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Introduction 

In one-dimensional s y m m e t r i c random walk it is in teres t ing to note how 
o f t e n the part icle intersects a g iven line and also how often i t r emains above i t . 
I . V I N C Z E and E . C S Á K I [ 3 ] h a v e determined in connection w i th a s ta t is t ical 
p roblem regarding the GALTON-test the d is t r ibut ion of the n u m b e r of in ter -
sections and also t h e joint d i s t r ibu t ion of t h e n u m b e r of intersect ions and of 
t h e positive s teps in the case t h e particle r e t u r n s a t the e n d t o the origin. 
I n another pape r E . C S Á K I [4] has given t h e distr ibut ion of t h e number of 
intersect ions w i t h o u t assuming t o which point t h e particle r e t u r n s a t the end . 
I n t h e following paper , I should l ike to de termine t he above dis t r ibut ions when 
t h e part icle reaches a t the end some fixed p o i n t other t h a n t h e origin. 

This problem may be i n t e rp re t ed as: Two players A a n d В play a coin 
toss ing game in which player A wins or loses a uni t a m o u n t according t o 
whe the r the resul t of the coin toss ing is " h e a d " or " ta i l " . Assuming t h a t a t 
t h e end of the g a m e A leads ove r В by certain f ixed units, w e are interes ted 
in invest igat ing how often one over takes the o t h e r and also how often A has 
been leading over B . 

In this pape r , we shall consider the sequences i) = (#,, . . ., #2„) of 
n -+- к ( + l ) ' s a n d n — к (— l ) ' s , each possible a r r a y has t he s a m e probabi l i ty 

- i 
. The p a r t i a l sum of is denoted by s i t i.e., 

j 2 n - i 2 n \ 

\n — k n - f - к) 

Si = -+ + . . . -+ , (i = I, 2, . . ., 2 n) , Sq = 0 a n d s2n = 2 к . 

W e shall call t h e a r ray {ä0, SV . . ., s2i, . . ., s2n} t h e pa th of t h e particle. T h u s 
each a r ray (&v ê 2 , . . ., è2 i , . . ., ê 2 n ) corresponds to a r a n d o m pa th of t h e 
par t ic le s ta r t ing a t the origin a n d reaching a f t e r 2 n steps t h e po in t (2 n, 2 k) 
(0 < к + n). E a c h p a t h has t h e s a m e probabi l i ty . I f the poin ts (г, «,) are repre-
sen ted in a p lane a n d each of t h e m is connected with the n e x t one, then we 
ob ta in a figure i l lustrat ing t h e p a t h of the par t ic le . In the following, we shal l 
consider the dis t r ibut ions of A (number of intersections) a n d у (number of 
posi t ive steps). 
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Notations : 

E2n,2k a pa th {s0, sv . . ., a2„ . . s 2 „} with s2n = 2 к, 0 < к g n, Е2П, „ = 
=Е2п. A po in t (2 i, s2i) of t he pa th Е2п<2к for which s2i = 0 and s2i_1 • s 2 l + 1 = 
= — 1 is called the in tersect ion point or (F-point. 

T ( r ) -poin t : a po in t (2 i, s2i) of t h e p a t h Егп2к fo r which either (,s2,_1 = 
= r — 1, s2i = r, s2i+x = r + l ) or (s2i-x = r + 1, s2i = r, s2i+1 = r — 1) 
holds. This is called t he intersection p o i n t in the he ight r, TP — T. 

Xg>: number of T ( r ) -po in t s of t h e p a t h {s0, sv . . ., s2n} , XP = X2n. 
EL 2 k : an E2n2k-path with exac t ly I T-points ; E2n,o — EL-

,2kJ- an A ^ ^ - p a t h with exac t ly I T ( r>-points; El
2n2kfi = Е1

2П}2к • 
Fl

2ny- a pa th {s0, sv . . ., s2rl} w i t h exactly I !T ( r )-points a n d wi thout 
assuming where it t e rmina te s ; F2n 0 = F2n , F2n : a p a t h {.s0, ev . . ., s2n} 
without knowing where i t terminates . 

Efn/'i r '• an El
2n 2k r - p a t h with 2 д s teps above t h e height r; 0 = 

= = k g f i , F g f l 0 = Eg% • an E2n„k-path with 2 д s t ep s 

above t h e axis. 
F%Ll)- an Fi ,„ r -path wi th 2 д s t eps above the he igh t r; = Fitf.O, 
Eg%r: an É 2 n 2 k - p a t h with 2 <j s t eps above t he he ight r. 
Egf}' a pa th {.50, sv . . ., s2n} with 2 д steps above t h e height r a n d with-

out assuming where it t e rmina tes ; F g f \ = . 
2 yL'- number of s t eps of the p a t h {s0, sv . . ., s2n} above the he ight r, 

2 yg} = 2 y2„ . 
H4

m\ a pa th {s0, sv . . ., sm} s t a r t i n g a t the origin a n d reaching for the 
first t ime t h e height q a t t h e то-th s tep. 

E+y: a path { s „ , . . ., s x} f r o m (0, 0) to (x , y) such t h a t s0 = 0, 
a, > 0, s 2 > 0, . . ., sx > 0 (sx = y, y> 0). 

