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and v4, are determined with two- and four-particle cumulants. Flow harmonics vn measured with four-
particle cumulants are significantly reduced compared to the measurement involving two-particle cu-
mulants. A comparison to vn measurements obtained using different analysis methods and previously
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Abstract ATLAS measurements of the azimuthal
anisotropy in lead–lead collisions at

√
sNN = 2.76 TeV

are shown using a dataset of approximately 7 µb−1

collected at the LHC in 2010. The measurements are
performed for charged particles with transverse momenta
0.5 < pT < 20 GeV and in the pseudorapidity range
|η | < 2.5. The anisotropy is characterized by the Fourier
coefficients, vn, of the charged-particle azimuthal angle
distribution for n = 2–4. The Fourier coefficients are
evaluated using multi-particle cumulants calculated with
the generating function method. Results on the transverse
momentum, pseudorapidity and centrality dependence of
the vn coefficients are presented. The elliptic flow, v2,
is obtained from the two-, four-, six- and eight-particle
cumulants while higher-order coefficients, v3 and v4,
are determined with two- and four-particle cumulants.
Flow harmonics vn measured with four-particle cumulants
are significantly reduced compared to the measurement
involving two-particle cumulants. A comparison to vn mea-
surements obtained using different analysis methods and
previously reported by the LHC experiments is also shown.
Results of measurements of flow fluctuations evaluated
with multi-particle cumulants are shown as a function of
transverse momentum and the collision centrality. Models
of the initial spatial geometry and its fluctuations fail to
describe the flow fluctuations measurements.

1 Introduction

The anisotropy of charged-particle azimuthal angle distri-
butions in heavy-ion collisions has been a subject of exten-
sive experimental studies at RHIC [1–6] and more recently
at the LHC [7–24]. The results provide conclusive evidence
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that the hot and dense matter produced in these collisions
behaves collectively and has properties resembling those of
a nearly perfect fluid [25].

The final-state anisotropy is a global property of particle
production that arises from the initial spatial asymmetry of
the collision region in a plane transverse to the beam axis for
heavy-ion collisions with a non-zero impact parameter. It is
characterized by the coefficients, vn, of the Fourier expan-
sion of the measured azimuthal angle distributions [1, 26]:

vn ≡ 〈ein(φ−Ψn)〉= 〈cos [n(φ −Ψn)]〉, (1)

where n is the order of the Fourier harmonic, referred to
as flow harmonic, φ is the azimuthal angle of the outgo-
ing particle, Ψn defines the azimuthal angle of the nth-order
symmetry plane of the initial geometry [15], and the an-
gled brackets denote an average over charged particles in
an event. Due to the symmetry in the azimuth of the plane
defined by Ψn, all sine terms of the Fourier expansion van-
ish. For evaluation of the coefficients vn in the “event-plane”
method, the initial plane of symmetry is estimated from the
measured correlations between particles, using the so-called
sub-event method [26]. As a consequence, only the two-
particle correlations are exploited in the determination of
vn (see Eq. (1)). This leads to a problem of disentangling
all-particle flow and contributions from particle correlations
unrelated to the initial geometry, known as non-flow cor-
relations. These non-flow effects include correlations due
to energy and momentum conservation, resonance decays,
quantum interference phenomena and jet production. They
generally involve only a small number of produced particles.
In order to suppress non-flow correlations, methods that use
genuine multi-particle correlations, estimated using cumu-
lants, were proposed [27–30].

Calculating multi-particle correlations in large-
multiplicity heavy-ion collisions at high energies is limited
by the computing requirements needed to perform nested
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loops over thousand of particles per event to analyse all
particle multiplets. To avoid this problem, the generating
function formalism [27–29] is exploited to calculate
multi-particle cumulants, and the results obtained are
presented in this paper. An alternative approach was
proposed in Ref. [30] to express multi-particle correlations
in terms of the moments of the flow vector, Qn, and
is used in this paper as a cross-check of multi-particle
cumulants obtained with the generating function method.
The cumulant approach to measure flow harmonics also
provides the possibility to study event-to-event fluctuations
in the amplitudes of different harmonics, which can be
related to the fluctuations in the initial transverse shape of
the interaction region [31–33].

The cumulant method has been used to measure the
anisotropic flow in NA49 [34], STAR [35] and recently also
at the LHC experiments [7, 9, 20, 23]. The results show
that the Fourier coefficients determined with four-particle
cumulants are smaller than those derived with two-particle
cumulants due to the suppression in the former of non-flow
two-particle correlations. In this paper, the method is
used to measure flow harmonics in lead–lead collisions at√

sNN = 2.76 TeV with the ATLAS detector. The elliptic
flow v2 is measured using two-, four-, six- and eight-particle
cumulants. For v3 and v4 measurements the two- and
four-particle cumulants are exploited.

This paper is organized as follows. Section 2 describes
the ATLAS detector, trigger, and offline event selections.
Section 3 contains a description of additional selection cri-
teria for events and charged-particle tracks. Section 4 gives
details of the Monte Carlo simulation samples used to de-
rive the tracking efficiency and fake-track rates. The analy-
sis method and procedure is outlined in Sect. 5. Section 6
contains a discussion of the systematic errors. Results are
presented in Sect. 7. Section 8 is devoted to summary and
conclusions.

