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Introduction

Let &, &, ..., &, ... be a sequence of identically distributed random
variables. We suppose that the common distribution of the random variables
&, depends on a parameter O, which itself is also a random variable. In the
present paper we restrict ourselves to the case when O is a discrete random
variable; we shall denote the possible different values of @ by ¢, 4, ..., ¢,.
We shall suppose further that the random variables &, (n =1,2,...) are
independent and identically distributed under each of the conditions © = ¢;
(=1,2,...,7) and denoting by Fj(x) the conditional distribution functlon
of the variables &, under the condltlon @ = t;, we suppose that Fj(x) and
F,,( ) are not identical if j = A. Let P(O = ¢;) = w; (j =1, 7) denote the
prior probability of O taking on the value t Wlthout restrlctlng ‘the generality
we may suppose w; > 0 for j=1,2,...,7. WedenotebyI == T illEy o o 2:8n), 6)
the amount of information concernlng the (unknown) value of O con-

tained in the sequence of random variables &, &, ..., &,. As well known
(see [1], [2], [3]) I, is defined by
(1) In=T((& ... &), 0) = H(O) — M(H(O|&,, ..., £)).

Here and in what follows for any (discrete) random variable 7 we denote by
H(n) the entropy of n, ie. if y,, ..., y, are the values taken on by 7 and

Pln=y)=p;(i=12,...r) we put
r 1
(2) H(7) = 3 p;log —.
Jj=1 DPj

(Here and in what follows P(A4) denotes the probability of the event 4 and
log denotes the logarithm with base 2.) If { is an other random variable we
denote by H(n|{) the conditional entropy of n given the value of T, i.e. we put

3 Hig[= SPin=y|t)log——
3) ()= 3 Pln=py18) log s

where P(A4|0) denotes the conditional probability of the event 4 given the
value of {. H(7|{) is of course itself a random varlable, as its value depends
on the value taken on by (. We denote by M(...) the mean value of the
random variable in the brackets.Thus M(H(O |&1s « - -» £n)) denotes the average
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uncertainty which remains with respect to @ after observing the values
B Eaiie s s
The first author suggesting the use of the quantity I, in statistical
problems was — according to our knowledge — D. V. LINDLEY [4].
The aim of the present paper is to prove that for n — oo I, tends to
H(0) in such a way that there exist constants 4 > 0 and ¢ (0 < ¢ < 1) so that

(4) 0<H(O) —I,< Aq"

and to consider some consequences of this fact.

§ 1. Estimation of the amount of information obtained from
observations

We shall restrict ourselves to the case when the random variables &, have
a finite discrete distribution. For the sake of the simplicity of notation we
suppose that the possible values of the variables &, are the integers 1, 2, . . ., s.
This is no essential restriction, because if the distribution of the variables
&, under condition @ = ¢; is different for each j, then one can find a Borel-
measurable function g(z) taking on only a finite number of different values,
such that the conditional distribution of the variables g(&;) = &f under con-
dition @ = ¢; is different for each j and one has evidently

1.1) Pl < By O 2L l(08, -« i &3), @)
Thus if we prove that
(1.2) 0= H(O) — L((&, .. .. &), ) = A¢"

this implies
(1.3) 0< H@) — I(¢, ..., &) 0)< Ag"
Moreover one has

(1.4) I((§ - - - &n), ©) = sup I((&%, .. ., &), O),
4

where the supremum has to be taken over all possible choices of the function g.
By the way, this remark shows, that if we observe the random variables &,
with the single aim of collecting information with respect to @, we may round
off in an appropriate way the observed values &, with no serious loss of infor-
mation.

We shall need an elementary inequality, contained in the following

Lemma. T'here exists a universal constant C > 0 such that for any sequence
D1y - - - PN Of positive numbers forming a probability distribution (i.e. for which
Py + P+ ...+ py=1) we have

N 1 N o
(1.5) Splog—<C NVps.
k=1 Pk k=2
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xlog% (1 — 2) log1
Proof of the lemma. Clearly both — and e S

V= [

continuous in the closed interval [0, 1]. Putting

1
x log;
(1.6) ; C, = Max =
o=x=t |z
and
(1 — =) log
1l—2x
157 C, = Max
(1.7) . 7
we have
N i Ni
(1.8) Splog— =0, 3Vpi
k=2 Pk k=2
and
1 P N
(1.9) Pllog—éozvzpk§0221[1’—k~
P k=2 k=2

Thus (1.5) follows with C =C, 4 C, .
Now we are in the position to prove (4). We have

(1.10) H(O) — I = 3w, M(H(6]&, .. . )| 2)
h=1

where 2, denotes the subset of the full probability space £ on which @ = ¢,
(h=1,2,...,r) and M(7B) denotes conditional expectation with respect
to B, i.e.

