
ON THE „PARKING" PROBLEM 

by 

A. DVORETZKY1 and H . ROBBINS2 

1. Introduction.  Consider the following random process in which cars 
of length 1 are parked on a s t reet [0, r ] of l eng th x The f i rs t car is pa rked 
so tha t the posi t ion of its center is a random var iab le which is uni formly d ist r i -
buted on —, x . I f there remains space t o park another car then a second 

2 2 J 
car is parked so t h a t its center is a random var iab le which is uni formly d is t r ib-

1 1 

2 ' 2 
uted over the set of points in whose distance f r o m the f i rs t car 

is is — . I f t he re remains an e m p t y interval of length ^ 1 on the street t hen 

a th i rd car is pa rked , its center being uni formly distr ibuted over the set of po in ts 
whose distance f rom the cars already p a r k e d and the ends of the s t reet is 

2; — . The process continues unt i l there r ema ins no empty interval of leng th 
2 
1. We denote by Nx the to ta l number of cars parked and extend the de f i -

nit ion of Nx t o all x > 0 by pu t t ing Nx = 0 for 0 ^ x < 1. 
The „park ing prob lem" is the study of t h e distr ibut ion of the in teger-

valued random var iable Nx as x —*-  °°. This p rob lem was cal led to our a t ten t ion 
by C. H E R M A N and M . K L E I N in 1 9 5 7 . In 1 9 5 8 A. R É N Y I [ 1 ] proved t h a t t h e 
expectat ion /ë(õ) = E(NX) satisf ies the re la t ion 

(1.1) fi(x) = ky x + A, — 1 + 0(x~n) (»^1) 

çument inen 

r - i '-=r> 

(O and î refer th roughout to t he argument increasing to in f in i ty) ; the cons tan t 
Aj  is given b y 

J. - - j — —— du 

e î " A ^ 0.748 
î 

To prove ( 1 . 1 ) R É N Y I employs t h e Laplace t r ans fo rm of a cer ta in integral equa t i -
on satisfied b y p(x); using similar methods P . NEY [2] has studied the h igher 
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moments of Nx. In the present paper we show by a d i rect analysis of t h e integ-
ral equat ion t h a t (1.1) can be s t rengthened to 

( 1 . 3 ) / 1 ( õ ) = ß 1 õ + + 0 í i — 

x - 3 / 2 

l l x 

and t h a t t h e variance a2(x) — E(VX — y(x))2 satisfies 

(1.4) o2{x) = A2x + ?.2 + 0 
4e x - 4 

where x2 is some posit ive constant . We show moreover t h a t the s tandard ized 
random var iable Zx = (iV x — p(x))/<r(x) has the l imit ing normal (0,1) d is t r ib-
ut ion as x - > °o; this is done in two ways , the f i rst b y showing t h a t all the 
moments of Zx converge to t he normal moments , and t h e second b y a d i rect 
a rgument using the centra l l imit theorem for sums of independent r a n d o m 
variables. 

In Sect ion 2 we der ive the integral equat ions sat isf ied by y(x) a n d quan-
ti t ies re la ted to the higher moments of N x , these equat ions form t h e basis 
of our s tudy as well as those of R É N Y I and N E Y . Section 3 deals with t h e asym-
ptot ic behav iour of the solut ions of these equat ions; our work here is somewha t 
similar to t h a t of N . G . D E B R U I J N [ 3 ] . The results of Section 3 a re appl ied 
in Section 4 to the park ing problem. T h e second proof of the asymp to t i c 
normal i ty of Zx is given in Section 5. Var ious remarks will  be found in Sect ion 6. 

2. Derivation of the integral equations. For x 0 let [t,t + 1 ] b e the 
random in terva l occupied b y the f i rs t car parked on a street [0, x + 1 ] of 
length x -f- 1. The park ing process described in Section 1 is such tha t the n u m b e r 
of cars which will  eventual ly be parked t o t h e left of the f i r s t car is i ndependen t 
of the n u m b e r which will  be parked to t h e r ight of i t ; moreover, the n u m b e r 
of cars eventua l ly parked t o the left of t h e f i rs t car, i.e. on [0, t], has t h e same 
distr ibut ion as N„  while t h e number p a r k e d to the r i gh t of the f i rs t car , i.e. 
on \t + 1, x + 1 ] , has t h e same d is t r ibut ion as Nx_t. Hence the conditional 
distribution of Nx+1 given that the first car occupies [t,t +1] is the same as the 
distribution of N, + Nx_, + 1 with Nt, Nx_t independent. Denot ing by 11 condi-
t ioning on t h e event t h a t t h e f i rst car is parked at [t, t + 1] we therefore have 

( 2 . 1 ) E ( W X + 1 1 < ) = E ( I V , ) + E (Nx_t) + 1 ( 0 G Í É X ) 

(here we do no t use the independence of Nt and Nx_t). Since by hypo thes i s 
t is un i formly d is t r ibuted on [0, x] i t fo l lows that , set t ing 

( 2 . 2 ) y ( x ) = E ( N X ) ,  

we have 
X 

(2.3) y(x + 1) = 2Ë fi(t)dt + 1 (x > 0 ) . 

