ON THE CONSTRUCTIVE THEORY OF FUNCTIONS I

by
P. SZUSZ and P. TURAN

1. In a recent very interesting note! D. J. NEWMAN made the observation
that the |  |-function, which plays an essential réle in the theory of poly-
nomial-approximation shows an unexpected behavior when turning to ap-
proximation by rational functions. While it is well-known that for suitable
positive numerical ¢; and ¢, (and later ¢,;) and for all » > 1 there exists a poly-
nomial?> z¥%(x) such that for —1 <2 <1

(1.1) | — nifa) | <
but for all z,(x)
(1.2) max ||z | — ay(x) | = 2,
—-15x<1 n
he proved that for suitable p¥(x), ¢¥(x ) for n = 4, —1 < x < 1 the inequality
(1.3) 2 < 3e-1n
| qn( )

holds, which is much stronger than (1.1). He proved moreover that the order

e—Vnis ,essentially” best possible. Whether or not this is only an isolated fact
or there is a general theorem behind, he expresses no opinion; his words ,,— Now
it is known that in some overall sense rational approximation is essentially not
better than polynomial approximation . . .”” reflect perhaps a more pessimistic
than optimistic opinion about it. A more definit such opinion is formulated in
a letter of Prof. NEwWMAN; he shows here that for all 0 < a <1 the function

- Tm! E'
flx) = 2——2— T (cos 4) = cos k9
m=1 ml®

(which belongs to Lip,(—1, 1)) cannot be approximated for all n’s better than
1
ok_a

say.
n®log n

by a rational function of degree? m, uniformly 1n[-%, L

!,,Rational approximation to |z|.” The Michigan Mathem. Journal 11 (1964)
11—14.

2an(a), (), Pi@)y Pp@), Pn (2, a), gu(x), gh(x) ete. stand for polynomials in x
of degree < n (a will be a parameter).
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A still more definit opinion is expressed in the paper of S. H. SHAPIRO* suggest-
ing that ,, ... if one wishes to approximate functions of class Lip, then the
nonlinear methods considered do not enable one to improve the order of
magnitude of the approximation beyond what is possible by polynomial
approximation having the same number of parameters”. With respect to
NEwMAN’s result he remarks however that ,, ... one might surmise that the
main strength of rational approximation lies in the approximation of functions
with special analytic properties”. In what follows we are going to show that
,,not very remote” analytic properties suffice already; we are going to give
a general class of functions (perhaps the first one in the literature) for which
the approximation by rational functions of degree < n is essentially better
than by polynomials of degree n. This class K(A4) consists of functions f(x)
which are convex e.g. from above in [—1, 1] and satisfy here the inequality

f(ay) — f(y)

Lo — X

(1.4) 2 W edzZegcn <1,

Obviously this restriction (1.4) is rather a matter of convenience [inside of
(—1, 1) it is automatically satisfied]. Then we assert the

Theorem. For the functions of the class K(A) and for all N > 1 one can

find a suitable rational fun('twn un(®) of degree N such that for —1 < x < 1 the

o ()
tnequality
oty - un () '< &% (1 + A4)logt N
vy () N?
holds.
(1,1) — (1.2) shows that for polynomial approximation we have

in general only the order % To which extent the quantity lofv:N
on the right is best possible, we do not know at present; possibly the log-factor
can be dropped. As Prof. NEWMAN remarked in his letter, the function

[z

o Tml[
f@) = —Ba2 4+

m—1 m2m/!2

with a suitably large positive constant B belongs to the class K(4) and its

approximability by a rational function of degree n cannot surpass O

n*log n

Hence our upper bound is ,,not far” from being best-possible.

The theorem could have been announced for the function-class K(4)
whose members satisfy (1.4) and are indefinite integrals of functions of bound-
ed variation. Representing namely these functions as difference of two mono-

p(x)

: 9(x)
with degree << n.
1 ,,Some negative theorems of approximation theory.” Mich. Math. Journ 11.
(1964) 211- 217.

th

3 A rational function we call of n

degree, if ¢(x) and p(x) are polynomials
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tonic functions it means that f(x) is the difference of two convex functions
and the theorem applies at once.

The point of the theorem is of course the uniformity of the approxim-
ation; replacing it by L;-metric the corresponding theorem has been proved
by G. FREUD® even for polynomial-approximation and without the log-
factor. FREUD extended his theorem to the class, whose elementsare %" integral
of functions of bounded variation; ananalogous extension of our theorem is also
possible and will be given in the second paper. We shall return to study the
connection between approximability by rational functions of N** degree and
structural properties of continuous functions. Generally speaking the appro-
ximation by rational functions seems to be advantageous over the approxi-
mation by polynomials if the function is ,,nasty only locally on a thin set”.

This new branch of the approximation-theory seems to have a signific-
ance also for the numerical analysis, since the computational problems with
polynomials are essentially identical with those of rational functions.

