
A NOTE ON THE GENERATION OF BETA DISTRIBUTED 
A N D GAMMA DISTRIBUTED RANDOM VARIABLES 

by 
G. BÁNKÖVI 

Summary. I n paper [1] M. D. JÖHNK suggested very interest ing m e t h o d s 
for genera t ing b e t a d is t r ibuted and g a m m a dis t r ibuted r a n d o m variables. One 
of the basic s t eps of these procedures seems to be, however , ra ther incon-
venient for us ing it in a compute r . By t h e simple approx imat ion sugges ted 
here this inconvenience can be avoided in m a n y cases. 

J Ö H N K ' S methods. L e t С be a be ta d is t r ibuted r a n d o m variable w i t h 
parameters a a n d ß, i.e. w i th a density f u n c t i o n 

f i x ) = r ( a + ß) ^ - 1 ( 1 _ x y - i (o < x < 1, a > 0, ß > 0) 
r ( a ) T ( ß ) 

I f bo th a a n d ß are posi t ive integers t he t a s k of genera t ing a sample v a l u e 
x f r o m the a b o v e dis t r ibut ion is quite s imple . Let r v . . ., ra+ß_4 be n a m e l y 
t h e results of a + ß — 1 independent observat ions on t h e random va r i ab le 
I uniformly d i s t r ibu ted on t h e interval (0, 1 ) [ in general, when using a c o m p u t e r 
"un i fo rm r a n d o m n u m b e r s " are subs t i t u t ed by "pseudorandom n u m b e r s " 
based on a lgebra ic methods (see e.g. [14])]. Le t denote t he 4-th e l e m e n t 
of the ordered sample (4 = 1, . . ., a -j- ß — 1); then 

x = r* 

is to be considered. 
For t h e case of non-integral values of t h e parameters J Ö H N K p roposed 

t h e following procedure: 
1. Select a pair of un i fo rm random n u m b e r s rx a n d r2. 
2. Consider x = гЧа , у = rW . 
3. If x + у TL 1 holds t h e n accept x a s a random n u m b e r f rom a b e t a 

dis t r ibut ion w i t h parameters a and ( 3 + 1 (or in v i r tue of the s y m m e t r y , 
accept y as a r a n d o m n u m b e r f r o m a be ta dis t r ibut ion wi th parameters a -f- 1 
a n d ß); o therwise reject x a n d у and r e t u r n t o step 1. 

In case of both pa rame te r s of the des i red dis t r ibut ion are not g r e a t e r 
t h a n 1, t he l a s t s tep of this procedure m u s t be modified in t h e following w a y : 

x 
3'. I f x + у + 1 holds t h e n accept w = as a random n u m b e r 

х + у 
f r o m a be ta dis t r ibut ion wi th parameters a a n d ß; otherwise reject x a n d у 
a n d re tu rn t o s t ep 1. 
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Let y(n) a gamma d i s t r ibu ted r a n d o m variable wi th dens i ty func t ion 

g(x) = x"~1 e~x (0 < x < oo , « > 1 ) . 
Г(п) ~ 

As a r a n d o m number f r o m the exponen t ia l d is t r ibut ion (n = 1 ) 

x = I log r I 

m a y be considered, where r is a uniform r a n d o m number . Other me thods of 
generating a n exponent ia l ly dis t r ibuted r a n d o m variable can be found in [1], 
[ 4 ] , [ 5 ] , [ 7 ] , [ 8 ] , [ 1 1 ] , [ 1 2 ] , [ 1 5 ] . 

In case of n is an in teger , y(n) can be represented as a sum o f « independ-
en t y(l) var iab les ; a m e t h o d of genera t ing y(n) based on a quite d i f f e r en t 
principle is suggested by S I B U Y A [ 1 2 ] . 

For genera t ing y(n) if n is not an in teger J Ö H N K p roposed the following 
representat ion : 

(1) y w = 7 ( w ) + y ( i ) c , 

where [«] deno tes the in tegra l pa r t of «, С is be ta d i s t r ibu ted with p a r a m e t e r s 
« — [и] a n d [« ] -f- 1 — », a n d the three r a n d o m variables on the r i g h t - h a n d 
side of (1) a r e independent . (In this w a y t h e problem of generating y(n) is 
deduced t o t h a t of genera t ing which is solved above.) S I B U Y A [12] r e fe r red 
to a paper of I . T A K A H A S H I (written in Japanese) , in which another m e t h o d 
(a rejection technique) is suggested; th is m e t h o d does n o t seem to be b e t t e r 
t h a n t h a t p roposed by J Ö H N K . 