2 The ATLAS detector and trigger

The results presented in this paper were obtained from a
sample of minimum-bias lead–lead collisions at

√
sNN =

2.76 TeV recorded by ATLAS in 2010 and corresponding to
an integrated luminosity of approximately 7 µb−1. The mea-
surements were performed using the ATLAS inner detector
and forward calorimeters [36]. The inner detector covers the
complete azimuthal range and extends over the pseudorapid-
ity region |η |< 2.5.1 The inner detector silicon tracker, used
in this analysis for track reconstruction, consists of layers of

1 ATLAS uses a right-handed coordinate system with its origin at
the nominal interaction point (IP) in the centre of the detector and the
z-axis along the beam pipe. The x-axis points from the IP to the centre
of the LHC ring, and the y-axis points upward. Cylindrical coordinates
(r,φ) are used in the transverse plane, φ being the azimuthal angle

pixel and microstrip detectors (SCT) immersed in a 2T ax-
ial magnetic field. The forward calorimeters (FCal) use liq-
uid argon with copper-tungsten absorbers to perform both
the electromagnetic and hadronic energy measurements with
copper-tungsten/liquid argon technology, and also provide
complete coverage in azimuth for 3.2 < |η |< 4.9. The trig-
ger system was used to select minimum-bias lead–lead col-
lisions. It required a coincidence of signals recorded in both
zero-degree calorimeters (ZDC), located symmetrically at
z = ±140 m, and in the minimum-bias trigger scintillator
(MBTS) counters at z =±3.6 m.

3 Event and track selections

Additional offline event selections were also applied,
requiring a time difference between the two MBTS counters
of less than 3 ns and at least one primary vertex recon-
structed using charged-particle tracks. Events satisfying the
above-described selections were also required to have a
reconstructed primary vertex within 100 mm of the nominal
centre of the ATLAS detector.

The precision silicon tracking detectors were used to re-
construct charged-particle trajectories with a minimum pT
of 0.5GeV. Special track-quality criteria are imposed to deal
with high particle densities in Pb+Pb collisions. Tracks are
required to have at least eight hits in the SCT, at least two
pixel hits and a hit in the pixel layer closest to the interaction
point if expected. A track must have no missing pixel hits
and no missing SCT hits, when a hit is expected. The trans-
verse and longitudinal impact parameters with respect to the
vertex, |d0| and |z0 sinθ | respectively, were each required to
be less than 1 mm. Specifically for this analysis it was also
required that |d0/σd0 | < 3 and |z0 sinθ/σz| < 3, where σd0

and σz are the uncertainties on d0 and z0 sinθ , respectively,
as obtained from the covariance matrix of the track fit. The
latter requirements improve both the tracking performance
at high pT and the purity of the track sample. The number of
reconstructed tracks per event is denoted Nrec

ch . For this anal-
ysis, the additional requirement of Nrec

ch ≥ 10 for tracks with
0.5 < pT < 5GeV was imposed to allow the measurement of
correlations involving as many as eight particles.

The correlation between the summed transverse energy
(ΣEFCal

T ) measured in the FCal and Nrec
ch was investigated in

order to identify background events. Events having an Nrec
ch

vs. ΣEFCal
T correlation distinctly different from that for the

majority of Pb+Pb collisions were removed. The removed
events, less than 0.01% of the sample, were found to con-
tain multiple Pb+Pb collisions. After applying all selection
requirements, the data sample consists of about 35× 106

Pb+Pb collision events.

around the beam pipe. The pseudorapidity is defined in terms of the
polar angle θ as η =− ln tan(θ/2).
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The summed transverse energy is used to define the cen-
trality of the collision. A detailed analysis of the ΣEFCal

T
distribution [15] showed that the fraction of the total in-
elastic cross-section sampled by the trigger and event se-
lection requirements is (98± 2)%. The ΣEFCal

T distribution
was divided into centrality intervals, each representing a per-
centile fraction of all events after accounting for the 2% in-
efficiency in recording the most peripheral collisions. The
analysis is performed in narrow centrality intervals: 1% cen-
trality bins for the 20% of events with the largest ΣEFCal

T ,
and 5% centrality bins for the remaining events. These nar-
row centrality intervals are then combined into wider bins to
ensure sufficiently small statistical uncertainties on the mea-
sured flow harmonics. The 20% of events with the small-
est ΣEFCal

T (most peripheral collisions) are not considered
in this analysis, due to the inefficiency in the event trig-
gering and the correspondingly large uncertainties of mea-
surements performed for these low-multiplicity collisions.
For each centrality interval, a standard Glauber Monte Carlo
model [37, 38] is used to estimate the average number of
participating nucleons, 〈Npart〉, which provides an alterna-
tive measure of the collision centrality.

4 Monte Carlo simulations

A Monte Carlo (MC) sample was used in the analysis to
determine tracking efficiencies and rates of falsely recon-
structed tracks (fake-track rates). The HIJING event gener-
ator [39] was used to produce minimum-bias Pb+Pb colli-
sions. Events were generated with the default parameters,
except for the jet quenching, which was turned off. Flow
harmonics were introduced into HIJING at the generator
level by changing the azimuthal angle of each particle [1]
in order to produce an anisotropic azimuthal angle distribu-
tion consistent with previous ATLAS vn (n = 2–6) measure-
ments [15, 16]. The detector response simulation [40] uses
the GEANT4 package [41] with data-taking conditions cor-
responding to those of the 2010 Pb+Pb run and simulated
events are reconstructed in the same way as the data.

The tracking efficiency, ε(pT,η), and the fake-track rate
f (pT,η) are determined [42] using the Monte Carlo sam-
ple described above. The MC reproduces the measured cen-
trality dependence of the track-quality parameters. The effi-
ciency is found to depend weakly on the collision centrality.
For the lowest transverse momenta (0.5–0.6 GeV), the effi-
ciency at |η | < 1 is of the order of 50% and falls to about
30% at high |η |. For higher transverse momenta it reaches
about 70% at |η | < 1 and drops to about 50% at high |η |.
The rate of falsely reconstructed tracks (the fake-track rate)
is typically below 1%. It increases to 3–7 % for the lowest
transverse momenta in the most central collisions.

