A NOTE ON THE GENERATION OF BETA DISTRIBUTED
AND GAMMA DISTRIBUTED RANDOM VARIABLES

by
G. BANKOVI

Summary. In paper [1] M. D. JOENK suggested very interesting methods
for generating beta distributed and gamma distributed random variables. One
of the basic steps of these procedures seems to be, however, rather incon-
venient for using it in a computer. By the simple approximation suggested
here this inconvenience can be avoided in many cases.

JOHNK’s methods. Let { be a beta distributed random variable with
parameters a and f, i.e. with a density function

Ila+0) . =
flo)=——="— 4] 7)1 (0<g<]:a> 0; 8> 0)
I'(a) I'(B)
If both a and B are positive integers the task of generating a sample value
x from the above distribution is quite simple. Let r, .. ., Tatp—1 be namely

the results of a + f — 1 independent observations on the random variable
& uniformly distributed on the interval (0, 1) [in general, when using a computer
“uniform random numbers’” are substituted by ‘“pseudorandom numbers”
based on algebraic methods (see e.g. [14])]. Let r} denote the k-th element
of the ordered sample (£ =1,..., a + f — 1); then

=73

is to be considered.

For the case of non-integral values of the parameters JOHENK proposed
the following procedure:

1. Select a pair of uniform random numbers r; and 7,.

2. Consider z = rlle, y = 716,

3. If x + y < 1 holds then accept # as a random number from a beta
distribution with parameters a and f 4 1 (or in virtue of the symmetry,
accept y as a random number from a beta distribution with parameters a + 1
and f); otherwise reject x and y and return to step 1.

In case of both parameters of the desired distribution are not greater
than 1, the last step of this procedure must be modified in the following way:

3’. If « 4+ y < 1 holds then accept w =

as a random number
x+y

from a beta distribution with parameters a and f; otherwise reject x and ¥

and return to step 1.
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Let y(n) a gamma distributed random variable with density function

1
z)=——gt 1™ O<co< o, n=1).
g9(x) T'm) ( = 1)

As a random number from the exponential distribution (n = 1)
z=|logr]

may be considered, where r is a uniform random number. Other methods of
generating an exponentially distributed random variable can be found in [1],
(4], [5], (71, [8], [11], [12], [15].

In case of n is an integer, y(n) can be represented as a sum of » independ-
ent y(1) variables; a method of generating y(n) based on a quite different
principle is suggested by SiBuYA [12].

For generating y(n) if » is not an integer JOENK proposed the following
representation:

(1) y(n) = y([»]) + »(1)¢,

where [2] denotes the integral part of », { is beta distributed with parameters
n — [n] and [n] 4 1 — n, and the three random variables on the right-hand
side of (1) are independent. (In this way the problem of generating y(n) is
deduced to that of generating {, which is solved above.) S1BUYA [12] referred
to a paper of I. TAkaHASHI (written in Japanese), in which another method
(a rejection technique) is suggested; this method does not seem to be better
than that proposed by JOHENK.

The suggested approximation. The main problem in JOHNK’s procedures
is found clearly in step 2. Then a random number « from the distribution with
density function

(2) Ty —=nslt== (O=mm=c 1 5 i >10)

is needed. The usual method consists in selecting a uniform random number
r and considering

(3) x = rlin — exp [E‘

n

BuTLER ([4], p. 255) is of the opinion that “the root extraction is unpleasant
but may be bypassed by using a rejection method”. In case of n is an integer
this “rejection method” is quite simple and consists in choosing a set of n
uniform random numbers 7, . . ., 7, and considering

(4) & =T (P o i )

For the case of non-integral values of » — as far as I know — no similar
procedure has been suggested. In the following an approximative method will
be described that allows to avoid the use of (3) in this case as well.