Def ining the funct ion 

(2.4) f(x) = y(x) + 1 
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we see that / satisf ies the somewhat simpler equation 

X 

(2.5) f(x+ 1) [ f(t)dt ( x > 0 ) . 

î 

Together with the initial condit ions 

( 2 . 6 ) f ( x ) = 1 ( 0 + x < l ) , / ( 1 ) = 2 

th is determines f(x) consecutively over the intervals l < x + 2 , 2 < x + 3 , . . . . 
Thus we f ind 

(2.7) f(x) = 2 ( K ï g î ) , 

(2.8) f(x) = 4 — (2 < x + 3) , 
x — 1 

10 4 
(2.9) f(x) = 8 - log (x - 2) (3 < x + 4) , 

X — 1 X — 1 

a t which the integration of (2.5) becomes di f f icul t . 
Using the independence of N, and Nx_, we have for t h e function 

(2.10) a\x) = D2(NX) = E(Nx - p(x)f 

the relation 

(2.11) D2(VX+ 11 /) = a2(t) + cr2(x — t) (O + Z ^ x ) 

Since 

(2.12) D 2 (WX + 1 ) :>E(D2 (WX + 1 | / ) ) , 

i t follows from (2.11) that 

X 

(2.13) u 2 ( x + — ^a~(t)dt (x > 0) . 

î 

Let 
(2.14) L(x) = ê1õ+Ë1 — 1, 

wliere ß, is a constant to be determined later, and def ine for ê == 0, 1, . . . 

(2.15) ^ ( õ ) = Å ( ( ß õ - 7 ( õ ) ) " ) . 

Since 

( 2 . 1 6 ) L ( x + 1 ) = L ( t ) + L(x — t ) + 1 , 

we have 

(2.17) E [ ( Ä X + 1 - Z ( x + 1 ))*|/]  = 

= E[{(W, - L(t)) + (Nx_t-L(x-t))Y\, 

1 4 * 
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and on integrat ing we f i nd tha t 

1 jL'k 
(2.18) <Pk(x + i ) = — 2 • [ f>M <Pk-Â* 

x i = o u j 

_,(x — t) dt (x > 0 ) . 

3. The integral equations. Our resu l ts on the behaviour as x —*• °o of 
funct ions sat isfying cer ta in integral equat ions are summar ized in the following 
two theorems. 

Theorem 1. Let f(x) be defined for x >. 0 and satisfy 

(3.1) 

ë 

f ( x + 1) = - Çf(t)dt + p(x+ 1) 
X ) 

(x > 0) 

where p(x) is continuous for x > 1 and is such that, setting 

(3.2) 

ice have 

(3.3) 

Px = s u p i Pit) 
j ^ x + 1 

(X > 1), 

i=2 t 

Then there exists a constant A such that, setting 

(3.4) 

we have 

(3.5) 

p 4 + 1 , 2 ( / + l ) ( / + 3) - pt  
= Pj+1 3 : 2 ~  

1 1 

2 " 

i = y + 2 ã + 1 

( 7 = 1 - 2 , . . . ) , 

sup I / ( x ) — A x — AI — sup I f(x) — A x — A | -f-
n + i á x ^ n + 2 n ! 

(3.6) 

then 

(3.7) 

2 " n i ! 

+ — 2 - è - - â / 
ãà ! p 2 7 ; 

Corollary.  If a > 2e and /(x) sat isf ies (3.1) wi th 

(ra = 1 , 2 , . . . ) . 

p(x) = î 

/ ( * )  = a x + a + o , 

õ + 0 - ö 

The second theorem is much less precise but easier to prove. 
Theorem 2. Let g(x) be defined for x ^ 0 and satisfy 

(3.8) 

ë 

0 ( x + 1 ) = — ã !7(0 dt + 0(x->) 
x J 

(x > 0) 
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with y > 1. Then 

(3.9) g(x) = 0(õÏ . 

Corollary.  Let g(x) be defined for x 0 and satisfy 

X 

(3.10) g(x + 1) = — j g(t)dt + Àõ? + 0(xv) (x > 0) 

î 

with ß > ó > 1. Then 

(3.11) g(x) = ^ t i Ax" + . 
ß — 1 

Proof of Theorem 1. T h e proof is less involved and leads to a somewhat 
sharper error est imate if, as in the case of p(x), the t e rm p(x) vanishes ident ic-
ally. For t h e sake of brev i ty , however, we shall t reat t h e general case d i rect ly . 