N(-): number of all possible p a t h s whose type is given in t he b racke ts 

e.g. N(E2n2k) = I 
( 2 f t ) 2 f t j 

[ft - 7 ) ~~ ft + Щ 

§ 1. The number of intersections 

W e shall give two proofs for the following 

Theorem 1.1. 

m m m i 2 7 + 2 1 + 1 
(1) A (EL,2k) = —— 

2 n + 1 

' 2n + 1 
n — 7 — I 

, / = 0 , 1, 2 , . . ., FT — 7 , 

and 0 < 7 ^ ft 

First proof. Let { . 9 0 , . . ., s2i, . . ., s2«} be a p a t h of N(E2n,2k) with 
(2 i, 0) t h e last or the Z-th '/'-point (see fig. 1). I t means tha t t h e section 
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{s2i, s2i+l, . . ., s2n} of the p a t h is such t h a t i t does not cross t h e axis. Thus 
t h e to t a l number of such pa ths is given by (FELLER [1] p. 71 a n d [3]) 

N{FJ2n>2k) = N(Eß2k | + = + 1 o r - 1 ) = 

i=l 2 n-k 1 
= 2 -i=l i I 

2 4 + 1 

2 те — 2 г + 1 

2 те — 2 i + 1 

те — i + 4 + 1 

+ 1 or —1 according to I even or odd; I = 0, 1, . . ., те — 4 .) 

(2n,2k) 

(0,0) (2n,0) 

Fig. 1. 

I f we denote t h e generat ing funct ion of t h e N(E2n2k)'s b y Ft(v), it can 
be shown t h a t 

-l—к _ 
<2> 
FM) = 2 N № « " 

n-k-l=0 n-k 

which proves t he theorem 1.1. 
Second proof. There holds t h e following 

2 4 + 27 

r+o » + 4 + 7 + 1 

2 те 

те — к — I 

Lemma 1.1. 
(3) N(E'2n, 2k 

For the known relation (see FELLER [1] p . 71) 

2 k) = щн^хГ1) 

ЩЩ& ? i + 1 ) = 
2 4 + 2 7 + 1 

2 те + 1 
2 те + 1 

n — к — I 

t h e proof of the l e m m a gives us t h e jiroof of t h e theorem 1.1. 
To prove t h e lemma, we h a v e to establish a one-to-one correspondence 

be tween the two t y p e s of pa ths El
2n, 2k and H2

kXx
+1 which can be set up in 

t he following way: 
L e t us consider t he pa th {.s0, sv . . ., s2i, . . ., s 2 n } (see f ig. 1). According 

t o a proof given in [3] the section {.sy, . . ., s 2 ,} corresponds t o a pa th s t a r t -
ing a t t he origin a n d reaching a f t e r 2 i steps for t h e first t ime t h e height 2 I. 
Concerning the sect ion between (2 i, 0) and (2 те, 2 4), let us f i r s t alter t he 
signs a n d then t h e direction, i .e. we replace ê 2 i , $2;+1, . . ., ê 2 n by — + n , 

previous one (fig. 2). 
2n-i, • • -, — h2i a n d let us a t t a c h this t r ans fo rmed section t o t h e end of t he 
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Finally, let us now insert af ter d2 n a ( + 1). Thus we obtain а 
path. By reversing this procedure it may be seen t h a t this transformation is 
a one-to-one. Then our theorem 1.1 gives immediately the following 

(O.O) 

2 к+ 21+1. 

(2n + 1jO) 

Theorem 1.1'. 

я ( д 2 л — i i я 2 „ 2 к ) = 
2 к + 2 i - f 1 

2n + 1 

2n + 1 

n — к — I 
2 n 

n — к 
(4) or 

, z = 0 , 1 , . . . , n — k , 

p ( + n < i i я 2 „ 2 к ) = 1 — 

2 n 

n — к — I 

We can easily see tha t 

Я(Д2n I E2„ 2k) = 

2 n 

n — к 

1 " a t 1 / 2 » 

Í̂ Ó 1 Г 2 n 
= M, 

( n — к, 
(5) and 

d 2 ß 2 n i = [ 2 ( » - к ) - M - \ } M - , 0
2 " У r l 2 n \ 

r=l \ r ) 2 n 

n — к 

For the limiting distribution we have: for к ]/2 n 

lim P(Д2П < y f 2 я I E2n ,2k) = 1 - е - ^ + Л , a ^ 0 , у ^ 0 , 

& = 0 or a = 0 gives the result proved in [3]. 
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Theorem 1.2. 

(6) N(El2n+1.2k+1) = 
2 £ + 2 z + 2 [ 2 та + 2 

2 та + 2 !та + £ + Z + 2j 
, I = 0, 1, . . ., та — к . 

The proof of th i s theorem is similar to t h a t of theorem 1.1 and it can 
easily h e seen t h a t t h e results corresponding to t h o s e given in t h e o r e m 1.1' a re 
t he following 

2 n + 2 

PC - I l F , 2 k + 21+2 n + k + l + 2 

2 та 2 n + r 

n — к 
(7) or 

P(hn+l <l\E, 2"+l, 2k +] i = 1 

2 n + 1 

та — к — I 
[2 та + l j 

( та - к) 
Also 

a n d 

я ( я 2 2 П + 1 I - ® 2 Л + 1 . 2 * + 1 ) = 
( 2 та + 

1 2 n + 1) 

та 
г = о 

щх '2л+1 i 2 ^ + 1 ) = [2(та - к ) — М х - 1] -
2 n + 1 

та — к 

М х , 

" - * - 1 / 2 т а + 1 
v г ' 

F o r £ j/2 та we obtain t h e limiting dis t r ibut ion as in theorem 1.1'. 
I should like t o mention t h a t by writing | £ | instead of £ the above 

fo rmulae are val id in the case of negat ive £ as well. 
W h e n the condi t ion t h a t t h e particle reaches the point (2 та, 2 £) at t h e 

2 ra-th s tep is disregarded, the n u m b e r of pa ths w i th exactly I intersections on 
t h e axis is given b y 

N(F'2n) = 2 2 ВДп,*) + ВД„) = 

(8) 
2 k + 21+ I l 2 та + 1 

2 

к Г . 2 та + 1 та I) 
+ 2 ( z + 1 ) 2 та \ 

- I - 1 

= 4 
2 та — 1 

та + I 
, I = 0, 1, . . ., та — 1 

which is the same obta ined in [4]. 
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§ 2. Distribution of the number of intersections in the height r 

Theorem 2.1. For r < 2 к 

P(A<d = 11 E2n 2k) = 
1 

(9) 

2 n 

n — к 

N(El
2m2k,r) = 

к + I 

2 n + 2 
n — к — I + 1 

№ + 1 ' 2n j 

n — kJ 

, I = 1, 3, . . ., n — k, if n — к is odd, 
/ = 1, 3, . . n — к + 1, if n — к is even, 
r = 1,2, . . ., 2 к — 1. 