Let ¢ (0 <e<1) be a prescribed number and »” a number of form

N 1
(5) n = >— (L =gy = ..:= dy)
=1 Qg
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where each @, (k =1, ..., N) is an integer; obviously for any positive » the
inequality

(6) ln—n" | <e

can be satisfied by a suitable choice of N, ay, ..., ay. When choosing a set
of N uniform random numbers r,, . . ., 7y and considering

(7) o' =max{rd, ..., %),

a random number from density (2) (with parameter #’) is obtained. Namely,
if &, ..., & are independent random variables uniformly distributed on the
interval (0, 1) then

N N
P{max (£p, ..., 8) <y} = I PER<y) = I[ y/==y". (0O<y<])
k=1 k=1

(7) is clearly an extension of (4).

Our proposition is to use (7) instead of (3), whenever the procedure
based on (7) happens to be faster than the usual one [that depends, of course,
on the numbers N and a; (z =1,2,...,N)].

The error of the approximation. The bias caused by using »” instead
of n can be tested in several ways.

1. First we establish the average proportion of biased numbers. Let be
n’ < n. Then

ay =
n:maX(Ef‘,.-., ‘El\j\"sglr),

where &, (k= 1,..., N + 1) are independent uniform random variables, has
the density function (2). So the average proportion of biased random numbers
is given by the probability
i
p(n, n’) = P{ENT > max (&4,. .., N} =
1
— n'J =1 — 2P #) dx =

0

n—n’ £
< —.
n n

It can be shown in a similar way for 2" > n

’

=l €
i

” n
p(n»n)z 2

n n

In other words, on an average at most 1 biased random number will
occur in a series of length [n/e].

2. Another way of investigating the error of the approximation consists
in establishing the minimum sample size S necessary to make us able to discri-
minate (in a statistical sense) between n and »’. More exactly, let {7;} and
{mi} (@ =1, 2,...) be two series of independent random variables with density
functions

nz"~1 and n’z" 1 O<z<l; 0<n” <n),
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respectively. Let be furthermore

s g .
S 3
Sli=te n’(S) ==
n(S) = 1°(S) r
It is easy to see that
n’ n
E(7’(S)) = <—— = E(n(8)), n’ < n),
(n(8)) e (n(9)) ( )

’

n n
n+ 2) (n + 1) S’ + 2)(n" + 12

Let us test the null hypothesis H, that the true value of the parameter
equals » against the simple alternative H” that it equals »n’. The test is based
on a set of § generated random numbers z,, .. ., ;. Having fixed a number

Dz(n(S))IS( » D(’(8)) =

{ n’ n 3
x < Xy X accept H, if
"W ed T el Lt

and reject H, (accept H’) if

In what follows a central limit approach is used, i.e. n(S) and 7’(S) are
considered as if they were normally distributed; the error of this approach can
be neglected if § is very large (S a2 105 — 107, that is practically desired and
can be assured by a suitable accuracy of the approximation). If the strength
of the test (0,, ,) is prescribed (6, and J, denote the error of first kind and the
error of second kind, respectively) a minimum sample size S(zy; 6, 9,), assur-
ing the required strength of the test, belongs to any z,. Let

Smin = min S(xo; 6y, 0,) [ =~ <y < = 1 ; 0< 6y, 0, & 1} -

X n’ +1 n -+

It can be easily seen that for any admissible z, and S the inequalities
173} x(,_—_E_(_n(—S))] =0,

D(7(3))
@(M] 1%
D(7'(3))

must be satisfied, where @( - ) denotes the standardized normal distribution
function. The inequality

(9)  E(n’(8)) + D(n'(8)) 11 — b,) < =z, < E(n(S)) + D(#(8)) D~*(8,)

follows from (8). Since the left-hand term of (9) monotonically increases and
the right-hand term decreases when S decreases, S, can be computed from
the equation obtained by considering in (9) the equality signs.