F rom (3.1) we have for positive x and y, 
*  ó 

f ( y + 1)=— [f(t)dt + - i'f(t)dt  + p(y + \) = 
yd yd 

î x 

ó 

= ± [ x f ( x + l ) - xp(:r + 1 )] + — I m dt + p(y+ 1 ) 
Ó yd 

X 

or 
Ó 

(3.12) f ( y -(- 1) = — f ( x -(- 1) + — { f ( t ) d t + p ( y + l ) - — p ( x + 1 ) . 
Ó yd ó 

X 

Define 

(3.13) I x = inf - A , s x = sup Ë - ( i i 0 ) . 
x<,tsx+1 t + 1 xá<S*+1 t + 1 

Notice t h a t f(x) — x + 1 satisfies (3.1) w i th p == 0, and hence-that 

ó 

(3.14) y + 2 = —(x + 2) + ~ [ ( t + \ ) d t . 
Ó yd 

X 

Subtract ing (3.14) mult ip l ied by I x f r o m (3.12) we h a v e 

/(Ó + l ) - I x - ( y + 2) = — [ f ( x + 1) - I x . (x + 2)] + 
Ó 

(3.15) 

+ - f [ / (0 - I x - ( t + 1 )]dt + p(y + 1 )-—p(x + 1) . 
yd ó 
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Hence for x g y g x -f 1, in view of (3.13) and (3.2), 

( 3 . 1 6 ) f ( y + 1) - I x - ( y + 2 ) A 0 + 0 - P X + 1 ~ P X + 1 = - 2 p x + l . 

I t follows t h a t 

(3.17) (x > 0 ) . 

x + 2 

Applying (3.17) successively w i th x replaced b y x + 1, x + 2, . . . we ob ta in 

(3.18) I y ^ I x - A x , (óôõ> 0 ) . 

where by def in i t ion 
(3.19) Ax = 2 Ó——— (æ > 0) . 

P x + i + I 

In exact ly the same m a n n e r we obta in the inequal i ty 

(3.20) Sy g Sx + Ax ( ó^ æ > 0 ) . 

From (3.18) we have 

(3.21) l im inf Iy ^ I x — A x (æ > 0) • 

ó—>oo 

Since Ax = o( l ) by (3.3) i t follows t h a t 

(3.22) l im inf Iy (z lim sup I x . 
y-*~ ' õ--

From this and (3.18) with æ = 1 we f ind t h a t 

(3.23) I „ = l i m 7 x exists, and Z_ > —oo . 
x—>oo 

Similarly, 

(3.24) S„ = l im Sx exists, and S „ < oo . 

Since Ix g Sx i t follows tha t 

(3.25) — oo < g < oo . 

From (3.12) we have for x, ó > 0 

f ( y + i) - / ( *  +1) = x ~ y A* + i) + 
Ó 

(3.26) y 

+ A f f ( t ) d t + p ( y + l ) - — p ( x + l ) . 
Ó J Ó 

X 

B y (3.13) and (3.25),/(æ) = Î(æ), and hence b y (3.26) 

(3.27) sup | / ( t H - ! ) - / ( *  + !) I = 0 ( l ) + 2 px . 
x<,y<,x + \ 
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B u t this implies by (3.3) t h a t 

(3.28) S x - I x = o(l) 

a n d therefore t h a t 

(3.29) I „ = S „ = t = z b o o . 

We now def ine ß as the common va lue in (3.29), 

(3.30) ß = l im I x = lim Sx = lim ^ 
• x + 1 

By (3.18) and (3.20), 

(3.31) I x-Ax^X^Sx + Ax (x > 0). 

Nex t we observe t h a t for every x > 1 there exists a number x' sat is fy ing 

(3.32) x ^ x' ^ x + 1 - ÿ 
x ' + 1 ~ *  ' 

< a , 

Indeed, since by (3.1)/ (x) is cont inuous for x > 1 the non-existence of such 
an x' would imply t h a t ei ther 

(3.33) I x > ß + Ax or Sx < ß — Ax , 

contradic t ing (3.31). WTe denote by xn a va lue x ' sat is fy ing (3.32) for x — n\ 
t h u s for n = 2, 3, . . . 

(3.34) | / ( õ „ ) - ß ( æï  + 1 ) | ^ ( » + 2 )À ï + 1 ) 

Now set 

<3.35) / * ( õ ) = / ( õ ) - ß ( õ + 1) . 