The proof of th i s theorem is t r iv ia l which follows from L e m m a 1.1 by 
establishing the one-to-one correspondence be tween the two t y p e s of paths 
Bl

2n>2k,r a n d Щп+2-is interesting t o no te tha t th i s resul t is independen t of r. 
F o r t he l imiting distr ibut ion we obta in : for к ~ a ] / 2 n 

(10) l i m P 
fl—> °° 

a ( r > 
У = 77== <У Ф dy\ E2n,2k 

\2 n 
= Цу + a)e2a'—2(a+yy dy , а, у ^ 0 

which is equal to t h e resul t obta ined in theorem 2.1 ' in [3] к = 0 or a = 0 
gives t he result (6) g iven in [3]. 

Theorem 2.2. For r — 2k 

р д а = 11 E2n,2k) = 
2 n 

n — k 

ЩЕ1
2пМ) = 

(n) 
2 к + 2 i + 1 

2 n + 1 

2 n + 1 

n — к — I 
2 n 

n — к 

, I — 0, 1, . . ., n — к . 

The proof is t r iv ia l and follows f r o m lemma 1.1 b y showing a one-to-one 
correspondence be tween t he paths E2n 2k 2k and / / | ' à , j 2

i '+ 1 . 
F o r t h e l imiting distr ibut ion 

; ( 2 л ) \ 
(12) lim P y ^ _§== < y + dy I E2n 2k = Цу + a) e2a.-2 (y+ay d y > 

n [ 7 2 n j 

holds for к ^ a ]/2 n , а , у , which is equal to t h e result ob ta ined in (10). 
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Theorem 2.3. For r > 2 к 

pwâ = 11 = 
i 

(13) 

2 n 

n — к 

N(E'2n 2", 2k, r ' 

/ 2 та + 2 

l + r — k \n — I - r + к + 1 

та + 1 2 та 

n — к 

, r = 2 z + 1 , 2 z + 2 , . . . , 

/ = 0, 2, 4, . . ., та + Z — r, if n + Z — r 
25 етаета or 

l = 0, 2, 4 та + Z — r + 1, if 
n + Z: — r is odd. 

For Z = 0, we get t h e resul t obta ined in theorem 2 . 1 ' [3] for I in tersec-
t ions in t he he igh t r. 

The proof is similar t o t h a t of t heo rems 2.1 and 2.2 a n d can be given by-
establishing t h e one-to-one correspondence between t h e p a t h s El

2n> 2k r a n d 
i 7 2 f + 2 r - 2 f c 
" 2 п + » 

l i m P 

(14) 

For t h e l imiting d is t r ibut ion we o b t a i n : for k^a У 2 та, and r^b У2 та, 

Ar) \ 
y ^ - ^ K < y + d y \ F 2 n J = 4(y + b - a)e2a,'2C+b-ay-dyt a,b,y ^ 0 . 

У 2 n 

I t is clear f r o m (6), (9) a n d (13) t h a t t h e r e is a one-to-one correspondence 
b e t w e e n t h e p a t h s E^h+i^k+i' Е2пЖг a n d E2n,0,r-

When t h e condition t h a t the particle reaches the p o i n t (2 та, 2 Z) a t t h e 
2 та-th step is disregarded, t h e number of p a t h s with exac t l y I P ( r ) . p 0 j n t s is 
given as below according t o r is even or o d d : 

For a f i x e d positive even integer r 

ЩПпг) = 

k=-n 

B u t it can easi ly be verified t h a t 

V ЩШгпЖг) + N(F2n 2k 2k) , I o d d , 

t -

2 ' N(El
2n%2k>r) + Щ Ц п Ж # ) , I e v e n . 

i - 1 

2 ЩЕ[пЖг) = 2 ЩЕ'2пЖг) 

f 2 та + 1 \ 

та — / — — Г 
2 

Subst i tu t ing t h e value of N(E!,n 2k 2k) f r o m (11), we have 

(15) 

i 2 та 

W(P'2„>r) = 2 L + / + -
V 2 / 

. I = 1, 2 та . 
2 

7 A Matematikai Kutató Intézet Közleményei IX. 3. 
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Similarly, when r is a f ixed positive odd in teger 

n 

2 I o d d , 

ЩПп,г) = 
k = r + 1 

г—1 
2 

2 N(El
2n 2 k r) , I even . 

k=-n 

г—1 
2 

k = — n 

I t can easily be seen t h a t 

2 N№n,2k,r) = 2 ад„>2й>г) 

so, for a f i x e d positive o d d r [ " 

( 2 n + 1 

2 n + 1 

r + 1  

2 ; 
, i = 1 , 2 , . . . , » — 

r — 1 

The results in (15) and (16) lead to the following 

Theorem 2.4. For a fixed positive even r 

(17) + ( ; . « = 11 F\in+ 
1 

22n-l 

and for the limiting distribution 

I 2 n \ 
» + / + -

2) 
, / = 1 , 2 , . . . , » , 

2 

i a ( r ) 

lim P у <y+dy\F'2n,r = 2 
\ \2n 

2 -
(2y+aP 

Л 
e 2 dy, 

for r a\2 n , а, у 0 , 

Theorem 2.5. For a fixed positive odd r 

( 1 8 ) р ( ^ = ц р к г ) = ± ' 2 n + l 

n + l + 
r + 1 

, / = 1 , 2 , . . . , » 
r — 1 

and for r r^aff 2 n we get the same limiting distribution as in Theorem 2.4. 
The resul ts in (17) a n d (18) are s a m e as obtained in [4]. 
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§ 3. The joint distribution of the number of intersections 
and the number of positive steps 

Theorem 3.1. 