The suggested approximation. The m a i n problem in J Ö H N K ' S p rocedures 
is found c lear ly in step 2. T h e n a random n u m b e r x f r o m t h e dis t r ibut ion w i th 
density f u n c t i o n 

(2) f(x) = » x " " 1 (0 < x < 1 ; » > 0) 
is needed. T h e usual m e t h o d consists in selecting a un i fo rm random n u m b e r 
r and considering 

(3) x = = e x p i l o g r l 

» 
B U T L E R ( [ 4 ] , p. 2 5 5 ) is of t h e opinion t h a t " t h e root ex t rac t ion is u n p l e a s a n t 
bu t may be bypassed b y u s ing a rejection m e t h o d " . In case of » is an in teger 
this " re jec t ion me thod" is qu i te simple a n d consists in choosing a se t of » 
uniform r a n d o m numbers rv . . ., rn and considering 

( 4 ) a; = max (rv . . ., rn) . 

For t h e case of non- in tegra l values of » — as far as I know — no s imi lar 
procedure h a s been suggested. In the following an approx imat ive m e t h o d will 
be described t h a t allows t o avoid the use of (3) in this case as well. 

Let e (0 < e <<£ 1) b e a prescribed number a n d » ' a number of f o r m 
N 1 

( 5 ) » ' = 2 — ( 1 s «X ^ • • • ^ a N ) 

k=l «к 
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where each ak (k = 1, . . N) is an integer ; obviously for a n y positive n t h e 
inequal i ty 

(6) i n — n ' i < e 

can be sa t i s f ied by a su i t ab le choice of N, ax, . . ., aN. W h e n choosing a se t 
of N un i fo rm random n u m b e r s rx, . . ., rN a n d considering 

(7) x ' = max (»f., . . . , r a
N » ) , 

a random n u m b e r f rom dens i t y (2) (with pa rame te r n') is obta ined. N a m e l y , 
if . . ., |дг are independen t r a n d o m var iables uni formly d is t r ibuted on t h e 
interval (0, 1) then 

P{max (£?• <y}= LJ P(Í?* < y) = JJ = у"' . (0 < у < 1). 
k=l fc=i 

(7) is clearly a n extension of (4). 
Our proposit ion is t o use (7) ins tead of (3), whenever the p rocedure 

based on (7) happens to be f a s t e r than t h e usual one [ t ha t depends, of course, 
on the n u m b e r s N and а,- (г = 1, 2, . . ., W)]. 

The error of the approximation. T h e bias caused b y using n' i n s t ead 
of n can be t e s ted in several ways. 

1. F i r s t we establish t h e average propor t ion of b iased numbers . L e t b e 
n' < n. T h e n 

i 
r, = m a x (Í?., . . ., , 

where £k (k = 1, . . ., N + 1) a re independent uniform r a n d o m variables, ha s 
t h e densi ty func t ion (2). So t h e average p ropor t ion of biased random n u m b e r s 
is given b y t h e probabi l i ty 

i 
p(n, n') = P{!&-+"/> m a x ( i f , . . &*)} = 

i 

= n' Г х"'-Ц1 - x"-"')dx=n~ П' < - . 
J n n 
0 

I t can be shown in a similar way for n' > n 

, .. n' — n e 
p(n, n') = < — . 

n' n 
In o the r words, on a n average a t m o s t 1 biased r a n d o m number will 

occur in a series of length [я/е] . 
2. A n o t h e r way of invest igat ing the er ror of the approx imat ion consists 

in establishing the min imum sample size S necessary to m a k e us able to discri-
mina te (in a stat is t ical sense) between я a n d я ' . More exac t ly , let {?),•} a n d 
{ r ú } (г = 1 , 2 , . . .) be two series of independent random var iables with dens i ty 
funct ions 

я х " - 1 and я ' х " ' - 1 (0 < x < 1 ; 0 < n' < я ) , 
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respectively. Let be fu r thermore 

