ON THE THEORY OF RELATIONS

by
A. MATE!

Let B be a given set and suppose that to every element x of £ there
corresponds a subset S(x) of & such that x ¢ S(x). For every subset M of E let

S(M)= U S(z).

xXeM

A subset M of E is called independent, if
MNSM)=0.

Let E be a separable topological space of the second category wit-
hout isolated points. For any « € E, let S(x) be nowhere dense in £. P. ERDGS
has proved that there exists an independent set of power No. It is not known
the existence of an independent set of power N;.

We shall prove the following theorem which is a generalization of the
theorem of P. ErnUs.

Theorem. Let E be a separable topological space of the second category
without isolated points. Suppose that the elements of B are arranged in a given
wellordering. If for every x € E the set S(x) ©s nmowhere dense in L, then there
exists for every a < w, an independent subset of the type a of K in the given well-
ordering.

Proof. Let H be a subset of the second category of £ and let n(H) = 9
be a subset of H with the following property (7'): For any open subset K of
E satisfying n(H) N K # O the set n(H) N K is of the second category. It is
known that there exists such a subset n(H) of H. Thus we have associated to
every subset H of the second category of £ a non-empty subset of H with
the property (7'). If the set H has the property (7'), then we put n(H) = H.
It is clear that a subset M of 7(H) is nowhere dense or of the first category
in n(H) if and only if M is nowhere dense or of the first category in E.

Consider now the ordinal numbers of the subsets of the second category
of E with respect to the given wellordering of K. Let ¢ be the smallest such
ordinal number. It is clear that ¢ is not confinal to an ordinal number which
is smaller than w,. Let B be a subset of the second category of the type ¢ of
E and A = n(B). It is obvious that 4 has the type ¢.
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For each subset M of A let W (M) denote the set of all elements of 4
which are not exceeding all the elements of M in the given wellordering of
E [thus M & W(M)]. It is obvious that W (M) is of the first category if and
only if M is not confinal to 4. For example if M is a countable set, then W(M)
is of the first category.

Suppose now that in every set K & A of the second category there is an
independent set of the type a, where a <~ & < w,. We prove that there exists
in every set P S A of the second category an independent set of the type &.
Put @ = #7(P).

We consider two cases

a) ¢ & is an ordinal number of the first kind, i.e. £ = a + 1,

b) & is an ordinal number of the second kind.

Ad a Let {Q,};<, be a countable base of (. Then there exists in every
Q, an independent set H, of the type a. Put H = (J H,. It is obvious that

d<w

H is a countable set and H < A holds, thus W(H) and S(H) are of the first
category; i.e. the set Q' = @ — (W(H) U S(H)) is not empty. Let ¢ € Q'. As
S(t) is nowhere dense, there exists an ordinal number 9 < , such that S(#) N
N @, = 9. 1t is easy to verify that H, U {¢} is an independent set with the
type a + 1 = &.

Ad b In this case put £ = 3 §&,, where §, < & for every A < w. First
prove the following 450

Lemma. Let {())},_, be a countable base of Q = Q° and assume that there
exists in every Q) an independent set HY of the type &. Then there exists a set
Q' of the second category and an ordinal number v, < w, such that n(Q') =
=Q' S Q,and WHY) N Q' =H}, NSQ)=8SH,) NQ=0.

Proof. Since Hj is a countable set and H) c A holds, the sets W(HY)
and S(HY) are of the first category; hence the set F0 = U (W (H9) U S(H3Y))

is also of the first category. Thus the set M* = Q° — F° i 1s of the second cate-
gory. For every ¥ < w let

R; = {xe M- S(x)nQ‘; g} .

Since the set S(x) is nowhere dense for every x € E, we get that M' = U R,.
<o
Thus there exists an ordinal number ¢, < w, such that R, is of the second
category. Let 7y, = 9, and n(R,) = Q. Tt is easy to see that the sets H? and
Q1 satisfy the requlrements of the lemma.
If we start with @' instead of @0, then we get by the application of the
lemma the set ¢?, the ordinal number 7, and the set H! with the correspond-

ing properties . . ., etc. Repeat this ad infinitum we get successively the sets
@, @4 ..., @,...; the ordinal numbers z,, 7;, ..., 73, . . . and the sets HY,
B . . H‘ . (A < w), such that for every 1 < o ,'the set Q" is of the second

category Q‘ R @, n(@") = @ further H?, is an independent set of the
type &, with the propertles A<y <o)

(1) W(H) 1, = 0
(2) #, N S(H’ V=g
(3) S(HL) 0 HYy = 0.
Put H = U H}. It is easy to verify that the set H is an independent set

i<o
of the type £ = Y §, .
<o
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06 0JHO¥ NMPOBJIEME TEOPUU OTHOIIEHUMN

A. MATE
Peslome

[lycte £ — TOMOJIOTHYECKOE TIPOCTPAHCTBO BTOPOIi KaTeropuu, He cojiep-
yKalee M30JMpoBaHHBbIe TOUKK. KakoMy x € E 110CTaBUM B COOTBETCTBHE He-
KoTOpoe MHOXecTBO (2 ¢)S(x)S E, nurje He miotHoe B K. Tlycrb M — moGoe
MOJIMHOYKEeCTBO K 1 TOJIO)KUM

S(M) = U S(z).
XEM

MuoykectBo M HasbiBaeTcsi He3aBUCHMBIM, ecou M N S(M) =@. Tlo omuoit
teopeMe P. ERDOs-a cyluecTByeT He3aBHCHMOE CUETHOE MHOYKECTBO. ABTOp
JIOKa3bIBAET, UTO

ecau 0aHa HeKOImopas 6noaxe-ynopaioueHocms muoncecmsa £, mo xancoomy
NOPAOKOBOMY UUCAY @ < @, CYWeCMBYem He3a6UCUMOe MHONCECTB0, NOPAOKOBbLL
mun Komopoz2o 6 énoane-ynopsaooienqocmu b ecms a. ;

Bonpoc 0 TOM, YTO CylIeCTBYeT —JIM He3aBUCHMMOE HeCUeTHOEe MHOMKECTBO,
NOKa He peLleH.
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