ЩЕ&Л) = 
(19) 

1(2 lc + I + 1) 2 g 2(n - g) 

g + k + — + 1 
2 2(» - g) 

( i I + l)(2 4 + () 

I I 
\g - к 11 я g  
i 2 ) \ 2 

I even, I + 2k ^2g ^ 2 n — I , 

2 g 

2 ( n - g ) \ g + k + 
1+ 1 ) 

i д - ь -
i — i 

2 ) 

2(n - g) ) 
1+ 1 

2 j 
n — g — 

I odd, 2k + l — \ gL2g g,2n — I — 1 . 

Proof. Let us consider the p a t h t a k e n in t h e o r e m 1.1 (fig. 1) where 
(2 i, 0) is t h e last or t h e ( - th intersection point . I t is c lear t h a t if I is even , then 
the f i rs t s t ep of the p a t h E f f H should b e positive a n d if I is odd, then i t should 
be negat ive . Thus, i t can be seen (see [3]) t h a t when I is even 

ЩЯ&&) = ЩЕ&& i 7 = + 1 ) = 

= 2 Щ Е Ч Ф 1 - " ' 1 - » i + = + 1 ) - n ( f + _ 2 / + l i 2 f c + 1 ) = 

' — f + t 

i 2(g + i - n ) \ f 2(n - g ) \ w = j _ P  

4 . / ( я — + i — я ) 
1 0 + i я 

2 1 

X 2 4 + 1 

2 я 2 г + 1 

n - g - i j 

2 n — 2 i + 1 
я — г + 4 + 1 

which, b y using the m e t h o d of genera t ing functions, g ives the required resul t . 
Similarly, when I is odd, the resu l t follows easi ly . Thus the resu l t s in 

(19) lead t o t he joint d i s t r ibu t ion given in the following 
Theorem 3.1'. 

(20) P(y2n = g, lin = I I E2n2k) 

1 

/ 2 я 

( я — 4 

1 

1(2 к + I + 1) 

2 я 

я — 4 

2(я — ö,)|i7 + 4 + Á + 1 

( ( + 1 ) ( 2 4 + () / 

,gr — 4 -

2(я - у) у + 4 + 
l + l \ 

I even, 

, ( o d d , 
4 -

7 * 
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and for the limiting case we obtain : for le ~ af 2 n 

l im р\у< у + dy, z ^ Ьа < г + dz I E2n<2k 
\ \2n n 

г (2 а + у ) г y* 1 

2^ y( 2 a + y) |2а'- - 27U7)J dy dz , 8 , ^ 0 , O í z í 1. 
Я ( z ( l - z ) } 3 / 2 

A; = 0 or a = 0 gives the resul t (11) in [3]. 
The joint distribution of A2n+i nn(i У2П+1 28 given by the following 
Theorem 3.2. 

( 2 1 ) p ( y 2 n + 1 = 9, k2n+1 = I i E2n+h2k+l) = 

1 

2 « + 1 

n — к 

1(2 к + I + 2) 

2 (n - g) g + k + — +2 
2 

( 2 / 7 + 1 \ 2(n - g) W 
, Z I g - k  n —g  

v 2 2 / 

I even, I + 2 к g. 2 д < 2 n — I > 

1 

(2n + 1 

\n — к 

( 1 + 1)(2 к + 1 + 1) 

2 (n - g) + х- + Ш + 1 

• 2 / 7 + 1 

g — к  
2 

2(n - g) 1  

l + l 
n —g 

I odd, 2k + l—1^2g^,2n — I — 1 . 

(Here the no. of positive s teps is given by 2 y2n+1 + 1 .) 
The proof of this t heo rem is quite s imple which is s imi la r to t h a t of 

theorem 3.1. 
For к r^a^2n, we ob t a in t h e same l imi t ing dis t r ibut ion as in theorem 

3.1 ' . 

§ 4. Joint distribution of and 

We shall p rove the following 
Theorem 4.1. For r < 2 к 

(r + Z)(2 к - r + l) 

i r , l + l 

n — дЛ  2 2 
! 7 Г l + l 

9 + k  
2 2 

X 

X 

1 9 

2g \ ( 

r l - l 
2 / 

n —g 

2(n - g) 
r l - l 

(22) 

2 2 

Z odd, r even , 

I = 1, 3, . . ., odd (n — k, n — к + 1) 

2k — r + (Z — l ) ^ 2 g ^ 2 n — r — (I — 1 ) , 
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(22) and 
(r + l)( 2 k - r + l) 

2(та - у) 
X 

X 

та — g 

2(та - у) \ 

г - 1 г + i ' 
2 2 / 

I odd, г o d d , 

Z = l , 3 , . . . , odd (та — к, п — к + 1) 

2 £ — г + 1 — 2 ^ 2 д ^ 2 п — r — z . 