Then / * again satisf ies (3.1), and app ly ing (3.12) w i th + 1 and 
x = x n + 1 — 1 we obta in f r om (3.34) for ÿ = 1, 2, . . . 

| / * (y + l ) | á — ( » + 3 ) 4 n + 1 + - sup \f*(t)  I + 
n n n<,t^n +1 

(3.36) 
, . n + 1 

+ Pn +1 H Pn + 1 
n 

P u t t i n g 

(3.37) Tx = sup \f*(t)\  (x>0), 

we obta in f rom (3.36) 

1 n + 1 = 1 n i Pn +1 i ^n + l — 
n n n 

(3.38) 

= l t n + r a ( » = 1 , 2 , . . . ) 
» 
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where Rn is de f i ned by (3.4). Successive appl icat ion of th is inequal i ty for n = 
= 1, 2, 3, . . . y ie lds the inequa l i ty 

on î " 

(3.39) T n + 1 9 - T 1 + -
n\ n\ 

1 ! 2 ! n\ 
— R i H Ro -)-... + -— R„ 
2 22 2 " 

In view of (3.37) th is is precisely (3.5), and th is completes the proof of Theorem 1. 
Proof of Corollary. If (3.6) holds, then b y (3.4) 

Rj — 0 
a j+ß+ n 

i ) a n d hence (3.5), since a > 2e, 

2 "  ü j ! i , Ó Ö ë = ( j 
n\Px 21 , 7 

i a 
ë - í t 1 

1 / i 

T h u s by (3,5) 

= 0 I f—] 
" 4 

+ o ( 1 a n+ß+l 
= 0 I f—] + o ( — 

U \ 1 n _ 

= ° ( 

i n + i i + 1 

f r o m which (3.7) follows. 
Proof of Theorem 2. We have 

2 

j ' 
</(x+ 1)= I  g(t)dt+V(x) 

x 

where 
»Äõ) = O(x'), 

Choose .r0 > 1 a n d H > 0 such t h a t 

I  r)(x) I ^ Hxv for x ^ x0 — 1 
(3.40) 

! git) \ dt 9 
7 — 1 7 — 1 j 

î 

x„-  1 

dt. 

T h e n for x„ — 1 9 x 9 x0 we h a v e 

(x > 0 ) , 

7 > 1 • 

I r t *  + 1 ) | £ A ( ' 

x j 

g(t) dt. 4- Èõ 9 

(3.41) < 
2 h 

< 

x(y — 1 

2Hx7 

Ó 

(xq — 1 ) y + 1 4 - Ex' 9 

Er' = j . Èõ'. 
ó - 1 



ON THE „PARKING" PROBI.EM 217 

Hence 

j  \g(t)\dt = j i g ( t ) i d t + j"  | ? ( t ) | < f t 

Î  Î x, 
*î  õî+1 

g.fMlH  [{t - \ydt+ Ã ï-±±H(t- i 
ó — 1 j  j  y — i 

< 

y dt --

ó 

P dt 

so t h a t (3.40) holds with x0 replaced by x0 + 1. Hence b y (3.41), for x0 < x < 
+ x0 + 1 we have 

(3.42) I g(x + 1 I + M J Hx'/ . 
Ó — 1 

By induct ion, (3.42) holds for all x ^ x() — 1, which proves (3.9). 
Proof of Corollary. Set 

q*(x) =  ̂ ~ 1 Ax" . 
' ß-1 

Then 

g ' i x + 1 ) = a ( x + 1 ) "  - l t i ë 1 » + 0 ( 1 » - ' ) = 

X 

= — J 5*(Z) dt + Ax^ + 0(x"-x). 

î 

Hence, set t ing 
g(x) = 5(x) — 5*(x) 

we have for x > 0 , 
X 

g(x + 1) = g(x + 1) - g*(x + 1) = — J <}(/) dt + (Öõ™^-. )). 

î 
Hence by Theorem 2, 

g(x) = 0 ( xm ai ^ - , . 0 ) 
which proves (3.11). 

Remarks. 
1. I f G is the lim sup as x—> °° of </(x) in (3.8) d iv ided by xv, t h e n by 

taking Xj suf f ic ient ly large we have 

' Ä - I + G + e for all x ^ x. . 
xy 

ãÃÚåï for x + Xj, 
X, X 

|5(X + 1) | + — Ã lsr(/)|d< + — Ã (G + e ) F r f / + 4(x), 
/ J x J 

î 0 

where r/(x) denotes the error te rm in (3.8). 
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Hence 

G = l im sup — 0 + — 1—- + lim sup 
( x + i y y+1 (x + l) ,y 

Suppose now that (3.8) holds with Î replaced b y o. Since e > 0 was 
arb i t rary i t fo l lows that 

y + 1 

and since ó > 1 i t follows t h a t G = 0. Hence Theorem 2 ho lds if Î is rep laced 
b y î in bo th (3.8) and (3.9). 