1
1Ll M B) = — dP
(1.11) (n| B) P(B)Jn

B

On the other hand by supposition, putting
(1.12) P(ém =2 | O =t;) = Pjx) (Z=15 20 8)
we have by Bavyes theorem

wy 11 P& g
(1.13) P(@ - tj l 51’ S ]k=l J Sy’ w; P/(Ek)

It follows by our lemma
r _ n P(E)
(1.14) 01&,...8)<C e V L
HO &, ... 6) = gl i i PoE)
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and thus in view of the conditional independence of the variables & on Q,

< &) ”
(1.15) M(H(@ & En) [ 2) = C V [ H/Ph(&]) )]
Now clearly

(1.16) M”/Ph

By Cauchy’s inequality and in view of the supposifion that the distributions
{P(l)} and {P,(I)} are different for j = h we obtain 0 < ¢;, < 1. Thus putting

h

; VPJ(I_ qjh .

(1:17) g = Max ¢,
1<j<h<r

we have ¢ < 1, and it follows from (1.10), (1.15), (1.16) and (1.17), further
from (1.14) that

(L18) M(H(O | &, ... &) < Ag°
with
(1.19) 4=C > SVwju,<0r—1).
j h=1
h#j

Thus we have proved the following

Theorem 1. Let O be a discrete random wvariable taking on r different
values t, t,, . . ., t, with positive probabilities w; = P( =) (G=L.2,...,7).
Let us suppose tkat the discrete random variables &, &,, . . ., 5,,, ...are for each

74 (1 £j < r) independent and identically distributed under the condition that
@ =t; and let us suppose that the conditional distribution of the variables &,
under condition O = t; is different for each j. Then, denotmg by 1, tke amount

of information on O obtamed from observing the values of &, &,, . . ., &,, we have
(1.20) Iim I; = H(@):2 wjlogi;
n-—»eo j=1 w,

moreover the rate of convergence tn (1.20) is exponential, i.e. there exist positive
constants A and q < 1 such that

0< H(O)—-1I1,< Aq" (= 152k )i

As H(0) is the full information missing on O [i.e. the total uncertainty
concerning O before observing the values of & (k=1,2,...)] the result
(1.20) expresses that the sequence of observations &, &, ..., &,, ... givesus —

at least in the limit — total information on the unknown value of the para-
meter. This leads one to guess that there exists a decision function depending
only on the observed values &, . . ., &,, ... which leads almost surely to a cor-
rect decision concerning the value of @. This will be shown in the next §.
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§ 2. Construction of an almost surely reliable decision function

If we have to decide after observing &, &,, ..., £, what is the most
plausible value ¢; of @, the most natural decision is to decide for that value
t; of O for which P(O = #1165 5 En) 18 maximal. Note that this is not quite.
the same as the decision suggested by the max1mum likelihood principle which

suggests to choose that value ¢; of @ for which J [ P (&) is the largest, though
k=1

for large values of » the two decisions coincide with probability near to 1.
Let us put

(1) Ap=t,if MaxP(O =4, & &) = PO =1;] & .., &) -

(Of course the decision 4, is not necessarily unambiguous but as will be seen
below it will be such Wlth probability 1 if » is sufficiently large.) Thus if we

take a sequence of observations &, &,, ..., &,, ... we get a sequence of deci-
gions- Ay, Apyic 5 An. e ‘Clearly: o each sequence of observations &, ...,
&,, ... there corresponds a “true” value of ©. Now we prove

Theorem 2. With probability 1 all but a finite number of the decisions
A, are unambiguous and equal to the true value of the parameter ©.

Proof of Theorem 2. Evidently
PO=t)&.. .60 o

f r
2.2) Pz 0) < N N w,P _ll.Q .
“ }‘;.:1 J‘: £ P(@ — t}, [ 51; o s oy ‘En) .
J#h
By Markoff’s inequality:
1
(2.3) P(n = AM(n) < i
valid for any nonnegative random variable # and any A > 1, and in view of
P(9=tjl£1)"'y gn) _'LU' j(&k)

(2.4)
PO =t e R R e Ph(fk)

and taking (1.16) into account, we obtain

; . gl
— wi
(2.5) P(4, = 6) ghz whg Vw_i h < Bg"
J#h

where
r

r = | AP« |

B:Z 2 ijhz(‘}:l/wji —1<r—-1

=1 1; =1
J)

and ¢ is defined by (1.17).
Thus it follows that the series

(2.6) P(A = 0)

?I/s
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is convergent. Applying the BoREL —CANTELLI lemma it follows that with
probability 1 4, = O for sufficiently large values of n. This proves Theorem 2.