7,(8) 

s 
2 vi  i = i 

s 
2 vi 

s V ' ( S ) = 
1=1 
s 

I t is easy t o see that 

E (V'(S)) = 
n 

d ь ( 8 ) ) = 
n 

8(n + 2 ) (ft + 1) 

< 

ft' + 1 ft + 1 

, 0 2 ( r , ' ( s ) ) 

= e (r,(S)), ( f t ' < ft) , 

ft 
S(n' + 2 ) ( f t ' + l ) 2 

Let us tes t the null hypothesis H 0 t h a t the true va lue of the pa ramete r 
equals n agains t the simple alternative H ' t h a t it equals ft'. The test is based 
on a set of S generated r a n d o m numbers xv . . ., a;s. Hav ing fixed a n u m b e r 

accept H0 if 
ft' + 1 

< ж0 < -
1 

and reject H0 (accept H j if 

2 Xi ^ Sx0  
;=i 

2 Xj < Sx0 . 
1 = 1 

In w h a t follows a centra l limit approach is used, i.e. r,(S) and rj'(S) are 
considered as if they were normally dis t r ibuted; the error of this approach can 
be neglected if S is very large (S 105 — 107, tha t is practically desired and 
can be assured by a sui table accuracy of the approximation). If the s t rength 
of the tes t (ő1( ô2) is prescribed (Ô, and ô2 denote the error of first kind a n d the 
error of second kind, respectively) a min imum sample size S(x0; dv ô2), assur-
ing the required strength of the test, belongs to any x0. Le t 

л и п = m i n e(x0; ôv ô2) 
xo 

ft 
ft' + 1 

< X0 < 
ft 

ft + 1 
; 0 < ô v ô2 « 1 

I t can be easily seen t h a t for any admissible x0 and S t h e inequalities 

(8) 
Ф 

Ф 

E (V(S))\ 

d (r,(s)) ! 

(x0 - E(y'(S)) 

g ôx 

^ 1 
d ( r , ' ( 8 ) ) 

denotes t h e standardized normal distr ibution must he satisfied, where Ф( 
function. The inequality 

(9) E ( V ' ( S ) ) + D ( r , ' ( S ) ) Ф-Ц1 - ô2) g x 0 g E(r,(S)) + D ( ^ ) ) Ф'Цд,) 

follows f r o m (8). Since t h e left-hand t e rm of (9) monotonically increases and 
the r ight -hand term decreases when S decreases, $ т , П can be computed f rom 
the equat ion obtained by considering in (9) the equali ty signs. 
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ô2) - (п' + 1) n + 2 4 17 \ > 
n — n 

(10) > п с 2 ( я / < я ) 

p \ n , n ' ) £2 

is obta ined, where 

cx = m m n'(n + l ) 2 ( т е ' - f l ) 2 

n \ n ' + 2) те(те + 2) 

c 2 = (ф-!(1 - ô2) - ф - ц 0 х ) у . 

The case of n' LL n can he t r e a t e d in a similar w a y resulting in (10). 
A l though a limited decrease of <S'mjn can he obta ined b y using a sequent ia l 

test , i t m a y be concluded f rom (10) t h a t even if m a n y thousand r a n d o m 
numbers a re t o be genera ted b y the approx imat ive m e t h o d , there is no reason 
to require a greater accuracy than 

£ ^ 1 0 " 3 n , 

since the b ias caused b y t h e approx imat ion could be de t ec t ed (would b e signi-
f icant) on ly on the basis of an ext raordinar i ly large s amp le size (pract ical ly 
S ^ 10e). I f only a few h u n d r e d r a n d o m numbers a re needed, the accuracy 

£ ^ 1 0 - 2 П 
seems to b e qui te sa t i s fac tory . 

On the choice of the numbers ak. T h e numbers ak in (5) sa t i s fy ing (6) 
can be choosen in inf ini te ly many ways . I f n + 1, t h e choice 

« ! = • • • = = 1 

seems to be reasonable. F o r t reat ing t h e f ract ional p a r t of n (and t h e case of 
0 < n < 1) t h e following t w o procedures m a y be suggested. 