2. Theorem 1 continues t o hold if (3.1) is replaced b y 

(3.1)' f(x + 1) = - ( f(t)dt + — + p(x + 1) (x > 0) 
X J X 

where G is a n y constant ; th is follows f rom t h e fact tha t t h e fundamenta l re la-
t ion (3.12) fo l lows from (3.1)'. Thus e.g. if p(x + 1) in (3.1) is of the fo rm 

7 + 0 
,x+P i 

(a > 2 e) 
x 

t hen (3.7) st i l l holds. 

4. Application to the parking problem. Since f(x) = y(x) + 1 sat isf ies, 
b y (2.5), the equat ion (3.1) w i t h p = 0, we h a v e by Theorem 1 tha t 

(4.1) Mm = Ëõ 
Õ-"- X 

exists, and b y (3.31) for eve ry x > 0, 

(4.2) inf sup ^ L 1 . 
x^i^x+1 t + 1 x£/£x+l t + 1 

Tak ing x = 2 we obtain easi ly f rom (2.8) t h a t 

(4.3) 0.66. . . = — ^ L <i 3 — VE = 0.76. . . , 
3 

a n d (2.9) y ie lds much na r rower bounds. S ince Ix and Sx approach ßõ v e r y 
rap id ly it is easy to obtain ext remely good approx imat ions f rom (4.2) (cf. 
(1.2)). Since y(x) = 1 for 1 rg æ + 2, even t h e crude approx imat ion 1/2 < x, < 
< 1 yields 

sup I ju(x) + 1 — Ax x — j = m a x 1 2 — ß1 x — Ax | = 
( 4 4) l<,x<^2 ' 

= max ( I 2 — 2kx |, 12 — Çß21 ) < 1 . 

Hence from Theo rem 1 with p = 0 we have 
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Theorem 3. There exists a constant A, — < A, < 1 
2 

p(x) of Nx satisfies the relation 

(4.5) 

B y Stir l ing's fo rmula it follows t h a t 

(4.6) p(x) — Xxx — A]  + 1 = Î 

2 " 
sup j p(x) + 1— A]  x — Aj j < — 

n+l£x£n+2 n\ 

such that the expectation 

( n = 0 , 1 , . . . ) . 

2 e i x ~ 3 / 2  

x 

We now de f ine L(x) and cpk(x) hy (2.14) and (2.15) with Xx g iven by (4.1) 
Then hy (2.18) w i th ê = 2 we h a v e ' 

X X 

(4.7) y2(x + 1) = — Ã cp2(t) dt + — I  yx(t) ó f x - t) dt (x > 0) 
X J X J 

î 0 

But yx(x) is precisely the left hand member of (4.6), and therefore 

(4.8) sup \ y f t ) yfx—t) | = 0 — 
0<t<X 

4e x - 3 

Thus f(x) = y2(x) satisfies (3.1) wi th p(x) est imated by (4.8). F rom this we 
deduce 

Theorem 4. There exists a constant A2 > 0 such that the variance o2(x) 
of Nx satisfies the relation 

Í
I Ë ð \ X — 4 \ 

Proof. y2(x) satisfies (4.9) by the Corollary to Theorem 1, and 

a2(x) — ó f x ) = —(yx(x))2, 

which, by (4.6), is absorbed in to t he error te rm. I t remains to show t h a t Ö > 0. 
This may be done numerical ly f rom est imates obtained in t h e course of t he 
proof of Theorem 1, but it is much simpler to deduce i t as follows. Since a2(x) f= 

Ô 0 for 2 < x < 3 it follows f rom (2.13) t h a t o2(x) > — for some ô > 0. Bu t 
x 

th is contradicts (4.9) unless A2 > 0. 
We now prove a result on the central moments of Nx. 
Theorem 5. For every ê — 1,2 , . . . and e > 0, 

(4.10) E((MX - p(x))k) = + 

([x]  denotes the greatest integer x), where the ck are cons tan ts and 

(2k) ! 
(4.11) ñ2 ê = 

2 k k \ 
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Proof. Since b y (2.15) for ê = 1 

Nx - Jx) = N X - L(x) - (y(x) - L(x)) 

= NX — L(x) - <PAX) , 

it fol lows from (4.6) t h a t (4.10) is equivalent to 

(4.12) í 1 - 1 + . v <pk(x) = ckxl*i + 0(xVA ). 

By (4.6) and (4.9), (4.10) holds for ê = 1,2 and (4.11) holds for ê = 1. 
By (2.18) 

X X 

<P3(x + 1) = - I  <P3(t) dt + - Ã ?,«) <p2(X - t ) d t , 
X J X J 

1Ñ 
with a suitable Ñ. Hence and by (4.6) and (4.9) t h e second in tegrand is 0 — 

ö x 
cp3 sat isf ies (3.1) wi th p est imated as in (3.6). I t fol lows f rom (3.7) t h a t <p3(x) = 
= c3x + Î (1) and t h u s (4.12) holds for ê ^ 3. 

