemmas. 

F r o m now on, t he set S k = {1, 2, . . . , £ } and its subse ts will only be used 
as indices for numbers a n d matrices. Suppose t h a t a n u m b e r aM is g iven for 
every subset M с Sk. F o r any N с Sk a n d i £ N we p u t N~ = N — {?'} 
and get 

(3-1) 2 а м = 2 + ами(о) -
MCI N M C N -

where summat ions are t a k e n over all subsets , the null se t 0 included. 
In t h e following t h r e e lemmas t he numbers a„ b,, aM, bM take on ly the 

values 0 or 1. The n u m b e r of elements in a set N с Sk is denoted b y |iV |. 
Lemma 1. Choose number s av a2, . . ,,ak. Put a0 — 0 and define aM 

for every other subset M с Sk by the aid of the congruence 

(3.2) aM = 2 ai (mod 2) 
t f M 

The for every N с Sk 

(3.3) 2 «м = 0 or 2 | J V | _ 1 . 
MCN 

Lemma 2. Choose number s av a2 ak (not all 0) and bv b2, . . ., bk 
(not allQ). Put a 0 — b g = 0 and define a ̂  and as above by the aid of (3.2). 
Then 

(3.4) 2 ам bM = 2*-1 if a, = bi for i = \ , 2 , . . . , k 
M C S t 

= 2k~2 if ai ф bt fo r some i . 

Lemma 3. Let L be any subset of Sk. Choose a number aM for every non-
void M C.L. Put a0 = 0 and define aM for every M ф L by the aid of the con-
gruence 

(3.5) aM - aMnL + | M - AIП L \ (mod 2 ) . 

Then for every N a Sk for which N ф L 

(3.6) 2 aM = 2 | N | - 1 • 
M C N 

Proof of lemma 1. E i ther a, = 0 for every i £ N , or a , = 1 for a t least 
one i £ N. I n the former case aM = 0 lor M a N and t h e sum in (3.3) is 0. 
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I n the lat ter case we put N~ = N — {г} a n d f ind by (3.2) t h a t if Ma N~ 
t h e n ajMufi) = % + 1 (mod 2) and a M + ами(П = 1- N o w (3.3) follows 
b y (3 .1) / 

Proof of lemma 2. II a , =- b, for i = 1, 2, . . ., к then aM = bM and aM bM = 
= aM for M с Sk. I n this case (3.4) follows b y (3.3) since a t leas t one aM 0. 
Now suppose a , b,• for s o m e i. Then e i the r a , = 0, b, = 1 (a) or a , = 1, 
bj = 0 (h). W e see tha t if M с N~ t hen 

а м ь м + aMu{/}&Mu{/} = а м (a) o r ь м (b) • 
B y the aid of (3.1) and lemma 1 we now ge t (3.4) in the 2nd instance. 

Proof of lemma 3. F i r s t we observe t h a t (3.5) is valid fo r every M с Sk. 
Since N ф L t h e r e is an г £ N which i £ L. For M с N~ we now f ind b y 
(3.5) 

aMu{i) = aMnL + \M\J{i} — MC\L\ =aM + 1 (mod 2). 

T h u s а м + ами{|} = 1 and (3.6) follows b y (3.1). 
Structure of Let Mx, M2,..., Mr (r = 2k — 1) be enumera t ion of 

t h e nonvoid subse t s of Sk. T h e r e are (2k— 1) d i f ferent combina t ions of va lues 
f o r the n u m b e r s av ..., ak in lemma 1 if a t least one a, = 1. For each such 
combination we def ine aM b y (3.2) and t h e n arrange t h e m (excepting a0) 
in a column in t h e order de t e rmined by Mx, M2, ..., Mr. These columns m a k e 
a square m a t r i x Bk of order 2k — 1. 

Now we d e f i n e an r-dimensional rowvector Dk for each non-void N a Sk. 
shall h a v e „ 1 " in the г'-th position if M, с N and „ 0 " if Mt ф N. B y 

(3.3) we f ind t h a t 

(3.7) D " B k = (0, . . . , 0) (mod 21^1-!) 