5 Analysis procedure

Fourier coefficients, vn, are measured using 2k-particle cor-
relations [27–29] defined as:

〈corrn{2k}〉 = 〈〈ein(φ1+...+φk−φ1+k−...−φ2k)〉〉
= 〈vn{2k}2k〉, (2)

where the notation vn{2k} is used for the vn flow harmonic
derived from the 2k-particle correlations, and k is an integer.
Azimuthal angles of particles forming a 2k-particle cluster
are denoted by φl , where l = 1, . . . ,2k. The double angled
brackets denote an average, first over charged particles in an
event, and then over events, while the single angled brack-
ets denote averaging over events. The multi-particle correla-
tion, 〈corrn{2k}〉, includes contributions from the collective
anisotropic flow and from non-flow effects (see Sect. 1). It
was proposed in Refs. [27–29] to exploit the cumulant ex-
pansion of multi-particle correlations in order to reduce the
non-flow contribution. The anisotropic flow related to the
initial geometry is a global, collective effect involving corre-
lations between all outgoing particles. Thus, in the absence
of non-flow effects, vn{2k} is expected to be independent
of k. On the other hand, most of the non-flow correlations,
such as resonance decays or interference effects, contribute
only to correlations between small numbers of particles. The
idea of using 2k-particle cumulants is to suppress the non-
flow contribution by eliminating the correlations which act
between fewer than 2k particles. More specifically, the cu-
mulant of e.g. the four-particle correlations, defined as:

cn{4}= 〈corrn{4}〉−2〈corrn{2}〉2, (3)

measures the genuine four-particle correlations. So, if
the non-flow contribution is only due to the two-particle
correlations, then cn{4} directly measures flow harmonics.
Similarly, using the cumulant of the six-particle corre-
lations allows one to remove contributions from two-
and four-particle correlations. The different cumulants
provide independent estimates of the same flow harmonic
vn, with the estimate based on correlations among many
particles being more precise due to the suppressed non-flow
correlations. In the absence of non-flow correlations,
cumulants of different order should give the same estimate
of vn.

The generating function formalism for calculating
2k-particle cumulants (GFC method) was proposed in
Ref. [29]. With this method, the number of required
computing operations is proportional to the number of
particles per event. The cumulant generating function of
multi-particle azimuthal correlations, Cn(z), is defined in
the plane of a complex variable z as:
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Cn(z) =< N >

×

〈 N

∏
j=1

[
1+

w j(zeinφ j + z∗e−inφ j)

N

]〉1/<N>

−1

 , (4)

where the angled brackets represent the average over events
in a given centrality interval, and the product runs over
the N particles within a given Pb+Pb event [27–29]. The
weighting factors, w j, are used in this analysis to correct
for any non-uniformity in the azimuthal angle distribution
of reconstructed tracks. The weights are obtained from
the data using the two-dimensional distribution in the
η–φ plane of all reconstructed tracks. For each bin j
in (δη ,δφ) = (0.1,2π/64) a weight is calculated as
w j = 〈N(δη)〉/N(δη ,δφ), where 〈N(δη)〉 is the average
number of tracks in the δη slice to which this bin belongs,
while N(δη ,δφ) is the number of tracks in the (δη ,δφ)

bin.
The expansion of the cumulant generating function in

powers of |z| provides the cumulant cn{2k}, which is equal
to the coefficient of the term |z|2k/k!2 of this expansion. In
practice, to construct the cn{2k} cumulant the power series
is truncated to order |z|2k and Cn(z) is computed at a discrete
set of interpolating points zp,q = xp,q + iyp,q [29], where:

xp,q = r0
√

p · cos
(

2qπ

qmax

)
, (5)

yp,q = r0
√

p · sin
(

2qπ

qmax

)
. (6)

For this analysis, the parameters p = 1, ...,5 and
q = 0, ...,qmax− 1 with qmax = 11 were chosen as recom-
mended in Ref. [29]. The r0 parameter (r0 ≡ |z|/

√
p) should

be as small as possible, chosen such that the results remain
stable under its variation. The r0 values used were chosen
to be 4.0, 2.2, 1.6, 1.1 and 1.0 for centrality intervals 0–5%,
5–10%, 10–20%, 20–30% and 30–80%, respectively. For
these values, the cumulants are found to be stable when
varying r0 between r0/2 and 2r0. The only differences,
up to about 2%, were seen when using the eight-particle
cumulants to calculate the elliptic flow harmonic and are
accounted for in the systematic uncertainty on v2{8}.

An alternative method to calculate multi-particle corre-
lations and cumulants in a single pass over all particles in
each event, referred to as the QC method, was proposed
in Ref. [30]. In this method, the expressions for the multi-
particle correlations are derived in terms of the moments of
the flow vector Qn, defined as Qn = ∑

N
j=1 w jeinφ j , where the

index n denotes the order of the flow harmonic, the sum runs
over all N particles in an event and w j are weights as defined
above. The QC method is used to calculate the cumulants,
cn{2k}, which are compared with the cumulants obtained
from the GFC method.

A practical application of the cumulant method involves
two main steps [27–29]. First, the reference 2k-particle cu-
mulants, cn{2k}, are derived from the cumulant generating
function calculated from particles measured over a broad
range of transverse momentum and pseudorapidity. This
step is equivalent to the event-plane estimate in the standard
method (see Eq. (1)) and the reference cumulants play a
similar role to the event-plane resolution correction [26].
In the next step, the differential flow is calculated in pT
and η bins using cumulants, denoted dn{2k}, computed
from a differential generating function. To determine
the dn{2k} cumulants, each charged particle from a pT
and η bin is correlated with 2k − 1 reference particles.
The differential flow harmonics vn{2k}(pT,η), are then
calculated with respect to the reference cumulants as
prescribed in Refs. [28, 29]:

vn{2}(pT,η) =
dn{2}√

cn{2}
, (7)

vn{4}(pT,η) =
−dn{4}

3/4
√
−cn{4}

, (8)

vn{6}(pT,η) =
dn{6}/4

5/6
√

cn{6}/4
, (9)

vn{8}(pT,η) =
−dn{8}/33

7/8
√
−cn{8}/33

. (10)