Proof Case I : г even, 
Le t {a0, Sj, . . ., в л , . . ., e 2 n } be the p a t h of the t y p e E f f f l j a n ( i I d 

P(rv r) be t h e f i r s t T<r>-point of the p a t h (fig. 3). Then t h e section b e t w e e n 
P(rv r) a n d 0 ( 2 n, 2 k) is a p a t h of E(2

n
g:l

rj%-r • 

Q(2n,2k) 

0(0.0) Co, 0) C2n, 0) 

Fig. 3. 

Attach ing a - f 1 to t h e end of the sec t ion between 0 and P we o b t a i n 
a pa th of Hff+x type . Thus, 

2fl-2g-(/-l) 

_2n-2g-(l-l)r ! / r j + l ] 

r , + 11 r l — r 

у 

r, = r 

( i — 1 ) ( 2 к — r + i ) 

(2 та — rx — 2 д) g + l c - L + l ± l \ 
2 2 

X 

X 
2 g 

g - k + ^ - L ^ I L - y 

2 n — rx — 2 g , I - 1 

Using the m e t h o d of generat ing functions we ob ta in the des i red result. S imi la r -
ly, when r is odd, t he result follows easily. T h e only in teres t ing point t o n o t e 
is t h a t t he n u m b e r of steps above the he igh t r will be o d d . 
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Theorem 4.2. When r = 
(23) = 

7(2 к + I + 1) 

2 к 

( 2 g 

2g\n-g + k + - + i 
2 

(I + 1) (2 к + 7) 

n — g 

2 ? « - 0 + 4 + 
7 + 1 

2(те - 0) 

4 - 1 
2 

, 7 етеете, 

I 9 2 g 9 2 n — 2k — 7, 
2(те - 0) 

g — к — 
7 - 1 

, 7 odd, 

I + \ 92g 9 2 n — 2k — 7 + 1 . 

Proof Case I : 7 even. 
Let {s0, .s, sr_, . . ., e2„} be the p a t h of the t y p e Е^Ц.гк a n < l le t 

P(rv 2 4) be t h e first T^-point (fig. 4). T h e n the section between P(rv 2 4) 
a n d Q(2 n, 2 4) is a path of t h e type (EiJPß \ sx = +1) . 

A t t a c h i n g a + 1 to t h e end of the sec t ion between 0 and P we o b t a i n 
a path of # r

2*+1 . 

Q(2n.2k) 

Thus 

Fig. 4. 

2n-2g-l 
щяж.йм = 2 N W k j l ) • ЩЩГгД i ®r,+i = + 1 ) = 

r,=2k 

Í 2 q \ 2n-2g-i 2 к + 1 m + 1 \ 7 

2 0 7 
^ 2 

Л г х + 1 

\ 2 
— 4 I 2 n - 9 

2 n — 2 д — rx 

H - l 
2 2 . 

n —g 

result. 
But b y using the m e t h o d of genera t ing functions we obtain the des i red 

Similarly, i t is easy t o show tha t t h e desired resul t follows for o d d 7. 
T h e o r e m 4.3. For r > 2 4 

( 2 4 ) 

7(2 r — 2 4 + 7) 2те — 2g +1 
те — о — r + 4 — 

2 

7 even, 
7 = 0, 2, 4, . . even ( т е + 4 — г, те + 4 — »" + 1) 

r = 2 4 + 1, 2 4 + 2, . . . 
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For к = 0, i.e. when t h e part ic le s t a r t i ng a t the origin re tu rns to t he origin 
a t the 2 » - t h s tep 1(2 r 4-1) { 2 g \ ( 2 n - 2 g + l \ 

= - 1 j i у \i 

(25) 
2 g 

l i 
n — g + r -\ l - l 

2 J 
I = 0, 2, 4, . . ., even (n — r,n 
r= 1,2,... 

1 
n — g — r 1 - 1 

2 

- r + 1 ) 

The result (25) is the s impler form of t h e same result ob ta ined in (14) of [3]. 
Proof. To prove t h i s theorem we shall consider t h e pa th {s0, a v . . ., 

sn, . . ., s 2 n } of the t y p e r and let P(rv r) be t he f i r s t 7 , ( r )-point (fig. 5). 
Then t he sect ion between P(rv r) and Q(2n,2k) is an T > a t h s t a r t -
ing in t h e negat ive direct ion. The first sect ion corresponds t o an R J / t ^ - p a t h . 

r 

Q(2n.2k) 

Thus " ' 7 Pig- 5. 
2n-2g+2k-r-l+2 

ЩЯ'ф&.г) = V ЩЩ++\) • Щ Е ^ - п . , - 1 ) I sj = - 1 ) = 
r, = r 

I l 2д \ 
2 g g — 

i 

2n-2g+2k~r-l+2 r _(_ J 
(rl + l \ 

4 + 1 

X 

2) 
(r - 2 k + I — 1) 

7 Г1 , r , 1 

n — д — к l - l h — 
2 2 2 

X 

2 n — 2 g — rx  

2 2 2 
By using t h e method of generat ing func t ions we ob ta in t he desired r e s u l t . 

Theorems 4.1, 4.2 a n d 4.3 lead to t h e following 
Theorem 4.1'. r < 2 k, I odd 
P(r& = g, = 11 + W ) = 

(26) 

X 
2 (n — g) \ 

r — 1 / + 1 
n — g — 

2 2 i 

, r odd. 
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For the limiting distribution we obtain : for к ~ 2 n, r ~ h}r2 n 

l im P\yg -Ш= < у + dy , z g OS < z + dz I E2n,2k\ = 
\ 2 n n I 

f 1 . ( 2 « - b + y) (b + y) е[г 
' л {z(l — z)}3'2 

(2A—FT+Y)' (b+y)' 
2 2 

_ (fc-fy)'t 
2(1 -Z)J dydz, 

а,Ъ,у ^ 0 , o ^ z ^ l . 

r = 0 or b = 0 gives the resul t obtained in theorem 3.1'. 