According t o lemma 2 is Bk an r x r matr ix wi th 2fc~1 in the main-
diagonal and 2fe~2 in all o ther places (,,*" deno tes t ransposi t ion) . By an easy 
calculation we f i n d the d e t e r m i n a n t 

(3.8) det {B*kBk) = (det Bkf = 22+<fc-2)2t. 

Structure of Ck. Suppose L cz Sk wi th \ L \ ^.2. For each v = 0, 1, . . ., 
(| L I — 2) we can f ind n u m b e r s aM (0 or 1) for M с L such tha t a0 = 0 
a n d 

2 а м = 2 ' . 
McL 

B y the aid of (3.5) we then de f ine aM for M с Sk. The aM with M X 0 
a r e arranged in a column in t h e order de t e rmined by Mx, M2, ..., Mr. F o r 
each v we get a column and these colums f o r m the matr ix Ck when they a re 
p u t in the o rde r of increasing v. 

We f ind b y lemma 3 a n d t he def ini t ion of Ck t ha t 

(3.9) DfCjp= ( 2 ^ 1 - ! , . . . A " ! - 1 ) if NçLL 

= (2° ,2 1 , . . . , 2 l " l - 2 ) if N = L. 

Proof of Theorem 1. L e t Lx, L2, . . ., Lt (t = 2k — к — 1) be an e n u m e r -
a t ion of the s u b s e t s L с Sk f o r which | L | ^ 2. Form the ma t r i x 

Ak = JBk\Cb\CJ?\...\Cb. 
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We shall p r o v e t h a t Ak is a detect ing m a t r i x , i.e. t ha t Ak £ = 0 implies £ = 0-
L e t £0 be an r-dimensional column-vector a n d £ t l (г = 1, 2, . . . , t) be ( | L, | — 1 ) 
dimensional column-vectors w i th their en t r ies f rom (—1, 0, 1}. P u t 

M, 

T h e n A J = 0 is equivalent t o 

(3.10) 

ад 

в к f о + 2 c t t l = 0 . 
2 á | l | < f c 

We asse r t t ha t if (3.10) holds then £ = 0. If £L = 0 for | L \ è 2 t h e n 
£0 = 0. This follows since Bk is non-singular by (3.8). N o w suppose £ N X 0 
for some N, \ N | ^ 2, and £L = 0 for | L | > | N |. Multiply (3.10) f rom t h e l e f t 
b y Dk . Then we f ind using (3.7) and (3.9) 

But evident ly 
(2°, 21, ... , l N l - 2 ) == 0 (mod 21"]- ' ) 

and so 
_ ( 2 | n | - i _ i ) ' ^ ( 2 n , 2 i , . . . , 2\n'~2) £ n ^ 2 | n l ~ i _ 1 

( 2 ° , 2 1 , . . . , 2 ! n i - 2 ) | n = o . 

We conclude t h a t £N = 0. This follows f r o m the uniqueness of the b i n a r y 
representa t ion of non-negat ive integers. W e have arr ived a t a contradict ion 
which proves t h a t £L = 0 fo r | L [ ^ 2 a n d so tha t £ = 0. 

Now Theorem 1 follows if we observe t h a t Ak is an то X те matrix, whe re 
то = 2k — 1 a n d 

к 
n = 2k— 1 + 2 i i — !) 

1 = 2 
к 2 " - ' . 

E x a m p l e . 

Li {1.2} {1,3} {2,3} {1,2,3} Mj: 
1 0 1 0 1 0 1 1 1 1 1 1 {1} 
0 1 1 0 0 1 1 0 1 1 0 1 {2} 
0 0 0 1 1 1 1 1 0 0 0 0 {3} 
1 1 0 0 1 1 0 0 0 0 0 0 {1,2} 
1 0 1 1 0 1 0 0 0 1 0 0 {1,3} 
0 1 1 1 1 0 0 1 1 0 0 0 {2,3} 
1 1 0 1 0 0 1 1 1 1 0 0 {1,2,3} 

4. 

