ON THE FUNCTION ¢(¢) = lim sup (f(x + ¢) — f(x))
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by
T. CSISZAR and P. ERDOS

The following problem has occured in the theory of regularly increasing
functions:!
If for a real-valued measurable function f(z) the quantity

(1) glty= Timiup (e - &) < 1))
is finite for every possible ¢, does this imply that the function ¢(¢) is bounded
in every finite interval?

The aim of the present note is to show that

a) if (1) 2s finite for every real number t, then g(t) is bounded in every
finite interval ;

b) if (1) is finite for every positive number t, then g(t) is bounded in every
closed subinterval of the open half-line (0, + o) but not necessarily bounded in
the neighbourhood of 0.

Case a) Suppose that g(¢) is not bounded in some finite interval /; then

there exists a sequence of real numbers ¢, € I suchthatg(t,) >n(n=1,2,...).
Then, by (1), one could find a sequence z, — + oo such that
(2) f(xn + tn) — f(xn) > n (=02l

Take now an arbitrary finite interval J and consider the sets
n
el AL Tl i gl L

Yon = {y:f(xn+tn>—f<xn+y>>§; y €3

These sets are measurable for each n, and since by (2) ¥;,U Yy, = J,

we have either u(Y, ) = % p(J) or u(Y,,) = % w(J) or both (u denotes the

Lebesgue measure).

! The problem was told to P. ERDGs by R. Bosanic and J. KARAMATA. In a paper
of W. MaTuszewsKkA (Regularly increasing functions in connection with the theory of
L*?-gpaces, Studia Math. 21 (1962) 317—344) a proof of statement a) is given; in it,
however, there is a gap: g(t) is implicitely assumed to be measurable, although the
measurability of f(¢) does not imply the measurability of g(t).
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Put now
(4) Zn={z:f(xn-{—tn)—-f(x,,—}—t,,—z)>%;t,,—zEJ}.
Then obviously u(Z,) = u(Y, ) and thus we have either
(5) (Y n) = % w(J) infinitely often
or
(6) wWZy) = % w(J) infinitely often

(or both), where all the Y, ,’s and Z,’s are subsets of a fixed finite interval.
This clearly implies the existence of a real number ¥, or z, contained in infinite-
ly many Y, , or Zj, respectively.”? But then — by the definitions (3), (4) and
(1) — we would have g(y,) = -} o< or g(z,) = oo, respectively, contradicting
to the assumed finiteness of g(¢).

Case b) The first statement follows in the same way as in case a). We
only have to place the interval J between the point 0 and the interval I; then,
if the statement were false, one would obtain a positive number ¥, or z,, with
9(y,) = oo or g(z,) = +oo. Now we show by a counterexample, that g(¢)
need not be bounded in the neighbourhood of 0. Let us define the function
f(x) in the following way:

f0) = —2 _
f2n—1)=f(2n) = — 2"*1 fi=11,2; 55 )
Further put forn =1, 2, ...
f(2n*1—]—21—k =f(2n—1)+ 2= —2M14 2k (k=a,n—1,...,1)
and
N T —f(2n e S
on \ 2"J ;

For any other nonnegative value z define f(x) by linear interpolation (see
Figure 1). Then it is easy to see that

g / = 2"

1
2n

1] :
—J = lim sup

on X—>iee

x+—y4m

and for t > % we have g(¢) < 2". Thus g(¢) is finite for every positive number

t but obviously

lim g(¢) = 4o .
t—+0
i) If A,(n=1,2,...) are arbitrary measurable sets with wu(A4,) = a and

u( U 4,) < + oo, then p(lim sup 4,) = lim yu ( Cl A = as
n=1 k—>e n=k

n—eco
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Remarks.

1. The assumption that g(f) is finite for every real ¢ is obviously equi-
valent with the assumption that

At) = lim sup | f(x + ¢) — f(2) |

X—>+ oo

is finite for every positive ¢. Thus also the latter condition implies the bounded-

ness of g(¢) — and of A(¢f) — in every finite interval. In the counterexample
given above A(f) = -+ oo for every ¢.
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2. If we do not assume the measurability of f(z), then ¢g(¢) can be finite
for every real ¢ without being bounded in any interval. That is the case e.g.
for any non-measurable solution of the Cauchy functional equation f(z + y) =

= f(z) + f(y).
(Received October 26, 1964.)
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0 ®YHKUHUH g(t) = lim sup (f(z + ) — f(x))
Xt oo

I. CSISZAR u P. ERDOS
Pesiome

Ilyctb f(xr) — wu3Mepumasi BellecTBeHHAass QYHKUMS U I0JIOYKUM
g(t) = li;nfup (flx 4 t) — f()) -

JloKa3biBalOTCSl  CJIe/lyIOlMe YCTaHOBJICHUS:

a) ecau (pynryus g(t) KoHeuna npu A000M 6eLJecmMEeHHOM t, MO OHA ABAA-
emesl 02paHU4eHHOL 6 A000M KOHEUHOM UHIMepeae ;

0) ecau ¢pynxyus g(t) konedHa npu M0O0M NOAONCUMEAbHOM ¢, MO OHA
ABASEMCA 02PAHUYCHHOU 6 A060M 3aKPLLMOM NOOUHIMEPEAAe OMKPbIMO20 UHMep-
sana (0, 4-c0); HO He Ooancna Obimb 02panuderHol 6 okpecrocmu 0.
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