Theorem 4.2'. r = 2 к 

P{y& = ff, 4rn> = 11 E2n,2k) --

1(2 к + I + 1 ) 
(27) 

i 2 i 2 ( n — !7) 

» - g r + fc+a + l 
2 

( / + 1 ) ( 2 а + I) 

u - у — i — — 
2/ 

, 7 even, 

п — д +к+ 
I + 1 

' 2 g 
l + l 

2(n - g) 

n — g — к — 

7 - 1 
,I odd. 

3.1'. 
For к ~ с$2 n we obtain the same limiting form as obtained in theorem 

Theorem 4.3'. For r > 2 к, I even 

(28) P ( y $ = g, Щ = I I E2n<2k) = 

1 

( 2 n 

i « — к 

1(2 r - 2 к + i ) 

2g\n-g + r - k + ~ + \ 

( 2 g f 2 n — 2 g + \ 
I , I 

n — g — r + к f - i 
2 g~~2 

and for the limiting joint distribution we obtain : for к ~ a$2 n, r ~ $2 n 

(29) 

2(r) v ( r ) 

yá y + dy, z g ™ < 2 + dz I E, 
f2n n 

2n 2k 

f_2_ y(2 6 - 2 a + у)  
л ' {z(l — z)}3/2 

(2FT-2A+Y)' 
w-*) i dydz, 

a, b, y ^ 0 , 0 g z g l , 

к = 0 or a = 0 gives the r e su l t as ob ta ined in theorem 2 .2 ' [3]. I t m a y be 
mentioned t h a t the l imi t ing joint dis tr ibut ions of (Д2П, y2n | E2n 2k), 
( h f f l , y2nk> I E2n 2k), and (/SQ, >4л I E2n) a r e the same as seen in t heo rem 
3 . 1 ' a n d (29). 
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§ 5. Joint Distribution of X2n and y2n for an F2 n-path 

W e shall prove t h e following 
Theorem 5.1. 

(30) N { F f M ) = 

l(2g + l+2)( 2 g \ ( 2(n - g) 
4 g(n - g) 

+ 

1(2 n - 2 g + I + 2) / 2 g 

4 g(n — g) l 

\ 
n 

2 ( » - g) 

I even, 
I I . 

g = —, —-+ l , . . 

( ( + ! ) ( « + ( + 1 ) 

2 g(n - g) 

g = 
l + l 

2 2 

Proof. I t can be seen f r o m (19) a n d [3] t h a t when I is even 

N(F%.0) = 2 ЩЩ11) + 2 N(E^:L\k) + N(E4?+, 
fc=i 

But it is easy to see t h a t there is a one-to-one correspondence between t h e 
paths E f f ' - i k and Efn",rk

8,l>. Thus, on subs t i tu t ing t h e values of d i f fe ren t 
types of pa th s , we get t h e desired resul t . 

The proof for odd I can be given analogously. F r o m (30) there follows 
the following 

Theorem 5.1'. For the random variables A2n and y2n the joint distribution 
law 

(31) P(y2n = g, X2n = I I F2 

1(2 g + I + 2 ) 1 

2 2 n 4 g(n — g) 
( 2 g i 

/ - I - « 

2 ( n - g ) \ 

I 
g ~ ~ 2 ! 

i n 

+ 

+ 1(2n — 2g + I + 2) / 2 g 

1 

2'in 

4 g(n — g) 

2(n - g) ) 

n - g — L - 1 
I even, 

2 g(n — g) 
2 g \ 

1 + 1 

2 ) 

2 (n — g) ) 
l + l 

\n — g 

, I odd, 
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holds and for the limiting joint distribution we obtain 

l im P 
" 1 /2 n " 

у 
(32) 

y £ ^ < y + d y , z ^ < z + dz\F2n\ = 
I/ 2 71 71 

у 
л {z(l — г)}3/2 e 22<'-г>dydz у ^ 0 , 0 + z + 1 , 

which is s imi lar to the resul t obta ined b y E . CSÁKI and I . VINCZE (see [6]). 
In tegra t ion w i t h respect to у f r o m 0 to oo leads to the arc sin law [1]. 

§ 6. Joint distribution of and yf l for an P 2 n ' P a d l 

Theorem 6.1. For r even 

I ( 2g \ ( 2 та — 2 g \ , I I 
' W I even, (/ = — , — + 1,..., 

7 r i \ 2 2 

(33) N ( F & : » ) = (r + l)(2g + l + 1) / 2 g 

2 g 
г г ,

 l + 1 

\ i 2 (та — 5) \ 
7 + 1 7 - 1 

g y - [ n - f f a 

, 7 odd, 

g = 
7 + 1 7 + 3 

and for r odd 

2 ? i ( 2та 2 5 + 1 
2 г/ 7 r — 1 7 

' v ~ 2 

7 еиета, 
n — q — 

2 2 

(34) 

1 1 i , 
g = — , — + i — , 2 2 

(r + 7) / 2 5 + 1 
7 - 1 2(та - 5) 

i» — g 

2(та - 5) ) 

r — 1 7 + 1 
, 7 odd, 

/ 

7 — 1 7 + 1 
Í7= , 

2 2 

Proof, r ег>ета 
when 7 is even, it follows f r o m (23) a n d (24) t h a t 

t - ' 

i 
k=g-n+r+ — - 1 
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A f t e r s implif icat ion we can ge t the required resul t . Similarly, when I is o d d ; 
i t can be seen f r o m (22) a n d (23) t ha t 

, r / - 1 

N(Ffne:ß) = 2 Щ Е & г ) + ЩЕ&Уи) 
k = -+1 

which on s impl i fy ing proves t h e result. 
When r is odd 
I t is clear f r o m (22) a n d (24) t ha t 