Now we shall prove t h e main resu l t in this paper 

Theorem 2. /(те) log n ^ , l im sup H A — S — ^ log 4 . 
те 
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When th i s theorem is combined w i th the result (1.3) we obta in t h e 

Corollary. l i m M ! ^ = ] o g 4 . 
n 

Proof of Theorem 2. Suppose 4 a n d define к b y k2k~1 51 n < (k -f-
+ l)2fc. By repeted divis ions we def ine non-negat ive integers ak, . . ., a , 
such t h a t 

n = к 2k~1 ak + rk\ 0 ^ r k < k 2k~1 

(4.1) rv = (y — 1) 2 '~2«„_1 -j- ; 0 ^ »•„_!< ( г - 1 ) 2 ' - ' 

a. , < 2 

r3 = 4 « 2 + n \ 0 = ai < 4 • 

Observing tha t Г2"-1 av 51 rv+x < (v + 1)2'' for v ^ 2, we f ind t h a t 

* a n d so a„ <. 2 f o r v > 2. N o w w e h a v e 1 + -
v 

к 
n = 2 v 2 " 1 av + ai 

v=2 

By induct ion on (2.2) and Theorem 1 wo got 

(4.2) f{n)£ £ ( 2 ' - l ) a , + f ( a i ) £ 2 + 
v=2 v=2 

An easy calculat ion shows t h a t 

к к 
kf(n) - £ (к — v) 2vav + (к - 2 ) ал < 2 ( k ~ v ) 2 " + i < 2 k + 2 . 

v=2 v=l 

Multiply th i s inequal i ty b y 

log n к log 2 -f- log (k -J- 1 ) 

kn r-2k~x 

and we ob t a in 

» < i | 1 + i ( i l o g 2 + ] o g ( h 1 ) ) . 
n к { к 

As n and к t e n d to inf ini ty simultaneously we conclude 

fin) loan 
l im sup-7 v ' B ^ log 4 . 
u->— n 
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5. 

I n this section I shall give a proof of (1.3) based on in fo rmat ion theory. 
W e s t a t e this as a theorem 

Theorem 3. lim i n f ^ ) l 0 g W è log 4 . 
n ^ « n 

W e shall need some e lementa ry results f r o m information theory . For 
p roofs of them t h e reader m a y consul t e.g. [2]. 

L e t Z b e a f i n i t e set of n e lements x. Le t p be a probabi l i ty dis t r ibut ion 
over X with probabil i t ies p(x) + 0. The e n t r o p y of the p robab i l i t y space 
(X, p) is def ined (let Olog 0 = 0) b y 

ЩХ) = - 2 p(x)logp(x). 
x£X 

I t is well k n o w n tha t 

(5.1) 0 + H(X) + log та , 

w i th equal i ty on t h e r ight-hand side if and only if p(x) = 1 /та for every x£X. 
I f X and Y a r e f in i te sets let X X Y denote t h e set of all o rde red pairs (x.y) 

where x £ X and y £ Y. A p robabi l i ty dis t r ibut ion over Z-)f 7 gives rise t o 
probabi l i ty d is t r ibut ions 

p(x) = 2 Р(Х>У) and p(y) = 2 Р(Х'У) Q v e r N and Y respect ively . 
VÎT X£X 

L e t H(X) and H(Y) be the corresponding entropies. Define a conditional 
p robab i l i ty p(x I y) such t h a t p(x \ y) p(y) = p(x, y) and t h e conditional 
e n t r o p y H ( X I F ) b y 

H(X I F) = —2 P(y) 2 p(x\y) log M y ) • 
УСУ xCX 

Then i t is k n o w n t h a t 

(5.2) H(X\Y) ^H(X), 

wi th equal i ty if a n d only if p(x, y) = p(x) p(y) for x £ X, yd Y. 
From the defini t ions g iven above follows 

(5.3) H(XX Y) = H(X\Y) + H(Y). 