In order to calculate the reference cumulants, cn{2k}, all
charged particles with pseudorapidities |η |< 2.5 and trans-
verse momenta 0.5 < pT < 5GeV are used in this analysis.
The results for c2 are shown as a function of centrality in
Fig. 1 for two-, four-, six- and eight-particle cumulants ob-
tained from the GFC and QC methods. The figure shows that
the two methods yield consistent results over a wide range
of collision centralities. Differences, up to ∼ 20%, are ob-
served only for the most peripheral collisions. For the most
central (0–2%) Pb+Pb collisions, the cumulants cn{2k} for
k > 1 are, within sizeable statistical errors, consistent with
zero. However, they have incorrect signs, which prevents the
calculation of flow harmonics due to the square-root func-
tion in the denominator of Eqs. (8), (9) and (10).

For higher flow harmonics, the cumulants c3{2k} and
c4{2k} obtained from both the GFC and QC methods are
consistent with zero for k > 2. Therefore, only two- and
four-particle cumulants can be used to derive third- and
fourth-order flow coefficients. Figure 2 shows the centrality
dependence of the two- and four-particle cumulants,
obtained from the GFC and QC methods, for n = 3 and
n = 4. The figure demonstrates an overall good agreement
between the cumulants calculated using the two different
methods. In the case of four-particle cumulants, the
centrality range of the method’s applicability is limited to
0–60% for n = 3 and 0–25% for n = 4.

The differential flow harmonics, vn{2k}(pT,η),
are determined using the differential cumulants dn{2k}
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Fig. 1 Multi-particle cumulants for the second-order flow harmonic, c2{2k} for k = 1,2,3,4, obtained with the GFC [29] and QC [30] methods
shown as a function of centrality. The horizontal axis ranges from central collisions (0–20%) to more peripheral collisions (60–80%).

Centrality percentile
0-20% 20-40% 40-60% 60-80%

{2
}

3c

0

0.005

0.01
ATLAS        

 = 2.76 TeVNNsPb+Pb  
-1bµ = 7 intL

 < 5 GeV
T

| < 2.5,  0.5 < pη|

3
GFCc

3
QCc

Centrality percentile
0-20% 20-40% 40-60%

{4
}

3c

-0.6

-0.4

-0.2

0

-610×

Centrality percentile
0-20% 20-40% 40-60% 60-80%

{2
}

4c

0

0.005

0.01
ATLAS         

 = 2.76 TeVNNsPb+Pb  
-1bµ = 7 intL

 < 5 GeV
T

| < 2.5,  0.5 < pη|

4
GFCc

4
QCc

Centrality percentile
0-20% 20-40% 40-60%

{4
}

4c

0

0.05

0.1

-610×

Fig. 2 Top: multi-particle cumulants for the third-order flow harmonic, c3{2k} for k = 1,2 obtained with the GFC [29] and QC [30] methods
shown as a function of centrality. Bottom: the same for the fourth-order flow harmonics, c4{2k} .
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and Eqs. (7)–(10) in bins of transverse momentum and
pseudorapidity for events from a given centrality interval.
The pseudorapidity range |η | < 2.5 is divided into 50
bins of width 0.1 each. In transverse momentum, 28 bins
of variable width, covering the pT range from 0.5 GeV
to 20 GeV, are used. These differential flow harmonics
can then be integrated over wider phase-space bins or
the full range in either pseudorapidity or transverse
momentum, or both. In this integration procedure, the
harmonics vn{2k}(pT,η) measured in each small bin are
weighted by the charged-particle multiplicity in that bin,
corrected for tracking efficiency and fake-track rate, using
the MC-determined corrections ε(pT,η) and f (pT,η) as
described in Sect. 4.

6 Systematic uncertainties

The systematic uncertainties on the measurements presented
in this paper are evaluated by varying different aspects of
the analysis and comparing the results obtained to the base-
line results for the transverse momentum, pseudorapidity
and centrality dependence of v2, v3 and v4. The following
sources are considered as potential contributors to the sys-
tematic uncertainty on the measured flow harmonics.

An overall scale uncertainty on flow harmonics comes
from the uncertainty in the fraction of the total inelastic
cross-section accepted by the trigger and the event selection
criteria. It is evaluated by varying the centrality bin
definitions, using the modified selections on ΣEFCal

T , which
account for the 2% uncertainty in the sampled fraction of
the cross-section.

All formulas applied in the analysis are valid under the
assumption that the sine terms in the Fourier expansion van-
ish due to the azimuthal symmetry of the initial geometry.
However, due to some distortions in the detector acceptance
and non-uniformities in the measured azimuthal angle distri-
butions, a residual sine term may be present. The magnitude
of the sine term is calculated as the imaginary part of the dif-
ferential generating function. The deviation from zero of the
average sine term with respect to 〈vn〉 is treated as the sys-
tematic uncertainty. Some detector distortions may lead to
an asymmetry between positive and negative η hemispheres,
and the difference between the flow harmonics measured at
positive and negative pseudorapidities is also considered as
a systematic uncertainty.

A small contribution to the systematic uncertainty, only
for v2{8}, comes from the stability of the results with re-
spect to the assumed value of the r0 parameter (see dis-
cussion in the previous section). The correction applied to
ensure the uniformity of the azimuthal angle distribution
of reconstructed tracks (via weights w j) is also checked by
comparing the baseline results to those obtained with w j ≡
1. The contribution to the systematic uncertainty related to

the track-quality definition is evaluated by comparing re-
sults obtained with more restrictive or less restrictive re-
quirements. Both the transverse and longitudinal impact pa-
rameter cuts, |d0| and |z0 sinθ |, are changed by ±0.5 mm
with respect to the nominal value of 1 mm and the signifi-
cance cuts, |d0/σd0 | < 3 and |z0 sinθ/σz| < 3, are changed
by ±1.