1. Us ing the b inary expansion of те (0 < те < 1). T h e number of digits 
to be considered can easi ly be established, namely b y choosing the leas t one 
for which (6) is satisfied; if the first d ig i t of the lef t t e r m is 1, the round ing 
is desirable. I n this p rocedure 

ak= 2'* ( 4 = 1 , . . . , N) 

where iv . . ., iN are pos i t ive integers. N is the number of l ' s in t h e b ina ry 
representa t ion of те'. T h e number of mult ipl icat ions needed to g e n e r a t e a 

N 
random n u m b e r according t o (7) is re la t ive ly small; i t equals 2 Ú--

k=l 
2. L e t ax be the smal les t positive integer for which 

— 9 n (0 < те < 1) 
a. 
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holds . Test t h e inequalities 

( И ) 

a n d 

(12 ) 

< e 

n < e . 
i 

I f a t least one of (11) and (12) is satisfied, le t 

1 

n' = 

«j — 1 

- , if 

if 

1 1 
n — - — < n — 

«1 ay - 1 

1 1 
n n 

1 
ay ay - 1 

I f none of (11) a n d (12) is sa t i s f ied , consider t h e smallest posi t ive integer a,2 
f o r which 

holds . Test t h e inequalities 

( 1 3 ) 

a n d 

( 1 4 ) 

1 1 
— + — ^ n 
a, a, 

1 1 
п < £ 

1 1 
n  

a •i a2 — 1 
< £ . 

I f a t least one of (13) and (14) is satisfied, le t 

I + -

1 
if 

1 1 1 
) if n  < n — — 

a2 ay a.2 ay 

if 
1 1 1 

У 
1 

if n  > n  У 
1 ay «2 ay 

a , 

« 2 — 1 

I f none of (13) a n d (14) is sa t i s f ied , consider a th i rd n u m b e r a3, and so on. 

Numerical examples. T h e goodness of t h e above procedures depends on 
n a n d £. We t r e a t here some numerica l e x a m p l e s to see how m a n y operat ions 
a r e needed. I n approx imat ions (17), (20), (23), (26) the second method is u sed . 

1. n = 0,785398 . 
4 

(15) 

( 1 6 ) 

(17) 

n' = 2 - 1 + 2 - 2 + 2~5 = 0,78125, 

n + 2-2 + 2~5 

n' = 2~x + 4 _ 1 + 28" 1 

2 - 8 ^ 0,785156 

^ 0,785714 . 
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2. n = 1 — — ^ 0,214602 . 

4 

(18) n' = 2 " 3 + 2"4 + 2~ 5 = 0,21875 , 

(19) n' = 2 " 3 + 2"4 + 2 " 6 + 2"7 -+ 2"» ^ 0,214844 , 

(20) n' = 5 _ 1 + 68" 1 ^ 0,214706 . 

3. n = e " 1 ^ 0,367879 . 

(21) n ' = 2 - 2 + 2"3 = 0,375 , 

(22) n' = 2 " 2 + 2" 4 + 2 - 5 + 2" e + 2 - ' -f 2" 1 1 ^ 0,367676 , 

(23) n' = 3 _ 1 + 2 9 _ 1 ^ 0,367816 . 

4. n = 1 — e " 1 ^ 0,632121 . 

(24) n ' = 2 _ 1 + 2" 3 = 0 , 6 2 5 , 

(25) n ' = 2 - 1 + 2-3 + 2~7 ^ 0,632813 , 

(26) n ' = 2 - 1 + 8 _ 1 + 14СГ1 ^ 0 ,632143 . 
The n u m b e r of necessary operations, t h e accuracy a n d $ m l n belonging 

t o t h e above approx imat ions can be seen in t h e following t a b l e (we used he r e 
4 = 0,05, <52 = 0,10). 

Number of 

n Approxi-
mation Uniform 

random 
numbers 

Mul-
tipli-

cations 

Com-
pari-
sons 

ejrt ^mio 

я / 4 
( 1 5 ) 
( 1 6 ) 
( 1 7 ) 

3 
4 
3 

8 
16 

9 

2 
3 
2 

5 ,4 • Ю - 3 

3,1 • 1 0 - 4 

4 ,1 • 1 0 - 4 

4 , 4 • 10» 
1 , 3 • 10« 
7 , 7 • 10' 

1 — л / 4 
(18 ) 
( 1 9 ) 
( 2 0 ) 

3 
5 
2 

12 
2 8 
10 

2 
4 
1 

2 ,0 • IO"2  

1,2 • IO"3  

4 ,9 • 1 0 - 4 

7 , 2 • 104  

2 , 0 • 10' 
1 , 1 • 10» 