As a consequence of (5.2) a n d (5.3) we g e t 

(5.4) H(X X Y) + H(X) + H( Y), 

w i t h equali ty if a n d only if X a n d F are independen t (i.e. p(x, y) = p(x) p(y))-
A s tochast ic variable is a vector-valued funct ion u(x) de f ined over a 

p robab i l i ty space X . I t s range [7 is a probabi l i ty space wi th t h e distr ibution 

p(u) = 2 Pix) • 
x:u(x)=u 
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I f м, V and и + V a r e stochastic variables and U, V ,U + V t he i r ranges, 
and if U, V are independen t , then 2 

(5.5) H(U) ^ H(U + V). 

I n order to p r o v e (5.5) we no t e t h a t there is a n one-one correspondence 
between t he probabi l i ty spaces (U+V)^V a n d U-%V. T h u s H((U + 
+ F ) * F ) = H(U*V). Subt rac t H(V) in both members , and we ge t #(17 + 
+ F | F ) = H(U I F ) = # ( # ) • Then use (5.2) once again and we get the 

desired resul t . 
As an applicat ion we consider t h e set X = {(xx, . . . , xn); х,- = 0 or 1}. 

A probabi l i ty d i s t r ibu t ion can he de f ined over X in such a m a n n e r t h a t 
xv ..., xn are i ndependen t and P(x , = 1) = p, P ( x , = 0) = q, whe re p > 0 
and q > 0 are fixed n u m b e r s with t h e sum 1. Now uv(x) = xx + x2 -f- . . . -f- x„ 
and vv(x) = x„ + 1 + . . . + xn are two independent s tochast ic var iables and 
# ( # „ ) , t h e entropy of t h e f i rs t . But now uv + vv = un and so we ge t by (5.5) 

(5.6) H(Uv)^H(Un), v = \ n. 

Un = {0Д, . . . , « } , the range of un, has t h e binomial p robabi l i ty 
d is t r ibut ion 

n P (Un = i) = P ' 3 " = Pn(*') • 
I 

T h e following as sympto t i c fo rmula will be i m p o r t a n t in our proof of (1.3) 

(5.7) ff(#„)~llogn. 
A 

But we shall prove a l i t t le more, n a m e l y 

Lemma 4. l im # ( # „ ) — i log 2 л enpq j = 0 . 

F o r t he proof of t h i s lemma I need a theorem in F E L L E R [ 3 ] on p. 1 3 5 . 

Theorem. If n and к vary in such a way that (k — np)3ln2 —*• 0, then 

(5.8) pn(k) ~ (2 л npq)'1!2
 e~xU2 

asymptotically, with xk = (k — np) (npq)-1'2. 
Proof of lemma 4. Choose a in t h e interval 0 < a < —. Then we obtain 

6 
by Chebyshev 's inequa l i ty 

(5.9) S0= V pn(k)<n-2". 
k:\xt\<na 

2 1 a m indebted t o B . AJNE for t h i s inequali ty. 
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P u t p(xk) = pn(k)jS0 for I xk I > те" and use (5.1). Then we f i n d t h a t 
0 < Sy = — 2 Pn(k) log Pn(k) g S0 log (ft -+- 1) — S0 log S0~> 0 when те - x oo. 

k:\xt\>n<* 
Now we put 

Л = - 2 Pn(b) log (Pn(k) exî/2) , 

F o r I xk I g na a n d a < — we ge t (k — np)3ln2 —0 if те - x oo. T h e n we 
6 

f ind b y (5.8) and (5.9) 

, (2 nnpqyi2 (2 лпрд)Ч2
 e 

(1 — n~2a) log < S2 < log — — — f o r n > ns. 
1 + e 1 — £ 

F u r t h e r , pu t 

S3 = 2 Pn(k) log exl12 and S i = 2 ~ Х1е~х112(2лпрд)-Ч2. 
k:\xt\£na k:\xt\£na 2 

Then we ge t by (5.8) 
(1 — e) S у log e < S3 < (1 -f- £) S у log e fo r те > те,. 