The analysis procedure is also checked through MC
studies by comparing the observables at the genera-
tor/particle level with those obtained in the MC simulated
sample for which the same analysis chain and correction
procedure is used as for the data. The measured flow
harmonics in data agree qualitatively with the reconstructed
MC harmonics and show similar trends as a function of
η . In the phase-space region where tracking performance
suffers from low efficiency and high fake-track rates
(pT < 1.5 GeV and |η | > 1), systematic differences
are observed between the flow harmonics calculated at
the generator level and at the reconstruction level after
the corrections. In general, in this phase-space region,
the reconstructed flow harmonics are smaller than the
generator-level ones and show an η dependence, not present
at the generator level. To account for this η-dependent bias,
the MC closure test is considered as part of the systematic
uncertainty.

A significant systematic uncertainty on the transverse
momentum dependence of v2 due to the centrality bin defi-
nitions was found. In the most peripheral 60–80% centrality
interval it is of the order of 5% for v2{4} and rises to 14%
for v2{8}. For the most central collisions the uncertainty is
in the range 1-2%. At low pT, below 1.5 GeV, the systematic
uncertainty due to the Monte Carlo closure is significant in
the most central collisions, and reaches 8% for v2{2}. For
v2{2k} with k > 1 it is at the level of 3–4%. The MC clo-
sure at pT above 1.5 GeV gives 4% for the most central col-
lisions, and stays typically below 1% for other collision cen-
tralities. The r0 stability adds about 2% uncertainty only for
v2{8}. All other considered sources give contributions well
below 1% to the systematic uncertainty on the pT depen-
dence of v2. For higher-order flow harmonics, the system-
atic uncertainty on the transverse momentum dependence is
mainly due to the non-zero sine term and the MC closure.
The former contributes up to 5% (15%) for v3{4} (v4{4})
and about 1% for v3{2} and v4{2}. The uncertainty due to
the MC closure is less than 6% for v3, and increases to 13%
for v4. Contributions from other sources are of the order of
1–2%.

The systematic uncertainty on the pseudorapidity depen-
dence of v2 is dominated by the MC closure at |η | > 1 (up
to 7% for v2{2} in the most central collisions). For v2 cal-
culated with six- and eight-particle cumulants, significant
contributions come also from the sine term (up to 15%), η

asymmetry (up to 10%) and tracking (about 5%) for the most
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Table 1 Relative systematic and statistical uncertainties (|∆v2|/v2, in percent) for v2 measured with four-particle cumulants for three centrality
intervals: 2–5%, 15–20% and 60–80%. A single entry is given where the uncertainty only varies by a small amount over the selected pT or η

range. Otherwise the range in uncertainties is provided corresponding to the range in pT or η .

Centrality bin 2–5% 15–20% 60–80%
Measurement Syst.[%] Stat.[%] Syst.[%] Stat.[%] Syst.[%] Stat.[%]
v2{4} vs. pT 0.5≤ pT ≤ 1.5GeV 3.5 2.9 5.8–1.2 0.1 1.3–1.7 1.2–1.4

1.5 < pT < 20GeV 3.5 2.5–30 1.2–1.0 0.1–41 1.8–5.4 1.3–76
v2{4} vs. η |η | ≤ 1 3.8 1.8 1.6 0.1 2.4 0.9

1 < |η |< 2.5 6.0 2.7 5.0 0.1 2.3 1.0
v2{4} vs. Npart 4.1 0.5 3.0 0.1 2.0 0.3

central collisions. Other contributions are well below 1%.
For higher-order flow harmonics, the sine term contributes
about 3% (13%) for v3 (v4) for |η | < 2.5. The MC closure
at high η (|η | > 1) contributes up to 7% (10%) for v3{2}
(v4{2}) and less than 2% for v3{4} and v4{4}. For |η | < 1
it is about 1%. Other sources give contributions up to 4%.

The systematic uncertainty on the centrality dependence
of v2 due to the centrality bin definition is 1–2%. For the
most central collisions, the Monte Carlo closure gives a con-
tribution of 4%. The r0 stability adds about 2% only for
v2{8}. Contributions from all other sources are below 1%.
For higher-order flow harmonics, the sine term and MC clo-
sure each contribute about 3%, while all other sources con-
tribute less than 1%.

The total systematic uncertainty is the sum in quadra-
ture of all the individual contributions. For illustration, Ta-
ble 1 shows the total systematic uncertainties on v2{4} for
three representative centrality intervals: 2–5%, 15–20% and
60–80%. For higher-order flow harmonics, the systematic
uncertainties are listed in Table 2. For comparison, the sta-
tistical uncertainties on vn are also listed. It can be seen that
the uncertainties on the measured v2 at high pT and on v3
and v4 over the whole kinematic range, are dominated by
large statistical errors.

Table 2 Relative systematic and statistical uncertainties (|∆vn|/vn, in
percent) for v3 and v4 measured with four-particle cumulants averaged
over the accessible centrality ranges 0–60% and 0–25%, respectively.
A single entry is given where the uncertainty only varies by a small
amount over the pT range from 0.5 to 20 GeV or η range from −2.5 to
2.5. Otherwise the range in uncertainties is provided corresponding to
the range in pT or η .