Now let m > 3 a n d assume t h a t (4.12) holds for ê < ò . Then by (2.18), 

2 r m - ' 
(4.13) cpjx + 1) = - <pm(t)dt + 

x ) 
0 

i = l 

m I i 
ã x ) 

j 4>i(t) <pm-j(x -1) dt {x > 0). 

By the induct ion assumpt ion 

( u l - n l * 2 ' ]  , ï ( õ [ ã ] + [ 2 1 (4.14) y.,-«) <pm_i(x - t ) = c,cm_,/L2J {x _ t)I 2 j + o(xI 

Since 

i - « 

(4.15) - j i t a ] ( ® - « [ 2 I dt = A2J (x - t) 

i ' 

2 
! m — i 

2 
! 

If  i 

! 2 
+ 

m — i 

2 + 1 ) 

i m 

and since 

max 
l ^ i ' ^ m - i 

i 
+ 

m — i I m l 
— + 
2 2 1 2 J 

for m > 3, 

the sum on the r ight h a n d side of (4.13) is 

(4.16) Const. õ Û + 0 ( õ Û ~ ' + ' ) . 

Since ^ 2 for m > 3, (4.12) for ê = m follows f rom (4.13) by the Corollary 

of Theorem 2. Thus (4.12) holds for all ê = 1,2, . . . , 
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By (4.13), (4.14), and (4.15) the cons tan t in (4.16) for m = 2ê is 

(4.17) 
ê-1 

2 
7 = 1 

2k\ ( k - j ) ! 

2 j) '  ¹  + 1)! 
C2j c2k—2j • 

Assume t h a t (4.11) holds for c2, c4, . . . , c 2 k 2 . By (4.17) the coeff ic ient of 
xk in t h e equat ion 

<p2k(x + 1) = A j dt + cxfc + 

i s 

( 4 - 1 ) ( 2 4 )1ä >  

( j f c + l ) ! 2 k " 

so t h a t by the Corollary of Theorem 2 

ê + 1 ( ê — 1 ) ( 2 jfc) ! 
4>táx) 

vilii hence 
ê — 1 ( £ + 1 ) 1 2 * 

(2 ê)! 

ê! 2ê 

Õ£õê + 0(õê~ i + « \ 

ñ 2 ê — a î , 

so t h a t (4.11) holds for all ê = 1 ,2 , . . . . This completes the proof of Theorem 5. 
Theorem 6. The random variable 

z v = 
Nx — f ( x ) 

a(x) 

is asymptotically normal (0,1) as x-*-°°. 
Proof. By (4.10), (4.11) and (4.9) for e = 1/2, 

(ê2õ + î(õ)Ó 
where A, > 0 and 

Hence 

ñ - ( 2 * ) ! A Í 
2k

 ~ 2 

lim E( Z k ) = 

ê ! 
klk 

22 -

l 2 | 

0 

( 4 = 1 , 2 . . . . ) . 

(k even ), 

(k odd) . 

Sihce these are the moments of the normal (0,1) d istr ibut ion which is un iquely 
determined by its moments, the theorem follows f rom the moment converg-
ence theorem. 
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5. Another proof of the asymptotic normality.  This proof will  use ve ry 
much less in fo rmat ion about t he moments of Nx than t h a t of the preceding 
section. In f a c t i t will  be based entirely on t h e relation 

(5.1) on-(x) = X2x + o(x), ( A 2 > 0 ) . 

We shall need two simple lemmas. 
Lemma 1. Let f(x) be a non-negative function defined for x Ak 0,  bounded 

over finite intervals and satisfying y>(x) = o(x). Then n = o(x) implies 

n 
(5.2) s u p = o(x), 

i= 1 

the sup being taken over all sets of non-negative xv .. ., xn with æ, + .. . + xn = 
= X. 

Indeed, y>(x) < H -f- Hx for all æ ̂  0 w i th a suitable H. Le t ô > 0 be 
given and choose a — a(b) so t h a t y(x) < Ö x for æ > a. Div ide the sum in 
(5.2) into two par ts , one over t he i with æ, ̂  a, the other over the remain ing 
i. Then the f i r s t sum is ^ n(H + H a) whi le t he second is < ôx. Hence t h e 
le f t side of (5.2) is bounded b y 2bx for large x and the lemma is establ ished. 