Now S у —> — when и - > oo, and so S3 —»- — log e. T h u s S у + S2 S3 — 
2 2 

log 2 л е п р д t ends t o 0 when те t e n d s to oo. 

Proof of Theorem 3. Le t A be an m, X n de tec t ing matr ix . L e t X be the 
set of ft-dimensional column-vectors x w i th components 0 or 1. P u t p(x) = 2~n. 
Then t h e components of x become independen t s tochast ic variables. Also the 
/ - th componen t of Ax is a s tochast ic variable. I t s e n t r o p y Hj is g H(Un) 
according t o (5.6), and if i ts range is denoted by Vjt ( j = 1, : . . . , тег), Ax has 
t he r a n g e U с Vy 4- V2 . . . -Х- V m = V. Ax is a s tochast ic var iable with 
the r a n g e V if we def ine p(y) = 0 for у £ V — U. B y (5.4) we now f i n d tha t 

m 
(5.10) H(U) = H(V) g, 2 H(Vj)^mH(Un). 

7 = 1 

Since A is de tec t ing there is an one-one correspondence be tween the 
p robab i l i ty spaces X a n d U, and so 

(5.11) H(U) = H(X) — те log 2 

F r o m (5.10) and (5.11) we ge t 

(5.12) /(те) . 
ад 

T a k e (5.7) into account and t h e theorem is p roved . 

6. Another detection problem 

T h e following prob lem was posed by P . E r d ő s and A. R é n y i in [ 1 ] . 
Detection Problem. Le t A be a n то X ft m a t r i x wi th entr ies 0 and 1. 

If ж is a sequence of те digi ts ( = 0 or 1) we are told t h e number of places (c,) 
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i n which x a n d t h e i-th row in A coincide, i — 1, ..., т. Suppose A h a s 
t h e proper ty t h a t t he x's are un ique ly de te rmined by c, cm. For n given 
le t B(n) be t he min imum of m fo r such matr ices A. Then t h e problem is t o 
de te rmine the asympto t ic behav iou r of B(n). 

I t has been proved b y P . E r d ő s and A . R é n y i t h a t 

( 6 . 1 ) l i m i n f r ( « ) l o g ^ l o g 4 

n-><~ 11 

By the me thods in this p a p e r I can p rove 

- Bin) log 17 , 
Theorem 4. lim s u p ——-- < log 4 . 

п - . « . 77 

This conf i rms a conjecture in [1] as to t h e existence of t h e limit. 
We saw in section 2 t h a t a matr ix A is detect ing if A £ = 0 implies 

£ = 0. Now we t a k e this as definition of a de tec t ing matr ix w h e n the entries 
of A are not necessarily res t r ic ted to he 0 or 1. 

I now claim t h a t the de tec t ion problem above has t h e following equi-
v a l e n t form: 

Detection Problem. For n given, let B(n) be the m i n i m u m of m in t h e 
class of all 777 x n detect ing mat r i ces В with all ent r ies f rom t h e set { +1 , —1}. 
De te rmine the asympto t ic behav iou r of B(n). 

In order t o see the equivalence of the two problems let E be the m x n 
m a t r i x all of whose entries a re 1, and let F be the 77-dimensional column-
vec to r of merely 1 ' s. Let x a n d y be column-vectors of 0 ' s a n d 1 ' s. Then 
t h e matrices A of t h e f irst p rob lem have the p r o p e r t y t h a t 

(6.2) Ax + (E — A) (F — x) = Ay + (E — A) (F — y) implies x = y . 

The matr ices В of the second problem have t he p rope r ty t h a t 

(6.3) Bx = By implies x — у • 

Subt rac t (E — A)F in b o t h members of (6.2) and p u t 2A - F = В. 
T h e n (6.2) and (6.3) become ident ica l . A is a (0 , l ) -matr ix if a n d only if В is a 
(—1, + l ) - m a t r i x a n d so we h a v e proved t he equivalence of t h e problems. 

