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Introduction 

In [1] we have in t roduced the following: 
Definition. The even t s An def ined on a probabi l i ty space [Q, 9, P} 

are called quasi-equivalent if t he value of t h e ra t io 

P(An At, • • • Ал)— = ( ^ . f ^ г v 

depends on ly on к and i t does no t depend on the indices iv iv ..., ik (k = 
— 1,2 , . . . ) . The numbers a v o2 , . . . a re called the m o m e n t s of the quasi-
equivalent even t s Av A2, . . . . 

The p a p e r [1] conta ins the character izat ion of in f in i te sequences of 
quasi-equivalent events u n d e r the restr ic t ion 

lim inf P ( A n ) > 0 . 
0 

The ma in result of [1] can be summar ized as follows: 
Theorem A. Let Av A2, . . . be a sequence of quasi-equivalent events defined 

on the probability space [Q, P} such that 

lim inf P ( A n ) > 0 . 

Then there exists a random variable ).(m) defined on {if 9, P} with the following 
properties : 

(1) P jo ^ k(co) ^ i n f - 1 

x P(A)J; 
(2) M(Ak) = a , ( 4 = 1 , 2 , . . . ) 

where av a2, . . . are the moments of the events Av A2  

(3) P(AllAl,...Alt\k) = P(Ah\X)P(Alt\k)...P(Ait\k) = 

= Xk P(A ( l) P(A /2) . . . P(A, t) (with probabi l i ty 1) 

( i j f = i , if j=f=l) 

( 4 ) ^ I S R N - ^ B 1 

I n j f t P(A) J 
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where ак(ы) is the indicator function of Ak, 

(5) njS(An,An+1,...) = JBß) 
n = 1 

where &(An, A„+1, ...) is the smallest a-algebra which contains the events 
An, An+V . . . and is the smallest a-algebra with respect to which /(со) is 
measurable. We say that two a-algebras VF and <4 are equal to each other if for 
every F £ F there exists a G £ 4 such that P (F о G) = 0 and conversely for 
every G £ 4 there exists an F £ F such that P (F о G) = 0. 

The a im of the p re sen t paper is t o obtain the character izat ion of the 
infinite sequences of quasi equivalent events subs t i tu t ing the condi t ion 
l i m i n f P ( A „ ) > 0 by weaker conditions. 
п—> « 

§ 1. The formulation of Theorems 1 and 2 

In t h e present paper we will s tudy t h e properties of an infinite sequence 
of quasi-equivalent even t s Av A2, . . . under the following conditions: 

Condition a: 

у 1 < + o o . 
rUsP (Ak) 

Condition b: 
1 " 1 

- A V > Q ( W - > o o ) . 
n2jff1P(Ak) 

Condition c: 
1 " 1 

у — - — ^ ä 
P ( A k ) -

where К is a positive c o n s t a n t which does no t depend on n. 

Condition d: 

у Р ( А к ) = + 0o. 
k=1 

It is easy to see t h a t t h e Condition a implies t he Condit ion b, t h e Con-
dition b implies the Condit ion с and t h e Condition с implies the Condition d. 

We a s k : do these condi t ions imply t he s ta tements of Theorem A. More 
exactly we will prove t h a t if Av A2, . . . is a sequence of quasi-equivalent 
events d e f i n e d on a p robab i l i ty space [Q , F , P} then the re exists a r a n d o m 
variable /(со) defined on { ß , F , P} hav ing some of t he following proper t ies : 

Property 1. 

P JO < Д(со) + inf — 1 = 1 , 

Property 2. 
M ( A " ) = A , ( 4 = 1 , 2 , . . . ) 

where су, ' 2, . . . are t he moments of t h e events Av A2, 



ON SEQUENCES OF QUASI-EQUIVALENT EVENTS 2 2 9 

Property 3. 

P(Ah Ah . .. Aik I A) = P(A,41 A) P(A,, | A) . . . P (A i k | A) = 

= A" P ( A t l ) P(A,2) . . . P(A i j t) (with p robab i l i ty 1) 

( i j i = i , i f j=f=l) 
Property 4. 

P{Vn —>• A} = 1 
1 n a 

where rpn = — V — (» = 1, 2, . . .) and ak(a>) is the ind ica tor funct ion 
n f i P(Ak) 

of Ak 

Property 4*. 

Property 4**. 
M ( v ,

n 9 ? ) - + M ( A < p ) ( « - > o o ) 

for every random variable cp h av ing f ini te var iance . 

Property 5. 

П M A n , An+V . . . ) = ^ ( A ) 
n=X 

where d@(An, An+V . . . ) is the smal les t (т-algebra which conta ins the event -
An, An+1, . .. and ,50(A) is t he smallest a-a lgebra with r e spec t to whicli 
A(co) is measurable. (The equal i ty of two or-algebras was def ined in t he 
in t roduct ion) . 