Of course if v denotes the least integer such that 4, = O for n > v then
we get from Theorem 2 that the random variable » is almost everywhere finite,
but this does not mean that » is bounded. However it is easy to prove that the
expectation of » is finite. As a matter of fact

= Bg™
2.7 P(» > < P4, 0)<
(2.7) (Gzm < 3P =0) <
and thus the series
(2.8) M) = 3 P(v = m)
m=1

is convergent; from (2.7) we even get the estimate
Bq
(L—gp

Of course this does not mean that one can determine the true value of
O from a finite number of observations with probability 1, because even if
A4, is equal to the same value ¢ ;» for n = M, if we stop observing the &,-s with
the observation &),y we can not be quite sure whether 4, would have remain-
ed equal to ¢; if we would have continued the observations. Of course the pro-
bability of this event will be arbitrarily small if M + N is sufficiently large.

For the discussion of the case when @ has a continuous distribution other
methods are needed. We intend to return to this problem in an other paper.

(2.9) M(») <

§ 3. Some further remarks

In the present paper we have taken the Bayesian point of view, which —
as has been pointed out already by LINDLEY (see [4]) — is the natural point of
view if one wants to compute the amount of information on a parameter
furnished by some observations, this quantity being dependent on the prior
distribution of this parameter. In this connection we want to emphasize that
as the inequalities

0= H(B) — 1, = Cir — 1)¢"
and
P4, = 6) < (r — 1)¢"

hold uniformly for all possible prior distributions {w;}, our results are meaning-
ful even in the case when nothing is known about the prior distribution.

It should be added finally that the random variables &, &,, ..., &,, . ..
considered in this paper, while being independent on each subspace £, of the
total probability space £2, are dependent on £, but in a particularly simple
way: they are equivalent (symmetrically dependent); as a matter of fact if
n, <Ny <...< ng we have

r k
P(Enl = xly Enzz Loy « - oy Eng e xk) o= 2 Wy, II Ph(xl)
h=1 I=1
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and thus this probability does not depend on the choice of the indices =,
Ngy « « «y M.

Thus the values &, ..., &, ... may be considered as a sequence of
signals emitted by a stationary source of a particularly simple type which
may be called a source with equivalent signals. We shall return to the correspond-
ing problem for an arbitrary stationary source in an other paper.

Finally we want to call attention to the information-theoretical meaning
of the quantities ¢;, defined by (1.16). Some years ago we have introduced
(see [5],[6], [7]) the notion of the entropy of order a (0 < a < +oo) of
a probability distribution %% = (p,, ..., p,) which is defined for a = 1 by
the formula

(3.1) H () = —

r
2102]-
k=1

We define H,(.%%) by passing to the limit in (3.1), i.e. we put

log
a

1
Pk IOg —
1 Pr

(3.2) H,(%) = lim H, (%) =

a—1 k

u|\/‘~,

Thus H,(.%) is equal to SHANNON’s entropy of the distribution .%.

Similarly we have introduced the notion of “information gain” of order
a obtained if the prior distribution . = (p, . . ., p,) is replaced by the poste-
rior distribution Q = (¢, . - ., q,) defined for a # 1 by the formula

g
= q/‘:pk“’) .
k=1

If we define I,(Q || .%7) again by passing to the limit in (3.3), we obtain

1

_a—l

(3.3) I,(Q || %)

log

(3.4) L(Qls) = lim Q.9 = 3 g log -
; a—> k=1

Pk

i.e. I,(Q || 97) is given by the familiar formula for information-gain.
Now clearly
q]‘r’k — 9—1,(Pa||Py)

where P, = {P/(1), ..., P(s)} is the conditional distribution of the variables
&, under the condition O =¢, (I=1,2,.. ., 7).

Similarly the constant B figuring in (2.5) can be expressed by the for-
mula

B = 2Hl/2(w) f— 1

where W = (w,, ..., w,) is the prior distribution of the random variable ©.
Let us mention that the quantity I;,,(Q || .%9) as a measure of the discre-
pancy between the distributions  and .59 has been considered earlier by A.
BHATTACHARYYA [8] and H. JEFFREYS [9].
Thus the situation can be characterized as follows: though we accepted
as a measure of the amount of information in the sample (&, ..., &;) SHAN-
NON’s usual measure (of order a = 1) nevertheless in course of the proof the
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1 . . s
measure of order a = = of information gain and of entropy resp. entered our

considerations for purely technical reasons. (See also [10], [11] and [12].)
Note that instead of a = 1/2 any value of a such that 0 < a < 1 could
have been used. The value of a which leads to the least value of ¢ depends in
general on the conditional distributions P, (! =1, 2,...,r). However, in the
present paper we did not aim at finding the least possible value of ¢ only to
prove that such a value less than 1 exists, therefore for the sake of simplicity

we have chosen a = o
(Received November 20, 1964.)