By the me thods of section 3 we can prove t h e result 

Theorem 5. B(k 2"-1 -f 1) ^ 2k, к = 2,3 

I think it is n o t necessary t o give all details of t h e proof, which is analogous 
t o t h e proof of Theorem 1, bu t I shal l describe those par t s where t h e two proofs 
d i f f e r . 

We shall keep t he no ta t ions of section 3. T h u s matrices deno ted Ak are 
f r o m now on de tec t ing matr ices w i t h entries + 1 a n d —1. 

Ins tead of L e m m a s 1—3 we need the t h r e e following lemmas, whose 
p roof s are left to t h e reader. ait bh aM, bM are 0 or 1. 

Lemma 5. Choose numbers ava2, . . ., ak. Put az = 0 and define aM for 
every non-void M a Sk by the aid of the congruence 

(6.4) « м = 2 4 
i f m 

(mod 2). 
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Then we get for every N с 8k 

(6.5) — l)a-" = 0 or 2]P\. 
MCN 

Lemma 6. Choose numbers av a2, . . ., ak and bv b2, . . ., bk. Put a0 = ba = 
= 0 and define aM and bM as above. Then we get 

( 6 . 6 ) 2 1 ( — l ) a « + i , » = 2k i f a{ = bj for i = 1, . . . , 4 

= 0 if а( ф bj for some i . 

Lemma 7. Let L be an у subset of Sk. Choose a number aM for every non-void 
M с L. Put а2 = 0 and define aMfor every M ф L by the aid of 

(6.7) aM=aMnL+\M - M Ç) L\ ( m o d 2 ) . 
Then we get 

( 6 . 8 ) 2 ' ( — l ) a j , = 0 if N ф L . 
MCN 

Observe t h a t the role p layed by a is more impor t an t t h a n before. The mat r ix 
Ak shall have the f o r m 

Ak = Bk\Cfr\Cfr\...\Cj?t t = 2k — к — \ , 

where Bk, Ck
l etc. a re cer ta in matrices now to be def ined . 

Structure of L e t Mv M2, .. ., Mr (r = 2*) be an enumerat ion of all 
subsets of Sk. There a r e 2k d i f ferent combinat ions of values for av . .., ak. 
For each such combina t ion we def ine aM by (6.4) a n d arrange t he n u m b e r s 
(—1)°* in the order de f ined by Mv M2, .. ., Mr in a column of t h e mat r ix 
Bk. 

Def ine the r-dimensional row-vector Dk for each N с 8k with j M | Si 2. 
Df shall have „1" in t h e i - th position if i f , с N a n d „ 0 " if Mt ф N . 

We now f ind b y (6.5) and (6.6) respectively 

(6.9) Dfc7 -Bfc — (0, . . . , 0) (mod 2 | N | ) , 

(6.10) (det Bkf = 2k2'. 

Structure of Ck. S u p p o s e d с Sk and | L \ ^ 2. W e can find aM for M с L 
such t h a t a 0 = 0 and 

(6.11) 2 1 ( — 1 ) — = 2 ' , v=\,2, . . . , ( \ L \ - \ ) . 
MCL 

By the aid of (6.7) we then def ine aM for M ф L. The numbers ( — 1)"« 
are a r ranged in a co lumn in the order de te rmined b y Mv M2, . . . , Mr. For 
each V we get such a co lumn and t he | L \ — 1 co lumns form the m a t r i x Ck 
when t h e y are pu t in t h e order of increasing v. 

B y L em m a 7 and (6.11) we f ind t h a t 

(6.12) Djf Ck = (0, 0) if AçtZ 
= ( 2 i , 2 2 , . . . , 2 ^ - 1 ) if N = L . 