2. Now we turn to the proof of our theorem. Let —1 < a <1 and we

replace z by lt_ % in NEWMAN’s inequality (1.2). This gives for n > 4,
—at
—1 < ¢t £ 1 the inequality
t— a |
,"1‘(1 |
!i—a - —at §3e—1‘;‘,
"ot
l—at
which we prefer to write in the form
Pl g BB Bl
1 —at qnq(¢, a)

Since for our #s 1 — at = 0, this can be written in the form

(2.1) ‘(1_at)_|t—a|—w < 6eTm.
qn,l(t7 G.)

Putting

(2.2) Bt 6y —(— af) —18-—n]

h(t, a) represents a ,,roof”’ consisting of two straight segments with

W1, a) = h(—1, a) = 0
(2.3)

and (2.1) takes the form

ha, a) =1 — a?

ht, a) — Prtnah @) g ya
(2.4) qna(t, @)

A=,

Here we had for the parameter a the restriction —1 < a < 1.

5 yUber einseitige Approximation durch Polynome L.« Acta Litt. ac Scient. Szeged
16 (1955) 12—28.



498 SZUSZ—TURAN

3. Let us consider now our f(f) and let f,(¢) be defined by

(3.1) il = T

. B 10

Obviously f,(¢) is again nonnegative, convex from above in [—1, 1] and more-
over

(3.2) (1) =H(—1)=0.
Further we have for —1 < ¢, <?, <1

(39 |W@ —AG)|_| M) ) AL —A=N) o,
th — 1t | t, — ¢ 9

’

from (1.3). Let now m > 2 and

(3.4) o =1 > 0y G > iveis > @meg > =1 =" 0p 5

and we consider the function g,,(f) which is represented by an m-gon with the
vertices at the points

(3.5) (a,,fi(a,) v = 0, 1., SR

This is obviously nonnegative and convex from above in [—1, 1] for which
owing to (3.3) the inequality

(3.6) Im(ts) —gm(t) _

holds, if only
=l <=ty < 1,

Owing to a well-known theorem of BLAscHRE —PICK® g,,(¢) can be represented
in the form

m-—1

(3.7) ho) = % 4 k(¢ a,)

v=1

with 4, > 0. Then using (2.4) we get for —1 < ¢ < 1 the inequality

-1
gm(t) el E lv pn+1,2(t’ av)

(38) v=1 Qrz,l(t’ ap) |
m—1 -1
Prs1alt, @ )] =
= Rt a )~ TR0 W o Ge-Ya e g
v;; qnyl(t’ av) v;l‘

In order to estimate the remaining sum we replace ¢ in (3.7) by a, (u =1,
2, ...,m—1). This gives from (2.3) and (3.5)

m—1
fila,) = v%’l A, h( a, a,)> lu(l =qal)’.

¢ »Distanzabschitzungen in Funktionenrdumen II.¢ Math. Ann. Bd 77 (1916) p.
277—-300.
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Ifeg. a, = 0, this gives from (3.3)

)Ly'<f1(ay fl fl 1 e fl(ay)—f(l)l 1 _S_2A
1—a? l——a” Y |
and analogously for a, < 0. Hence from (3.8)
m—1 v
gm(t) — 2 ng < 12Ame-Tn
r=1 9n,1(t, au)
or rather
(3.9) Finll) ~ M(t_) < 12 Ame—Vn
q(m—l)n(t) i
for -1 <¢t<1.

4. In order to estimate | f1(8) — gm(?) | for [—1, 1] we shall need the
following

Lemma. For the above-defined f[,(t)-function and m = 4 for a suitable
Pom(t) = g¥m(t) we have for —1 < t < 1 the inequality
1 24A)4 n
BT Ry e LY
m

For the proof we remark first that f,(¢) is approximable by a g (¢)-poly-
gon, convex from above and then ,rounding off” the corners and adjusting
slightly the sides we get a function £(f) nonnegative and convex from above,
everywhere derivable with strictly decreasing derivative, satisfying in —1 <
< t < 41 the inequality

(4.1) | A0) — k(@) | < —

2m?2

moreover we have
(4.2) |[E@) | = 2A4.
Drawing the tangents of y = k(¢) which have with the positive {-axis an angle

of the form vgit (» =0, +1,...) they form an open polygonal line, convex
m .

from above, consisting of / << m sides. Considering the projections P, of the
tangential points on the #-axis with addition of at most m further equidistant
P-points we can attain that the distance of any two consecutive P’s (including

the points +1) is
(4.3)

lIA

£
~
Drawing the tangents also in the @-points, corresponding to the new P-points,

we obtain an r-gon with » < 2 m, tangential to the graph of y = k(t) with the
property (4.3); this will be g5 m(t). Moreover owing to the convexity of k(¢)

the angle of any two consecutive sides is > 7 — i . We enumerate the new
m
and old tangential points in decreasing order again by @, . . ., @,, their projec-

tions by P, . .., P,; in addition, if necessary, take also the points Q(1, (1))
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and @,,(—1, #(—1)) and denote the point of intersection of the tangents in
@, and @, by R,. Then the triangles @, @,, R, contain the whole graph
of y = k(¢) and if the perpendicular from R, to the f-axis cuts @, Q,,, in the
point S, then we have