е - 1 
( 2 1 ) 
( 2 2 ) 
( 2 3 ) 

2 
6 
2 

5 
3 5 

9 

1 
5 
1 

2 ,0 • IO"2  

5,6 • 1 0 - 4  

1,8 • 1 0 - 4 

4 , 9 • 104  

6 , 0 • 10' 
6 , 1 • 108 

1 - е " 1 
( 2 4 ) 
( 2 5 ) 
( 2 6 ) 

2 
3 
3 

4 
11 
13 

1 
2 
2 

1,2 • IO"2  

1,1 • IO"3  

3,6 • 1 0 - » 

1 , 0 • 10» 
1 , 1 • 10' 
1 , 1 • 101 0 

If n is ve ry small , the n u m b e r of necessary mult ipl icat ions can be r a t h e r 
large. 

Discussion. W e have men t ioned t h a t severa l me thods for genera t ing 
exponent ia l r a n d o m variables can be found in t h e li terature. T h e main pu rpose 
of these procedures is to avoid t h e necessity of using the logar i thmic t r a n s -
fo rmat ion which seems to be r a t h e r slow in a high-speed c o m p u t e r as compared 
t o t h e special t r i cks suggested. 
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T h e s a m e can b e s a i d a b o u t t h e g e n e r a t i o n of n o r m a l r a n d o m v a r i a b l e s ; 
B o x a n d M u l l e r ([2], [ 1 0 ] ) p r o p o s e d a p r o c e d u r e i n v o l v i n g l o g a r i t h m i c ope r -
a t i o n s . I n t h e l a s t y e a r s , h o w e v e r , s e v e r a l f a s t p r o c e d u r e s b a s e d o n o t h e r 
p r i nc ip l e s ( d e c o m p o s i t i o n t e c h n i q u e s , u s e of e x p o n e n t i a l r a n d o m n u m b e r s , 
a n d so o n ) w e r e s u g g e s t e d [3], [6], [ 9 ] , [12 ] , [13]. 

T h e a p p r o x i m a t i v e p r o c e d u r e s u g g e s t e d in t h i s p a p e r n e c e s s i t a t e s (for 
n < 1) a b o u t 2 — 4 u n i f o r m r a n d o m n u m b e r s a n d 10 — 20 m u l t i p l i c a t i o n s fo r 
o b t a i n i n g a r a n d o m n u m b e r f r o m d e n s i t y (2); t h e p r o g r a m is r a t h e r s i m p l e . 
I n case o f h a v i n g a f a s t r a n d o m n u m b e r g e n e r a t o r t h i s p r o c e d u r e m a y be 
qu i cke r t h a n u s i n g l o g a r i t h m i c a n d e x p o n e n t i a l s u b r o u t i n e s . 

T h e b i a s c a u s e d b y t h e a p p r o x i m a t i o n can b e m a d e qu i t e n e g l i g i b l e ; in 
m a n y c a s e s t h e p a r a m e t e r n is on ly a n e s t i m a t e a n d t h u s a g r e a t e r a c c u r a c y 
of t h e u s e d t e c h n i q u e w o u l d h e s u p e r f l u o u s . 

( R e c e i v e d A u g u s t 6, 1964.) 
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О ПОЛУЧЕНИИ СЛУЧАЙНЫХ ВЕЛИЧИН С 
БЕТА-РАСПРЕДЕЛЕНИЕМ И ГАММА-РАСПРЕДЕЛЕНИЕМ 

G. BÁNKÖVI 

Резюме 

В работе [ 1 ] M . D . J Ö H N K предлагает методы для получения случай-
ных величин с бета-распределением и гамма-распределением. Один из шагов 
его процедур состоит в получении случайных величин с плотностью (2). 
Задача решается преобразованием (3), где г—равномерно распределенное 
случайное число. Эта процедура требует применения подпрограмм логариф-
мической и показательной функций, и таким образом, она оказывается не-
удобным (медленным) для быстродействующих машин. 

В настоящей работе во избежание применения (3) предлагается при-
близительный метод (7), где rv ..., rN — равномерно распределенные случай-
ные числа, a av ..., aN — позитивные целые числа. Оценивается ошибка 
приближения. Несколько численных примеров показывают число необ-
ходимых операций у приближений разной точности. 
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