REFERENCES

[1] KormoGorOFF, A. N.: “Theorie der Nachrichteniibermittlung.” Arbeiten zvr Infor-
mationstheorie 1. 91—114. Deutscher Verlag der Wissenschaften, Berlin, 1957.

[2] GeLranD, I. M.—JacLom, A. M.—KorLMOGOROFF, A. N.: “Zur allgemeinen Defini-
tion der Information.” Arbeiten zur Informationstheorie II. 57—60. Deutscher
Verlag der Wissenschaften, Berlin, 1958.

[3] Cuianag Tse-Pe1: “Eine Bemerkung zur Definition der Information.” Arbeiten zur
Informationstheorie I1. 61 —64. Deutscher Verlag der Wissenschaften, Berlin, 1958.

[4] Lixprey, D.V.: “On a measure of the information provided by an experiment.”
Annals of Math. Stat. 27 (1956), 986—1005.

[6] Rénvr, A.: “Az informdciéelmélet néhdny alapveté kérdése.” MTA III. Oszt.
Kozl. 10 (1960) 251 —282.

[6] Réxyr, A.: “Dimension, entropy and information.” Transactions of the 2nd Prague
Conference on Information theory (1960) 545—556.

[7] RényI, A.: “On measures of entropy and information.” Proceedings of the 4th
Berkeley Symposion on Math. Stat. and Prob. (1960) 547—561.

[8] BHATTACHARYYA, A.: “On some analogues of the amount of information and their
use in statistical estimation.” Sankhya 8 (1946) 1—14.

[9] JerrrEYS, H.: Theory of probability (2nd edition). Oxford, Clarendon Press, 1948.

[10] KuLLBACK, S.: Information theory ana statistics. Wiley, 19569.

[11] CaeErNOFF, H.: “A measure of asymptotic efficiency for tests of a hypothesis based
on the sum of observations.” Bull. Amer. Math. Soc. 23 (1952) 493—507.

[12] RéNnvI, A.: “Az informédcié-akkumuldcié statisztikus torvényszeriiségeir6l.” MTA
III. o. Kézl. 12 (1962) 15—33.

0 KOJIMUECTBE WH®OPMALIMKY OTHOCHUTEJIbHO HEU3BECTHOI'O
MAPAMETPA B MOCJIEJOBATEJIbHOCTA HABJIIO AEHUIA

A. RENYI

Pe3ome

Mycers &, &, ..+ &n, - - - TOCHIEJIOBATEJILHOCTD CIIyYAHHBIX BEJUYUH, KOTO-
pble TpU BCSTKOM JIaHHOM 3HAYeHUU napameTpa O He3aBUCHUMBI U OJIMHAKOBO pac-
npejesensl. TIpeanonoykum, uto cama @ ciryvaiiHasi BeJJMUMHA C JIUCKDETHBIM

L

pacnpegeneHuem P(O=¢) = wi(j=1,2,...,r; 3 w; = 1). B pabore foxass-
=1

BaeTcst cyleyronast reopema: CyI1LeCcTBYIOT IIOCTO SIHHBIE An q4>0,0<g<]),
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TaK yro, ecau I, o603HavaeT KoJauuecTBO MHPOpMaLUK B BbIOOPKe (&, &, . . .,&n)
otHocuTesbHO @ 1 H o3Hauaer snTponuio ot O, TOrja UMeeT MeCTO HepaBEHCTBO

0<H-I,< A"

W3 aroro cienyer, 4to Uil IOCTATOYHO GOJLIIOTO uucsia 7 peieHue A,
NpPaBUJILHO C BeposATHOCTBIO 1. 3pech 4, 03HayaeT pelieHHe, YTO MOCjae HabJo-
fleHus1 3HaueHuit &, &, ..., &, Mbl BbiOepeM KaK «MCTHHHOe» 3HaueHue OT O To
3HayeHue ¢;, JUIA KOTOPOro YycjoBHasi BepositHocTe P(O@=t¢; &, .. ., &p)
MaKcuMaJibHa.
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