(8)
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In this way
Mgy 2
/N o - n —q
¥ N(<n+1)]/n,+2¢ (=) — o 41 | S Hsem)
min n =7 e
(10) T n? e <)
~ Pmw)” 2

is obtained, where

clzmin{n,(n+l)2 e )}

n}(n” + 2)  n(n+ 2)
c,_-(@ (1 — &) — DY4,))>.

The case of n” > » can be treated in a similar way resulting in (10).

Although a hmlted decrease of S, ;, can be obtained by using a sequential
test, it may be concluded from (10) that even if many thousand random
numbers are to be generated by the approximative method, there is no reason
to require a greater accuracy than

e~ 1073 n,

since the bias caused by the approximation could be detected (would be signi-
ficant) only on the basis of an extraordinarily large sample size (practically
S a2 108). If only a few hundred random numbers are needed, the accuracy

e~1072m
seems to be quite satisfactory.

On the choice of the numbers @,. The numbers @, in (5) satisfying (6)
can be choosen in infinitely many ways. If » > 1, the choice

&G =...=ap=1

seems to be reasonable. For treating the fractional part of »n (and the case of
0 <n < 1) the following two procedures may be suggested.

1. Using the binary expansion of n (0 <n < 1). The number of digits
to be considered can easily be established, namely by choosing the least one
for which (6) is satisfied; if the first digit of the left term is 1, the rounding
is desirable. In this procedure

. k=1,...,N)

where 1,, . . ., iy are positive integers. NV is the number of 1’s in the binary
representation of n’. The number of multiplications needed to generate a

N
random number according to (7) is relatively small; it equals 3 4.
k=1
2. Let a; be the smallest positive integer for which

1
o 0 <n<l)
a
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holds. Test the inequalities

1
(11) ln—— <é
i a,
and
1 |
(12) n — < E.
! a — 1)

If at least one of (11) and (12) is satisfied, let

1

A s
a — 1

n___
a,

=

1
n — :
a — 1

If none of (11) and (12) is satisfied, consider the smallest positive integer a,
for which

a O
holds. Test the inequalities
1 |
(13) T o
a0
and
(14) ‘n—l~—1 ’<e
a Oy —

If at least one of (13) and (14) is satisfied, let

1 1 . 1 1 1
—t—, if n————| < |(n——— I
R a, Gy ay Ay g ay— 1
n =
1 1 s 1 1
— 4+ sl vif n————gnal—~ L :
a, a,—1 @ Q| a a;—1

If none of (13) and (14) is satisfied, consider a third number @,, and so on.

Numerical examples. The goodness of the above procedures depends on
n and e¢. We treat here some numerical examples to see how many operations
are needed. In approximations (17), (20), (23), (26) the second method is used.

1. n = = ~ 0,785398 .
4

(15) n = 21 .} 2% 4 25 = (,78125,
(16) n = 21 4 272 4 25 - 28~ 0,785156,
(17) B = U 41 & 98- su 0,785714.,



GENERATION OF g AND I' DISTRIBUTED RANDOM VARIABLES 561

3 o= 1 —§~ 0,214602 .

(18) n = 273 4 274 4 275 = 0,21875,
(19) n = 273 4 274 } 276 | 97 } 28 ~ 0,214844,
(20) = 51 + 681 a2 0,214706 .
3. = e 1 ~ 0,367879 .
(21) n = 272 4+ 23 = 0,375,
(22) n = 272 4 274 4 275 4 276 4 277 4 2711 ~ 0,367676,
(23) n’ = 371 + 2971 ~ 0,367816 .
4. n =1—e1 ~ 0,632121.
(24) n = 271 4+ 273 = 0,625,
(25) n = 271 4+ 27% 4 277 ~ 0,632813,
(26) n’ = 271 4 81 4 14071 ~ 0,632143.

The number of necessary operations, the accuracy and S, belonging
to the above approximations can be seen in the following table (we used here
6, = 0,05, 6, = 0,10).