(4.4) | max g¥,(¢) — k(¢) | < max R,S, .
—1<t<1 v

Denoting the inclination of @, @,,; by ¢, so that from (4.2)
(4.5) Itgpl<24,

the angle @, B, @,., by (= — (), where from the construction

(4.6) I
m

and the angle @, @,., R, by a, so that

(4.7) 0<a< B;

simple trigonometry gives

Iy 5 0 sin (f — a) {sin (a + ¢) — sin ¢} ;

v v

R,

v

cos @ sin f8
From this one gets easily
e Pbeiid ey AT

m2

— 8
RS, <— -
m cosg@ m

2

This, (4.4) and (4.1) prove the lemma.
5. Now we can complete the proof of our theorem. Applying (3.9) with
2 m instead of m and also the lemma we get for —1 <7 <1

(%) — Mﬂ) ’ < 24mAe-Vn —{—‘(l_l—_sziz'
l q@em—1yn(?) o
Using (3.1) we get for —1 < ¢ < +1 the inequality
(5.1) ]fa) —f’<_>ﬁ| & 0 e 5 Bl
q(Zm—1)n(t) m?2

So far m and n were arbitrary integers > 4. Now we want approximate
f(¢) by rational functions of degree < N. We choose for NV > 100

Frevr)
B = -
(5.2) | 20log® N

n = [91og? N].
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Then we have

2m —1n+1<2mn<N,

further
~ 1
meIn < — ———
NZ%log* N
and

1 10%log*N

et

m? N2

This and (5.1) prove our theorem.

(Received July 16, 1964)

0 KOHCTPYKTUBHOW TEOPUU ®YHKLUMA 1

P. SZUSZ u P. TURAN

Peslome

mh(x)
¥ ()
uusi crenenu n, K,(f) cootB. R,(f) naunyumee npubimxeHue, B cmbicie Yebbl-
1eBa, HenpepbiBHON GyHKuuK f(x) B [—1,1], ¢ MOMOIbI0O MHOTOYJIEHOB CTelleHH
7, COOTB. PALMOHAJILHBIMU (PYHKLMSIMU CTereHn 7, u eciu C KaKoi-Hubyab moj-
KJlacC HeNpepbiBHbIX (YHKLMIA, TO

[lycTb 7,(x) MHOTOUJIEH CTENeHU 7, 7p(X) = paumoHanbHasi QyHK-

sup En(/) == En(C)
fec

sup R,(f) = Rn(C) .
fec
Pacnpocrpaneno, uto R,(C) He MO)KeT OBITb «CYLLECTBEHHO» Jyylue, yeM £, ,,(C),

KOJIMUeCTBEHHOW (JOPMOM 3TOr0 yTBEPIKAEHUST SABJISIETCsl TOT (BaKT, co00UIeHHBIN
NEWMAN -oM, uT0 ecan 0 << a <1, TO C OJHON CTOPOHBI

E,(Lip a) < a(@) (C. BepHWITENH)
na

C JPyroi CTOPOHBI

Bl o o B8
n® log n

B mnepBoii 3ameTKe HammMxX cOOOLIEHMH MBI TOKa)keM, uto ecyu K sBIsieTcsl B
[—1, 4-1] BRIIYKJIBLIM U € J1I000€ I0JI0YKUTEJIbHOE YKCII0, Toraa B [—1 4 &, 1 — €]
wist f€ K

exle, ) logt n

7'!2

R.(f) <

17 A Matematikai Kutat6 Intézet Kozleményei IX. 3.
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Korja st noaxonsmero f* € K B [—1,, Y5]

1
n?log?n
Juist opueHTaLMK 3aMeTUM, uTo [x|€ K u B [—1,, 1/,]

B, (f*) >

Bz]) >
n

no C. BEPHWITEWHY, 3HAUUT B

[—14 & 1 —&] pna knacca K npubivyxeHue
¢ TNOMOIBbIO PaLMOHAJIBLHBIX (YHKUMH B nopsodxe jyulle yemM € MHOTOYJIEHAMH.

B janbHeluMX cTaThsiX Mbl IIOKasbiBaeM MoOJI00HOe sIBJeHHE Ha APYIrux MU3BeECT-

HBIX KjaccaX (pyHKLUH, y HEKOTOPBIX KJIaccOB NPpUOJMIKeHMe HAMHOrO JIyyile,
yem y K.
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