Lemma 2. Given e > 0, there exists b = b(e) > 0 such that if Y0, 1 / , . . ., 
Y n are independent random variables satisfying 

(5.3) 2 E(F,) 
!'  = 0 

^ ô , 

(5.4) 
\Úî 

< ô , 

(5.5) I Y j — E( Y() I ^ <5 , (i = 0,1 n), 

then the distribution function of Yt approximates uniformly to within e the 
/ = 0 

normal distribution with zero mean and unit variance. 
I t is c lear ly suff icient t o establish t h e lemma wi th (5.3) replaced b y 

E (F , ) = 0 (i = 0, 1, . . . , » ) a n d b replaced b y 0 in (5.4). Bu t then the lemma 
follows at once f r o m the ' t r iangular ' version of L iapounov's theorem. 

We now proceed to the proof of the asympto t ic normal i ty of 

(5.6) = L>. 

Let n = nx be a f ixed non-negat ive integer-valued funct ion of æ def ined 
fo r æ > 2 and sat is fy ing 

(5.7) 0 ^ nx ^ æ/2 , nx = î(æ). 

(Eventual ly i t wil l  be specified further.) Consider the f i rs t n — 1 ^ 1 cars 
parked on [0, xj. Denote by yx t he distance between 0 and the le f tmost car, 
b y y2 that be tween this car a n d the one pa rked second f rom the lef t , etc., 
b y yn the d is tance between t h e car parked t o t he extreme r ight and x. Then 
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(see the derivat ion of the italicized statement in Section 2) the conditional 
distr ibution of Nx given y = (yv y2 . . ., yn) is the same as the distr ibution 
of n — 1 + Nyi + Ny2 + . . . + Nyn with Nyi, AT

>V . . , Nyn independent. 
Therefore, the conditional distr ibut ion of Zx given y is equal to the distr ibution 

n ~ ~ 

of £ Y j, with the Y, independent and def ined bv 
i = 0 

(5.8) Yt = ^l  (i = l,...,n), Y0= — 
a(x) a(x) 

y(x) 

Applying Lemma 1 with ãð(õ) = | a2(x) — A^x | we deduce from (5.1) 
and (5.7) t ha t 

2 1 *%/) - h Vi I = o(x), or 2 Ë Ó ä = K X + °(x ) 
i= 1 i=I 

for every y. Hence we obtain 

(5.9) D 2(ZX \y) = 2 D2( Y,\y) = 1 + o(l) 
— i = o — 

for the conditional variance of Zx. Thus (5.4) holds for F , = F ,( y ) for all suff ici-
ent ly large x and all random vectors y. 

From 

1 = E(Z2) = E{mZx\y)-YE2(Zx\y)} 

and (5.9) we see tha t 
(5.10) E(E'1(ZX I y)) = o(l) 

Let Ax be the event: y is such tha t | E(ZX | y) | ^ Ó; then it follows f rom 
(5.10) tha t for any fixed <f > 0, 

(5.11) l i m P ( A x ) = l , 

and y , A x implies that F , = F,(P) satisfy (5.3). 

We now specify the funct ion n = nx by putt ing 

(5.12) n = [x42\og2x] 

and let Bx — Bx (rt) denote the event 

(5.13) 

Take ê = 

max Ó) < ó a;1'2, 
<= i n 

(V > 0) 

2xV2 

Â 

i 
+ 1 and divide [0, x] into ê equi-long intervals I v . . . , I k . 

J 
Then if (5.13) were false it would imply t h a t at least one of the intervals 
Ij  (j = 1, . . ., k) is disjoint f rom the f irst n — 1 cars parked. The probabi l i ty 
of this is smaller than 

ê 1 - i - ï 

ê 

n - i 

< 
2 X1!2 

+ 1 1 — 
2xB2 

x 1 /4og, x-2 
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and, thus, tends to zero as æ — H e n c e 

(5.14) l imP(Bx ) = l . 
x 

But Y0(y) is a constant and, taking ij < — , (5.13) implies | Y f y ) | < ó 

(ã = 1, . . ., n) for large x and hence t h a t Y, = Y f y ) sat isfy (5.5). 
F rom the above and Lemma 2 we conclude t h a t t he condit ional distr i-

but ion of Zx given Ax Ï  Bx is asymptot ica l ly norma l with zero mean and 
uni t var iance. I t then follows from (5.11) and (5.14) t h a t the same holds for 
the d is t r ibut ion of Zx i tself, and the proof is complete. 

6. Remarks. 1. The parking process described in Section 1 m a y also 
be described as the process of taking independent observat ions on a rec tangular 
random var iable, bu t re ject ing all those observat ions which di f fer by less 
than un i ty f rom any previously observed and no t rejected observat ion. 
The reta ined observat ions form a f in i te dependent stochast ic sequence and we 
have studied the asympto t i c behaviour of the length of this sequence. I t 
would be interest ing t o ex tend the resul ts to other k inds of dependence, and 
the preceding section indicates such possibil it ies; however, one would have 
to prove some relat ions like (5.1) and (5.2) and we do no t know how to do 
this under reasonably general assumpt ions (see, however, t h e next 
remark). 