Now our main result is t he following: 

Theorem 1. 

1 2 3 4 i* 4 * * 5 

a 

b 

C — — — — — 

The sign -> resp. -/> in the i-th row of the k-th column of the table means 
that the i-th condition implies (resp. does not imply) the k-th property. 

Our next t heo rem is the general izat ion of Theorem 2b of [1]. 
Theorem 2. Let Av A2, ... be a sequence of quasi-equivalent events for 

which the Condition с is valid and let К = i n f — ? — . Then we can construct a 
* Р ( Л ) 

sequence Af, Af , . . . from the measurable subsets of the rectangle [0, A ' ] x [0, 1] 
of the plane such that 

P{AhAh...Aik) = y(AlA^...Al) 
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p = y X Я where v is a Lebesgue—Stieltjes measure on the interval [0, K~\ and Я 
is the ordinary Lebesgue measure on [0, 1] and if В, is the common part of 
Af and the line x = x0 (0 9 x0 9 K) then 

X(Bh Bi2 . . . Bit) = X{Bh) X{Bh). .. k(Bik) 
К 

§ 2. The proof of Theorems 1 and 2 

In t h e proof we will apply m a n y times t h e following 
Lemma (see [2]) If H is a Hilbert space and fn is a sequence of elements 

of H such that 
lim ( f n , f k ) = Xk (4 = 1 , 2 , . . . ) 

and 
Ы п Ы с 

where С is a positive constant and ?.k is a sequence of real numbers. Then fn 
converges weakly to an element f of the Hilbert space H i.e. 

( f n , g) (/> g) ( n - > o o ) 
for every element g of H. 

Firs t of all we will p rove t h a t t h e Condition с implies the P r o p e r t y 4**. 
To prove th i s fac t i t is enough t o check t h a t t h e conditions of t h e above 
ment ioned L e m m a hold it we subs t i tu te fn by 

n f i р ( л ) 

I .e. we have to prove t h a t 

(6) M (ri)9C (n = 1 , 2 , . . . ) 

and 
(7) lim M(VnVfc) 

П—> °° 

exists for every 4. (6) follows f rom t h e following fo rmu la 

M(rô) = A V — L _ + A V P ( A x A j ) = 

n*£p(Ak) n2 k<j P(Ak) P(Aj) 

t 2 á р ( л ) ^ m [ 2 

Similarly we have 

lim M(y>n yjk) = Um A M 
ti—*°° nk 

y Y j H l y a ' ( f t > )  

рг Р(Aj) Й P(A) 

— lim A a 2 ( n — 4) 4 = a 2 
n->- nk 

which implies (7). So we have a l ready proved t h a t Condit ion с implies Pro-
p e r t y 4.** (Le t the weak l imit of the sequence ipn be Я(со).) 



ON SEQUENCES OF QUASI-EQUIVALENT EVENTS 2 3 1 

Our n e x t step is to p r o v e tha t Condi t ion с implies t h e Proper ty 2, more 
exactly we p rove t h a t P r o p e r t y 4** implies Proper ty 2. T h e P rope r ty 2 for 
к = 1 is t r iv ia l because 

1 = m ( v „ ) = m ( a ) . 

The proof for 7 = 2 is t h e following: 

a2 = lim l im tA(ynipk) = l im M(A%) = M(A2). 
fc-*oo Л-.— Л-»™ 

Similarly for 7 = 3 we h a v e 

a 3 = lim lim lim M(fny>ky>[) = lim lim M[If k y>i) = 
f - > ~ k-»°° /!->•-

= lim m (A2 y,) = m(A3). 

The proof for any 7 is complete ly the same . 
Now we prove t h a t 

1 k 

( 8 ) « к ^ 
p ( a ) 

(8) is t r iv ia l for к = 1. T h e proof for к = 2 is the following 

P(A,AI+1) ^ p ( a + i ) _ 1 ^ 1 

( 7 = 1 , 2 , . . . , 7 = 1 , 2 , . . . ) 

a , -
p ( 4 ) p ( a i + 1 ) - p ( A , ) P(Al+1) p ( a ) - p v , ) 

For 7 = 3 similarly we h a v e 

a P(A,Al+lAl+2) ^ P(Al+1Al+2) 
p ( a , ) p ( a ; + 1 ) p ( m , + 2 ) - p ( m , ) p ( A l + 1 ) p ( m ; + 2 ) p (A , ) ~ p 3 ( m , ) ' 

By induc t ion we can o b t a i n (8) for a n y 7. 
Now we prove t h a t Condition с implies P r o p e r t y 1. More exac t ly we 

prove t h a t P roper ty 2. a n d (8) imply P r o p e r t y 1. In f a c t if 

1 

p ( a h 

i 

( 7 = 1 ,2 , . . . ; 7 = 1 , 2 , . . . ) 

then 

' = 1 ( 7 = 1 , 2 , . . . ) 
p ( a ) 

and th is re la t ion implies t h e Proper ty 1. 
Now we can a l r eady prove P r o p e r t y 3 by exac t ly the same me thod 

which was used in the p roof of Theorem 3 in [1], t he re fo re we do n o t g ive in 
detail th i s p a r t of our p roof . Similarly we do not give in detail t he proof of 
our Theo rem 2 because i t s proof is e x a c t l y the same as t h e proof of Theorem 
2b in [1]. 