Measurement Syst.[%] Stat.[%]
v3{4} vs. pT 6.2–4.8 19–26
v3{4} vs. η 3.7 8
v3{4} vs. Npart 3.3 16
v4{4} vs. pT 16 46–34
v4{4} vs. η 13 23
v4{4} vs. Npart 5.4 31

In addition to the evaluation of the systematic uncer-
tainty, further cross-checks are performed. The comparison

between cumulants calculated with the GFC and QC
methods is discussed in detail in Sect. 5. The analysis
is performed separately for negatively and positively
charged particles and the resulting vn coefficients are found
to be consistent within their statistical and systematic
uncertainties. Furthermore, the consistency of v2{2k} for
k > 1 measured for same-sign particles and all combinations
of charged particles confirms the global collective feature of
the measured effect. Consistency is also observed between
measurements obtained from sub-samples collected early
and late during the data-taking period. The analysis also
evaluates a potential bias which may be due to the large
spread in charged-particle multiplicities in centrality
intervals defined by ΣEFCal

T . For this purpose, in a given
centrality bin selected by ΣEFCal

T , the analysis is restricted
to events with multiplicities limited to a very narrow range
(corresponding to ±RMS/2 around the mean multiplicity)
and compared to the analysis performed for the full range of
multiplicities. Both give vn harmonics consistent with each
other within their statistical and systematic uncertainties.

7 Results

7.1 Transverse momentum dependence of flow harmonics

The transverse momentum dependence of v2{2}, v2{4},
v2{6} and v2{8} is shown in Fig. 3 in 14 centrality intervals
as indicated in the plots. The v2 coefficients are integrated
over the full pseudorapidity range |η | < 2.5. The elliptic
flow measurements, v2{EP}, obtained with the event-plane
method [26] are also shown. For this comparison, the
measurements from Ref. [15] were reanalysed with the
same track-quality requirements and centrality intervals
as for the present analysis. The event-plane v2 is system-
atically smaller than v2{2} since it is less affected by
short-range two-particle correlations, which are partially
removed from v2{EP} due to the separation between
the phase-space region where the event plane angle is
determined (3.2 < |η | < 4.9) and the phase space where
charged-particle momenta are reconstructed (|η | < 2.5).
This effect is particularly pronounced at high transverse
momenta, where v2{2} is strongly influenced by jet-related
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correlations. At lower transverse momenta, the difference
between v2{2} and v2{EP} can also be attributed to flow
fluctuations. The difference between v2{EP} and v2{4}
is mainly due to flow fluctuations. The v2{2k} for k > 1
is systematically smaller than v2{2}, consistent with the
expected suppression of non-flow effects in v2 obtained
with cumulants of more than two particles. The results for
v2{2k} with k > 1 agree with each other, within the uncer-
tainties, for all centrality intervals, indicating that already
the four-particle cumulants efficiently suppress non-flow
correlations. As a function of transverse momentum, the
second flow harmonic first increases with pT up to pT ≈
2–3 GeV, then gradually decreases for pT values up to
about 6 GeV. This trend is consistent with hydrodynamic
predictions for a collective expansion of the created system
[43, 44]. Beyond pT of about 10 GeV, a much weaker v2
dependence on pT is observed. Interestingly the coefficients
v2{2k} for k > 1 remain significant at high transverse
momenta, up to about 20 GeV, over a broad centrality
range, except the most peripheral and the most central
collisions. These large values of v2{4}, v2{6} and v2{8} at
high transverse momenta may reflect both the anisotropy
of the initial geometry and the path-length dependence of
the parton energy loss in the dense, strongly interacting
medium [45].

Figure 4 shows the comparison of our results for v2{4}
integrated over |η | < 0.8 as a function of pT, to these coef-
ficients measured by the CMS [20] and ALICE [9] experi-
ments in several centrality intervals. The results on the el-
liptic flow harmonic measured with four-particle cumulants
are consistent within uncertainties for the three experiments.

The transverse momentum dependence of the higher-
order harmonics, v3 and v4, is shown in Fig. 5 and compared
to the results obtained with the event-plane method. Due

to the large uncertainties on the harmonics measured with
four-particle cumulants, especially for events with low mul-
tiplicities, the results are shown in wide centrality ranges:
for v3 in the two broad centrality intervals, 0–25% and 25–
60%, and for v4 in the full accessible centrality range, 0–
25%. In addition, the results for vn{4} are shown in fine pT
bins at low transverse momenta, up to 4 GeV, while the last
pT point covers the range from 4 GeV to 20 GeV. Similarly
to v2, smaller short-range jet-like correlations are observed
in v3,4{EP} as compared to v3,4{2}. Significantly non-zero
values of the third and fourth flow harmonics calculated with
four-particle cumulants are observed with a pT dependence
similar to that of v2. The vn{4} harmonic is systematically
smaller than vn{2}, consistent with the suppressed non-flow
effects in flow harmonics obtained with cumulants of more
than two particles. It is noted that the difference between
v3{4} (v4{4}) and v3{EP} (v4{EP}), which amounts to a
factor of about two, is much larger than the difference be-
tween v2{4} and v2{EP}, which is of the order of 30%.
This indicates that fluctuations of higher-order flow harmon-
ics are much stronger than fluctuations of v2.

7.2 Pseudorapidity dependence of flow harmonics

The pseudorapidity dependence of vn{2k} is studied as a
function of centrality for flow coefficients integrated over
the pT range from 0.5 GeV to 20 GeV. Figure 6 shows
v2{2}, v2{4}, v2{6}, v2{8} and v2{EP} as a function
of η in 14 centrality intervals as indicated in the plots.
Observations similar to the case of the pT dependence
can be made: v2{2k} for k > 1 is systematically smaller
than v2{2} and v2{EP}, while the results for v2{2k} with
k > 1 agree with each other for all centrality intervals. No
strong dependence on pseudorapidity is observed for any
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of the second flow harmonic measurements in any of the
centrality bins. Some weak dependence is observed only
for v2{2} and can be attributed to the contributions from
short-range two-particle correlations. A weak pseudorapid-
ity dependence is observed for v3{4} as shown in Fig. 7
for harmonics averaged over the full accessible centrality
range (0–60%). The fourth-order flow harmonics, v4{4},
show no significant dependence on pseudorapidity, within
the measurement uncertainties, over the centrality range
0–25%. A systematic reduction in the non-flow contribution
is observed for vn{EP} as compared to vn{2}.