S

Number of
n Ag&%’ﬁ- Uniform Mul- Com- &ln Smin
random tipli- pari-
numbers cations sons
(15) 3 8 2 54-10-3 | 4,4-10°
/4 (16) 4 16 3 3,1+ 104 1,3 - 108
(17) 3 9 2 4,1 - 10—4 7,7 107
(18) 3 12 2 2,0+ 102 7,2 <104
1—n/4 (19) 5 28 4 1,2 1009 2,0 - 107
(20) 2 10 1 4,9 - 10— 1,1 - 108
(21) 2 5 1L 2,0 - 10-2 4,9 - 104
o1 (22) 6 35 5 5,6 - 10— 6,0 - 107
(23) 2 9 1 1,8 - 104 6,1 - 108
(24) 2 4 4 1,2 -+ 10~2 1,0 - 10%
1—e-? (25) 3 11 2 1,15 1078 1,1- 107
(26) 3 13 2 3,6 - 10-8 1,1 - 1080

If n is very small, the number of necessary multiplications can be rather
large.

Discussion. We have mentioned that several methods for generating
exponential random variables can be found in the literature. The main purpose
of these procedures is to avoid the necessity of using the logarithmic trans-
formation which seems to be rather slow in a high-speed computer as compared
to the special tricks suggested.
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The same can be said about the generation of normal random variables;
Box and Muller ([2], [10]) proposed a procedure involving logarithmic oper-
ations. In the last years, however, several fast procedures based on other
principles (decomposition techniques, use of exponential random numbers,
and so on) were suggested [3], [6], [9], [12], [13].

The approximative procedure suggested in this paper necessitates (for
n < 1) about 2—4 uniform random numbers and 10—20 multiplications for
obtaining a random number from density (2); the program is rather simple.
In case of having a fast random number generator this procedure may be
quicker than using logarithmic and exponential subroutines.

The bias caused by the approximation can be made quite negligible; in
many cases the parameter » is only an estimate and thus a greater accuracy
of the used technique would be superfluous.

(Received August 6, 1964.)
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0 MOJIYYEHHUHM CJIYUAWHBIX BEJIMUUH C
BETA-PACIIPEJAEJIEHUEM W I'AMMA-PACIPEJEJIEHHUEM

G. BANKOVI
Pe3ome

B pa6ore [1] M. D. JOHNK npejuiaraer MeToJbl sl N0JyuyeHUs1 Cilyyaii-
HBIX BeJIMUUH ¢ OeTa-pacrpejiesieHieM U ramma-pacnpejeseruem. OuH u3 1aros
ero NpoLeayp COCTOMT B TOJyYeHUH CJIyYailHBIX BEJIMUMH C IUJIOTHOCTLIO (2).
3ajaua peruaercsi npeobpagoBaHuem (3), Ije r — paBHOMEPHO pacnpejieieHHoe
cayyaiiHoe 4ucso. Ita npoueypa TpedyeT NpUMeHeHUsl MONPOrpaMm Jiorapud-
MUUECKOH M MOKasaTeJabHOH QyHKUMIA, M TaKkum 06pasoM, OHa OKa3biBaeTCsl He-
YA00HBIM (Me/UIeHHBIM) JUIsl OBICTPOACHCTBYIOIMX MAaILKH.

B Hactosimeit pabore Bo usbeykaHue npumeHeHusi (3) mpejsiaraercst Npu-
OnusutenbHbIi MeTo (7), Tjie 74, . .., ¥y — PAaBHOMEpPHO paclipe/leJleHHbIe CJIyuaii-
Hble yucia, a a@,, ..., @y — IO03UTHBHBIE Lesble yucia. OLeHuBaeTcsl OlKMOKa
npubmKenusi. HecKOoJIbKO UYMCJIeHHBIX IPUMepOB I0KA3bIBAIOT YUCJIO Heo0-
XOJMMBIX oOmnepauuil y npuOiMyKeHuid pasHoil TOUHOCTH.
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