г — 1 
2 

= 2 > I e v e n , 
k=g-n+r+ -j - 1 

a n d 
g + r+I l-

Щ Е & ф д ) = 2 ' Щ Е & Д Р ) , I o d d . 
r+1 

A f t e r s imphficat ion we obta in t he required resul ts . These resul ts lead t o t h e 
following 

T h e o r e m 6 . 1 ' . For r even 

= AW = 11 P 2 „ ) = 

(35) 

1 
£2 n 

1 

( 2 д \ I 2 n — 2 д \ 
I r I 

2 л 

, I even, 

22 n 
(r + l)(2g + l + 1) 

2 9 
. r . 1 + 1 

n — g H  
2 2 

2 g N 

I + 1 

2 n — 2 g \ 
r I - 1 

n — g  
( 2 

F r o m [6] it follows t h a t 

P ( y W = 0 , AW = 0 I F2n) = 
2 2" 

2 i ' 2 B  

7 = 1 U + j , 
+ 2 raj 

га I 

a n d for the l imi t ing joint d is t r ibut ion we o b t a i n : for r ~ 6 ra 

l i m P . . - y g ? 
у ^ < у + dy, z ^ < g + dz I P2„ 

|/2 n n 

(У + bz) 
b> (y+6z)» 

I odd. 

e 2 2Z(\-Z)dydz b, y ^ o , 0 ^ 2 á b 
я { z ( l - z ) } 3 ' 2 

In tegra t ion wi th respect to у f r o m 0 to °o l eads to 

rin l im P z ^ < z + dz I P 2 „ = — 
ra 

1 e 2('-2> 

я f z ( l - z) 
dz 

which corresponds t o the resul t obtained b y E . CSÁKI and I . VINCZE (see [6]) . 
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The r e su l t for odd va lues of r can b e written analogously and i t is easy 
t o see t h a t t h e limiting j o in t distr ibution of and is equivalent t o the 
one just o b t a i n e d above for even r. 

§ 7. Distr ibution of y2n for an E2n 2k"Path 

In 1 9 4 9 , CHUNG a n d F E L L E R [ 7 ] p r o v e d tha t 

P(y2n - g I E2n,2k) = 2 n 

n — к 

у 
2 i j Í 2 n — 2 i 

i — 4 1 n — i 

1 

i(n — i + 1) 

But we sha l l prove the following theo rem in an a l t e rna t ive and easier way . 

Theorem 7.1. 

(36) ЩЕ&%) = 2 
i=n-g г + 1 

2 к 2n — 2 i 

2 n — 2 i \n — i — 4 ] 
, 0 = 4 , 4 + 1 , . . . , n . 

Proof. L e t us consider {.s0, .s, s2i, . . ., s2n} an Е^Цф-path s t a r t i n g a t 
the origin a n d reaching t h e poin t (2 n, 2 4) a f t e r 2 n s t eps (see fig. 6). 

Q(2n,2k) 

P(2i,0) (2n,0) 

Fig. 6. 

Let P(2 i, 0) be the last p o i n t where the p a t h either touches or crosses t h e axis. 
Then t he sect ion from (2 i, 0) to (2 n, 2 4) is a path of t h e type / / | " _ 2 ! . The 
number of p a t h s with a n y number of pos i t ive steps f r o m 0 to 2 i is g iven by 

Thus 
i + 1 

n-k 

(FELLER [ 1 ] , p . 72) . 

ЩЕ&%) = v l 2 . . N(H\U!) 
i=n-g 

proving o u r theorem 7.1. Th i s leads t o t h e following 

1 
(37) Р(У2п - д i E2n,2k) = n j 

n — 4 ) 

N(E&%, 



ON THE SYMMETRIC RANDOM WALK 353 

For the limiting case we obta in t he following : for к a У 2 n , — у 
n 

l i m P z ^ < z + dz\E2n,2k 
n 

2 r 

I ~ 
J M l -я J 0 , ( 1 - y ) } 3 ' 2 

1 — z 

2a' 
2 a * — — 

e ( ,-y) dy dz ; 

making use of t h e t r ans fo rmat ion 

2 a2 

i t follows t h a t 

l i m P z < ^ < z + dz\E2n,2k 
n 

= -7= Г e2a'-» dv . 
у л J {v — 2 a2}3 '2 

2a* 
2 

к = 0 or a = 0 gives the un i fo rm distribution (FELLER [1]). 

§ 8. Distribution of for an E2n 2/i-path 

The following 

Theorem 8.1. For r < 2 к 

2 (r + 2 i + 1 ) ( 2 к - r + 2 г + 1 ) / 2 ? + 1 
N(Efz\k .) = у X 

g — к t 
2 

X ( 2 n — 2 a 4 - 1 \ , r r 
i , r even, q — к , . . ., n — — , 

r \ 2 2 
n — g i 

2 / 

(38) and 

g-k+ 
r+1 

S 4(и — sr)(flr + 1) 

X 2n — 2g r + 1 

n — g 

r + 1 
, r odd, g = i , . . ., я 

r + 1 | 3 2 2 

holds. 
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T h e proof follows f rom (22) a n d this leads to 

1 

РШ = 9 I Лгпф = 

2 n 

n — к 

1 

2 n 

n — к 

N(Eg%,r) , r even , 

N(E$*+k») , r o d d , 

and for t h e limiting distribution we ob ta in : for k ^ a j 2 n, г~6] /2та 

lim P z á - < z + dz\E2n2k\ = 
n 

(39) 
2 

л 

(b + y)(2 a - b + у) у 

{2(1 - z)}3/2 

(ft+y)= (2a-b+y) 
e l 2(1 - 2 ) 2z 1 dy dz , 

a , b, i / k o , o ^ z ^ l , 

which can also be seen f rom (26). 
When r = 2 k, i t follows from (23) that 

í=i 

i(r + 2 i) 

g\n — 9 + Y + * + 1 

2g 

9 ~ i 

f 2 та — 2 у + 1 

т̂а — 9 - j — » + 1 

y = 1 , 2 , . . ., та , 
2 

which gives 

(40) p№nk) = 9 I E2n,2k) 