7.3 Centrality dependence of the integrated flow harmonics

The centrality dependence of the elliptic flow harmonic, in-
tegrated over the full range in η and pT and obtained with

cumulants of various orders, is shown as a function of 〈Npart〉
in Fig. 8. The coefficients v2{2k}, and in general vn{2k},
can also be calculated from the moments of the distribution,
p(vn), of the event-by-event (EbyE) measured flow harmon-
ics, 〈vk

n〉= ∑vk
n p(vn) as:

(vcalc
n {2,EbyE})2 ≡ 〈v2

n〉, (11)

(vcalc
n {4,EbyE})4 ≡ −〈v4

n〉+2〈v2
n〉2, (12)

(vcalc
n {6,EbyE})6 ≡

(
〈v6

n〉−9〈v4
n〉〈v2

n〉+12〈v2
n〉3
)
/4, (13)

(vcalc
n {8,EbyE})8 ≡ −

(
〈v8

n〉−16〈v6
n〉〈v2

n〉−18〈v4
n〉2
)
/33

−
(
144〈v4

n〉〈v2
n〉2−144〈v2

n〉4
)
/33. (14)

ATLAS has measured p(vn) for n = 2,3,4 [17] . The
comparison of v2{2k} obtained with the cumulant method
to vcalc

2 {2k,EbyE} is shown in Fig. 8. Good agreement
between the two independent measurements is seen. The
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cumulant method gives v2 values larger than those calcu-
lated from the p(v2) distribution only for v2{2} measured
in the most peripheral collisions, due to contributions
from short-range two-particle correlations in the former.
The ratios of v2{6} and v2{8} to v2{4} are shown in
Fig. 9. The left panel shows results from the cumulant
method. The ratios are systematically below unity, most
significantly at low Npart. This effect, which is of the order
of 1–2%, is significant for the ratio v2{6}/v2{4} while
it is within the present uncertainty of the cumulant mea-

surements for v2{8}/v2{4}. Better precision is achieved
for vcalc

2 {2k,EbyE} (right panel of Fig. 9). The difference
between v2{4} and v2{6} or v2{8} is attributed to the
non-Bessel-Gaussian character of the p(v2) distribution
measured in peripheral collisions [17].

It is interesting to compare flow harmonic measure-
ments obtained with different methods, which have different
sensitivities to non-flow correlations and flow harmonic
fluctuations. Since the higher-order flow harmonics, vn{2k}
(n > 2), are measured with the cumulant method with up
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to four-particle cumulants (see Sect. 5), the vn{2} and
vn{4} are only included in the comparison. Figure 10
shows the comparison of v2, v3 and v4 obtained using
the cumulant method with the ATLAS results obtained
with the event-plane method, vn{EP}. For vn{EP}, the
measurements shown in Figs. 3 and 5 are taken and
integrated over 0.5 < pT < 20GeV. The mean values
of the measured p(vn) distributions are also shown and
marked as vn{EbyE}. Over the accessible centrality range
and for n = 2,3,4, a systematic pattern is seen with
vn{2} > vn{EP} ≥ vn{EbyE} > vn{4}. The vn{2} values
are the largest (predominantly) due to large contributions
from short-range two-particle correlations, which are
suppressed in the event-plane vn measurements. The vn
coefficients measured with the event-plane method are
systematically larger than the mean values of the event-
by-event measurement of flow harmonics. This difference
is naturally attributed to the flow fluctuations, which
contribute to vn{EP} but are suppressed in vn{EbyE}. The
flow coefficients measured with the four-particle cumulant
method are the smallest, mainly due to the contribution from
flow fluctuations, which is negative for vn{4} and positive
for vn measured with the event-plane method. In addition,
some residual two-particle correlations unrelated to the
azimuthal asymmetry in the initial geometry contribute to
vn{EP}, but are negligibly small in the case of vn{4}.
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Fig. 11 The harmonics v2{4}, v3{4} and v4{4} as a function of
〈Npart〉. Filled symbols show the results from the cumulant method
while open symbols show vcalc

2,3 {4,EbyE} calculated from the p(v2)

and p(v3) distributions. Statistical errors are shown as bars and sys-
tematic uncertainties as shaded bands.

The centrality dependence of vn{4} is shown in Fig. 11
for n = 2,3 and 4. The elliptic flow v2{4} shows a strong
centrality dependence, rising with Npart until reaching a
maximum at Npart ≈ 100, and then decreasing for more
central collisions. This strong centrality dependence is
not seen for the higher flow harmonics v3{4} and v4{4}.
In addition, the magnitude of the third- and fourth-order

flow coefficients is much smaller than the magnitude of
the elliptic flow; e.g. for < Npart > of about 300, vn ≈
0.05, 0.02, and 0.01 for v2, v3 and v4, respectively. For
smaller Npart this difference is even larger, with v2 reaching
more than 0.1 and v3 and v4 staying at the same level as at
higher Npart. Figure 11 also shows vcalc

2,3 {4,EbyE} obtained
from the measured p(v2) and p(v3) distributions. The
measured p(v4) in Ref. [17] is truncated at large values of
v4 and therefore is not used here for the comparison. Good
agreement between the two independent measurements is
also seen for the third-order flow harmonics.

7.4 Fluctuations of flow harmonics

Measurements of elliptic flow dynamic fluctuations have at-
tracted much interest, since flow fluctuations can be traced
back to fluctuations of the initial collision zone. Experimen-
tally, flow fluctuations are difficult to measure due to un-
avoidable contamination by non-flow effects. The reported
elliptic flow fluctuation measurements from RHIC [31–33]
are affected by non-flow correlations, despite the attempts
made to estimate their contribution. Interestingly, RHIC re-
sults indicate that flow fluctuations are mostly determined
by initial-state geometry fluctuations, which thus seem to be
preserved throughout the system evolution.