Us ing Theorem 2 a n d the well known zero-one law we o b t a i n t h a t 
Condition с implies P r o p e r t y 5. 

T h e f a c t t ha t Condi t ion b implies P r o p e r t y 4* can be proven b y a simple 
calculation. P roper ty 4 follows f rom Condit ion a us ing Theorem 2 a n d the 
well k n o w n K O L M O G O K O V ' S strong law of large n u m b e r s . 
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Our las t s tep is to p r o v e t h a t Condition с does no t i m p l y Proper ty 4* 
a n d Condition b does not i m p l y Proper ty 4. W e also do n o t de ta i l these s t a te -
men t s because these s t a t e m e n t s are well known for independen t r a n d o m 
variables (Cf [2] pp. 204). 

So the p roof of our Theo rems 1 and 2 a r e complete. 
Remark. I t is easy t o see tha t if Condi t ion d does n o t hold then in 

general there does not exist a r a n d o m var iable A(tu) having a n y of the ment io-
ned Proper t ies . This fact is shown by the following example : L e t Av A2, . . . 
be a sequence of events de f ined in the i n t e rva l [0, 1] such t h a t 

P(Aj) = -I 
2 ' 

P(AiAJ) = P(Ai)P(AJ) if гф) 

P (Aj Aj Ak) = 0 if i + j гфк and j ф к . 

I t is easy to see t h a t this sequence of events can he constructed. 
We do n o t know wha t happens if Condi t ion d holds h u t Condition 

does not hold. 
(Received J a n u a r y 7, 1964) 
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О КВАЗИЭКВИВАЛЕНТНЫХ ПОСЛЕДОВАТЕЛЬНОСТЯХ СОБЫТИЙ 
II. 

P. RÉVÉSZ 

Резюме 

Последовательность событий Av А.,,... называется квазиэквивалент-
ной, если значение дроби 

ак = P ( A i 1 ' Ä i • • • Ail) (г, Ф г„ если j = I) 

зависит лишь от к. и не зависит от индекхов ilf г2, ..., ik. 
В настоящей работе изучаются свойства последовательности квази-

эквивалентных событий Aj, А2, ... при следующих условиях: 

a ) у < + » , 
Á к- Р(Ак) 

1 " 1 
b) — У • 0 (п оо ) . 

п 2 á р ( а ) 
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c) — ^ К, где К положительная постоянная, независящая 
га2 t x р ( л ) ~ 

от п, 

d ) 2 р(Ак) = + 0 0 • 
к = i 

Доказывается, что если выполняются некоторые из этих условий, то 
существует случайная величина Я со следующими свойствами: 

1) р |о <: Я(<у) < i n f — — ] = ] 
I - * Р(Л)1 

2) М(Як) = ак ( 4 = 1 , 2 , . . . ) , 

3) P ( A h Ah . . . Ait I Я) = P ( A h ! Я) P(Ait I Я) . . . P(A i k | Я) = 

= Я*-Р(.4г1) P(AÍ2) . . . Р(Д,-*) с вероятностью 1 (ix < i2 < ... < ik) 

4) Р { У п - > Я } = 1 . где f n = - (га = 1.2, . . . ) . 
га Я Р ( Л ) 

и ак(а>) — индикаторная функция события Ак. 

4*) М [ ( ^ - Я ) 2 ] - ^ 0 (я->- оо) 

4**) для любой интегрируемой с квадратом случайной величины q 

М(у„ q>) - * М ( Я q) ( / ? - » - о с ) 

5) il ^ Щ п , А п + 1 , . . . ) = «5©(Я), 
п=1 

где -4п+1, . . .) обозначает и - алгебру, порожденную событиями 
Дп, А п + 1 . . . , а 5б(Я) обозначает и - алгебру, порожденную случайной величи-
ной Я(со). Две а - а л г е б р ы считаются равными, если любой элемент одной из 
них отличается от некоторого элемента другой лишь на множестве меры 
нуль и наоборот. 

Точную связь между нашими условиями и упомянутыми свойствами 
случайной величины Я выражает теорема 1. 

Легко видеть, что если не выполняется условие d), то, вообще говоря, 
не существует случайной величины Я, соответствующей любому из свойств 
2), 3), 4), 4*), 4••) . 

Еще не решена проблема относительно того, что произойдет, если 
условие d) выполнено, а условие с) нет. 
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