Proof of Theorem 5. Take an enumera t ion of t h e sets L с Sk with 
j L I ^ 2. Form the m a t r i x Ak. The previous proof t h a t Ak is de tec t ing holds 
with only small changes. Ak is an то X те matr ix , w i th m = 2k and те = 42*""1 -)- 1. 
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Proof of Theorem 4. F i r s t I prove t h a t 

(6.13) B(nx + n2) g. B(nx) + B(n2), i , : 

Let Bj (i = 1, 2) be m,- x n( detect ing matrices. We m a y assume t h a t 
t h e f irst row in B{ contains mere ly 1' s, for in o ther case we can mult iply b y 
— 1 in a co lumn without a l t e r ing the p r o p e r t y of being a de tec t ing matr ix . 

In t roduce Ex a s t he т., x nx mat r ix of merely l ' s and E2 as the mx x n2 
matr ix of 1 ' s, a n d let Ft (i = 1, 2) be t h e я,-dimensional row-vector of 1' s. 

We shall p rove t h a t t h e mat r ix 

В = 

• b x 

Et 

E2\ 
В, 

is a detecting m a t r i x . Let I,- (i 
suppose t h a t 

\FX -F2J 

1, 2) be я г Л1теп8юпа1 column-vectors and 

В 

Then we get t h e equations 

(6.14) 

f i 

I f . / 
= о 

Bx + E2 i2 = 0 
Ex ix + B2 f a = 0 
FXÇX-F2Ç2=0 
Fx + F2 | 2 = 0. 

The last o n e follows since the f i rs t row in В contains mere ly 1 ' s. By 
(6.14) we now f i n d tha t Bx!jx = 0 and B2l, = 0. But Bx and B2 are detect ing, 
a n d so = 0 a n d | 2 = 0, if i x a n d | 2 have all components equal to —1. 0 or 
+ 1 . Thus we h a v e proved t h a t В is detect ing. 

Now we n o t e tha t the (mx + l)-st row in В is identical w i th the 1-st . 
W h e n it is r e m o v e d we ge t an (mx + m2) x (nx + я2) de tec t ing mat r ix . 

If we t a k e яг, = B(n,) fo r г = 1, 2 (6.13) follows. 
From T h e o r e m 5 we f i n d 2?(A,2'i~1) ^ 2k, since B(n) is non-decreasing. 

Now we can t a k e over the proof of Theorem 2 wi th 2" instead of 2" — 1 in (4.2). 

(Received December 28, 1963) 
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ОБ ОДНОЙ КОМБИНАТОРНОЙ ПРОБЛЕМЕ ДЕТЕКТИРОВАНИЯ 

В . L I N D S T R Ö M 

Резюме 

Автор решает две комбинаторные проблемы, изучаемые Р . E R D Ő S И 
A . R É N Y I [ 1 ] . Проблемы в терминах теории матриц формулируются следу-
ющим образом. Пусть (С) — класс матриц с элементами, равными 0 и 1 (слу-
чай (1)) или —1 и + 1 (случай (2)). Матрицы, для которых из равенства 
.4£ = 0 следует, что £ = 0, если £ — вектор с компонентами —1, 0 и 1, 
называются детектированными матрицами. 

Пусть f(n) — минимальное число строк детектированных матриц с 
п столбцами. Проблема заключается в определении асимптотического пове-
дения ф у н к ц и и / ( и ) при >-оо. 

Р . E R D Ő S И A . R É N Y I доказали для обоих классов (С), что 

l i m i n f / ( r a ) 1 ° g ^ l o g 4 . 
п->°о П 

Посредством конструирования детектированных матриц автор до-
казывает следующие соотношения: 

f(k-2k-x) ^ 2k — 1 к = 2, 3, . . . (в случае (1)) 

f{k • 2"-1 + 1) ^ 2к к = 2, 3, . . . (в случае (2)) 

и из них, используя соотношение f(nx + п2 -+- . . . + щ) + f(n2) + 

+ • • • + f(ni)> выводит, что lim sup AAIAM/ 1 ^ log 4 (в обоих случаях). 
л-.«. п 

Этим доказана гипотеза Р . E R D Ő S и A . R É N Y I О существовании пре-
дела. 
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