2. Return ing to t h e parking problem, we may equivalent ly consider a 
street of un i t length and cars of length l/æ with x tend ing to in f in i ty . This 
suggests a t once general izing the problem b y replacing t h e rectangular densi ty 
by other probabi l i ty densit ies. Assume e.g. t ha t t he posit ion of t he center 
of each parked car is a random var iable whose dens i ty is constant on each 
half of the street bu t t h a t the constants in the two halves are d i f ferent . 
Even in th is simple case i t is not qui te t r iv ia l to p rove rigorously t h a t the 
expected to ta l number of cars parked will  be approx imate ly x, of those 
parked in t he lef t half approx imate ly ?n æ/2 etc. However , the techn ique of 
the end of Section 5 can be used here. Th is makes i t possible to t r e a t den-
sities which are step func t ions etc.; we expect to s t udy in a f u tu re paper 
the case of cont inuous densit ies. 

3. In the uni form densi ty case the dist r ibut ion of the lengths of the 
empty spaces between the parked cars has been considered by G. B Á N K Ö V I  [4]. 

4. I t is natura l t o consider the park ing problem in more dimensions. 
No funct iona l equat ion similar to the one derived here is available, and a 
rigorous t r ea tmen t becomes extremely di f f icul t . I n t he plane one would 
consider, say, placing un i t squares, wi th sides paral lel t o the axes, un i fo rmly 
in a convex region. Such curiosities occur as lowering the expected to ta l of 
squares placed while increasing the region (consider, in the (u, v) p lane the 
regions 

— 5/4 gu g 5/4, 0 ^ v g 1 and v ^ 0, u + v g 9/4. v — ug 9/4) . 

In the one-dimensional case i t is clear f r o m the func t iona l equation ( t rans-
formed as in (3.12)) t h a t p(x) is monotone, b u t the analogous result for homo-
thetic regions in the p lane is not ev ident , even if we confine ourselves to 
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regions which are squares. Some numer ica l studies of t he problem of pla-
cing squares in the p lane have been car r ied out by Mrs. I . PALÁSTI, [5 ] . 

5. Di f ferent ia t ing (2.3) we have xp' (x + 1) + p(x + 1) = 2p(x) + 1. 
In view of (4.6) fi'(x)  is approx imated ext remely closely b y -f- 1 )/(x — 1). 
Higher der ivat ives may be t reated similar ly (p(x) is, of course, n t imes di f fer -
entiable for x > n). The same remarks app ly to a2(x) etc. 

6. T h e est imates of the error involved in Theorem 1 can be somewhat 
sharpened, b u t this necessitates much work and we seem to have reached 
the point of diminishing re turns. I t m a y be more interest ing to s tudy other 
funct ional equat ions by the same method. 

(Received J a n u a r y 3, 1964) 
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Î  ÇÀÄÀ×Å » ÏÀÐÊÈÐ0ÂÀÍÈß« 

A. D VOR ETZ Ê Y Í H. ROBBTNS 

Ðåçþìå 

Â ðàáîòå [1] A. RÉNYI èññëåäîâàë îäíîìðåíóþ  çàäà÷ó î  ñëó÷àéíîì, 
çàïîëíåíèè  ïðîñòðàíñòâà (ìîäåëü  «ïàðêèðîâàíèÿ»). Ïðîöåäóðà  ñîñòîèò â 
ïîñëåäîâàòåëüíîì  ðàñïîëîæåíèè  íà  îòðåçêå (0, õ) ñëó÷àéíûì  îáðàçîì  íåïå-
ðåñåêàþùèõñÿ åäèíè÷íûõ  îòðåçêîâ. ×èñëî ðàñïîëîæèìûõ  îòðåçêîâ N x — 
ñëó÷àéíàÿ âåëè÷èíà. 

Àâòîðû  èññëåäóþò àñèìïòîòè÷åñêîå ïîâåäåíèå  ìîìåíòîâ  âåëè÷èíû 
Nx ((4.6), (4.9), (4.10)). Äîêàçûâàåòñÿ äâóìÿ ñïîñîáàìè,  ÷òî âåëè÷èíà Zx  

(í îðìèðîâàííàÿ  âåëè÷èíà Nx) èìååò àñèìïòîòè÷åñêè íîðìàëüíîå  ðàñïðå-
äåëåíèå ñ ïàðàìåòðàìè (0,1) ïðè  õ - > î î . 

15 A Matematikai Kutatri Intézet Közleményei IX. A/I—2. 
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