I t is easy to see that 

1 

2 та 
та — £ 

(41) p ( y < 2 " ) = 0 i p 2 „ j 2 k ) = 
2 £ + 1 

та + £ + 1 

by showing the one-to-one correspondence between the paths of t h e types 
Bfn,2k,2k and Щ„ХÎ- F o r the limiting distribution we obtain: for £ o f 2 n 

yd k) 
l i m p z á b < г + dz\E2n2k 

n 
/ т

 Í 
(У2 + 2 ay) 1

 n J {z(l — z)}3'2 

( y + 2 az)' 
e W - Z ) d y d z , 

s k 0 , o k z k l , 
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1c = 0 or a = 0 gives 

lim P | z < z + <Zz I E2n\ = dz 
n 

showing t h a t has an un i fo rm distr ibution (FELLER [1]).  

When r > 2 lc, it follows f r o m (24) t h a t 

i(r - к + i) 2 g j / 2 n - 2 g + 2 j 

M g(n — g + 1) g — г) ( f t — g — r + к — i + 1J ' 

g = 1, 2, . . ., ft — r + к, 

which gives 

(42) 

эд2!к r) 

Р(у<Й = ? I Е2„2к) = 
2 ft j 

ft — 7j 
a n d 

P(yW = о I Е2П,2к) = 1 -

2 ft \ 

ft — г -f- к — l j 
2 ft 

ft — 7 

' 2 f t 2 ft 
ft — k) ft — r + 7 — 1 

which can be p roved by showing t h a t 

ВД&*.,) = 
F o r the limiting case we ob ta in : if 7 ^ a | /2 n, r ^ b)f2 n 

lim p ( z ^ ^ < z + d z | E 2 n л к  
( f t 

I f + 
л J {z(l — z)}3/2  

0 

which can also be seen f rom (29). 
a,b,y ^ 0 , O g z g l , 

§ 9. Distribution of y g f ° r a n ^^„-path 

ve even r I . 

= 

For a f ixed positive even r I . V I N C Z E [6] has proved t h a t 

12 g\ ( 2 ft — 2 g \ 

9 1 \ n - g + 

whieh, in our case, follows easily f rom (33) b y wri t ing 

m n ï ï ) = 2 ЩЕ&У) + 2 Щ Е & • 
I(EVEN) ;(ODD) 
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But, for a fixed positive odd r, we shall prove the following 

Theorem 9.1. 
I 2 n - 2 g + 1 \ 

m m ) = i - 2 б \ 
\ g g — * n - g 

(43) and 

N i F i g » ) - ! " • + " - " 
í 1 2 ( т а - 5 ) 

( 2 5 + 1 

5 - i + l 

r — 1 

/ 2 n — 2 5 
r — 1 

та — <7 — г 

The proof is simple a n d follows f rom (34) by put t ing 

m m ) = v тПп*т. 
í(even) 

and 

This leads to 

and 

m n f , ^ ) = z тц%r+l-°) • 
t (odd) 

р ш = д\ р 2 п ) = - - • 
2 

In the second case the re are 2 у® + 1 steps above the height r. 
F o r the limiting distribution we obtain: for г Ъ ]/2 та 

l i m p 
v<r> 

z + ^ < г + dz I F2n - I - . - î f 
та J 

( .у + fe) 

{z(l — z)}3'2 

(г/+Ьг)» 
e 2г0-г) dy dz 

which on putt ing r = 0 or 6 = 0 leads to the arc sin law [1J. 

(Received April 2, 1964) 
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О НЕКОТОРЫХ КОМБИНАТОРНЫХ ОТНОШЕНИЯХ, 
СВЯЗАННЫХ СИММЕТРИЧЕСКИМ СЛУЧАЙНЫМ БЛУЖДАНИЕМ 

K A N W A R S E N 

Резюме 

Пусть # = . . .) последовательность независимых случайных 
величин, принимающих значения + 1 и — 1 с равными .вероятностями. 
Пусть, далее s0 = 0 и = + . . . + $ , • , г = 1 , 2 

Изучаются следующие величины: 
— число тех индексов i g N для которых или = г — 1, s, = г, 

s i + 1 = г + 1 или = г + 1, Sj = r, s i + 1 = г — 1 ; 
2 — число тех индексов i g N для которых или s, > О или s,- = О 

НО > 0 . 
В §-ах 1, 2, 3 и 4 исследуются условные распределения этих величин, 

при условии s2n = 2 к или s2n+1 = 2 к + 1. 
Распределение Я определяется с формулами 4, 7, 9, 11 и 13. 
Совместное распределение величин А и у выводится из формул 20, 21, 

26, 27 и 28. 
Переходив к пределу в точных формулах распределений, получены 

предельные распределения. 
Отношения 31 и 35 §-ов 5 и 6 включают себе безусловные распределения 

величин А и у. Приводятся и соответствующие предельные распределения. 
В §-ах 7 и 8 исследуется условное распределение у, а в §-е 9 ее безуслов-

ное и предельное распределение. 
Одна часть результатов получаются с помощью простого комбинатор-

ного метода и однозначного отображения, а другая часть с помощью произ-
водящей функции. 

8 A Matematikai Kutató Intézet Közleményei IX. 3. 
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