The relative flow harmonic fluctuations, defined as
σvn/〈vn〉, can be calculated using the width and mean value
of the p(vn) distributions and compared to the predictions
for fluctuations of the initial geometry. The latter can
be characterized by the eccentricities, εn, which can be
estimated from the transverse positions (r,φ) of nucleons
participating in the collision:

εn =

√
〈rn cosnφ〉2 + 〈rn sinnφ〉2

〈rn〉
. (15)

Such a comparison of σvn/〈vn〉, derived from the event-
by-event measurement of vn, to the Glauber model [37]
and MC-KLN model [46], which combines the Glauber
approach with saturated low-x gluon distribution functions,
is discussed in Ref. [17]. In general, none of the considered
models of the relative fluctuations of εn gives a consistent
description of the relative flow fluctuations over the entire
range of collision centralities.

In this analysis, the measure of relative flow fluctuations,
F(vn), is defined as:

F(vn) =

√
vn{2}2−vn{4}2

vn{2}2 +vn{4}2 . (16)

The above formula provides a valid estimate of σvn/〈vn〉 un-
der the assumptions that non-flow correlations are absent in
vn{2} and vn{4}, and that flow fluctuations are small com-
pared to 〈vn〉 (σvn << 〈vn〉). The first assumption is obvi-
ously not fulfilled by vn{2}, which is strongly contaminated
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Fig. 12 The transverse momentum dependence of the relative elliptic flow fluctuations, as measured by F with v2{2} replaced by v2{EP},
for central collisions (left panel) and peripheral collisions (right panel). The error bars denote statistical and systematic uncertainties added in
quadrature.

by non-flow correlations. Therefore, vn{EP} is used instead
of vn{2}, following the approach proposed in Ref. [9]. The
second assumption is not valid for fluctuations of third- and
fourth-order flow harmonics, and also for elliptic flow har-
monics measured in the most central Pb+Pb collisions. Nev-
ertheless, it is interesting to study this alternative measure of
flow fluctuations and to compare it to the same quantity pre-
dicted by initial-state models. For head-on nucleus–nucleus
collisions, 〈Npart〉 ≈ 400, the prediction for eccentricity fluc-
tuations σεn/〈εn〉 reaches the limit of

√
4/π−1≈ 0.52 for

the fluctuations-only scenario when the εn distribution is de-
scribed by a two-dimensional Gaussian function in the trans-
verse plane [47]. In Ref. [17] it was shown that this limit is
indeed reached by σvn/〈vn〉 for v2 measured in the most
central Pb+Pb collisions and for v3 and v4 over the entire
centrality range. For the fluctuations-only scenario, the esti-
mate F(vn) should be close to one since then 〈vn{4}〉 ≈ 0.
Thus, it is interesting to compare this alternative measure of
flow fluctuations to the same quantity derived from the ini-
tial eccentricity distributions, F(εn). It can be seen by com-
parison with Eq. (16) that the quantity F depends not only on
the second moment of the εn distribution (as does σεn/〈εn〉),
but also on the fourth moment and, therefore, can provide a
more sensitive test of model assumptions.

Figure 12 shows the pT dependence of the relative el-
liptic flow fluctuations calculated for different centrality in-
tervals with Eq. (16), where v2{2} is replaced by v2{EP}.
For all centrality intervals, except 2–5%, the relative elliptic
flow fluctuations depend only weakly on pT over the whole
pT range, indicating that they are predominantly associated
with fluctuations of the initial geometry. A similar pT de-
pendence of the relative elliptic flow fluctuations was re-

cently reported by the ALICE collaboration [9], although the
ALICE results for the 0–5% most central collisions show a
much stronger pT dependence than the present measurement
for the centrality interval 2–5%. This discrepancy may be
due to different contributions of non-flow effects to v2{EP}
measured in the two experiments.

The quantity F(vn) is further investigated as a function
of the collision centrality using flow harmonics averaged
over pT and η . The dependence of F(v2) on 〈Npart〉 is
shown in Fig. 13. Two sets of measurements are shown:
F(v2) calculated using v2{4} and v2{2} obtained with
the cumulant method with v2{EP} replacing v2{2}, and
using vcalc

2 {4,EbyE} and vcalc
2 {2,EbyE} obtained from the

measured p(v2) distribution [17]. The two measurements
show similar centrality dependence, but the estimate based
on the cumulant method is systematically smaller (by up to
about 15%) than that calculated from p(v2).

F(v2) can also be compared to σv2/〈v2〉 determined
from the p(v2) distribution. It was shown in Ref. [17] that
the two measures of elliptic flow fluctuations agree for
the most peripheral collisions. For semi-central collisions,
σv2/〈v2〉 is systematically larger than F(v2). A significant
discrepancy was shown for the most central collisions,
where σv2/〈v2〉 levels off at 0.52, while F(v2) rises
continuously, reaching much higher values.

F(v2) shows a strong centrality dependence. Starting
with the most peripheral collisions, it decreases with
〈Npart〉, reaching a minimum at 〈Npart〉 ≈ 200 and then
rises steeply with centrality up to about 1.0 for the most
central collisions. A comparison to F(ε2) calculated from
the eccentricity distributions predicted by the Glauber and
MC-KLN models is shown in Fig. 13. One can see that the
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Fig. 13 The relative elliptic flow fluctuations, F(v2), as a function of
〈Npart〉, from this analysis (filled circles) with v2{EP} substituted for
v2{2}. Statistical errors are shown as bars and systematic uncertainties
as shaded bands. F(v2) obtained from the measured v2 distribution
[17] is shown as open circles (marked in the legend as “EbyE”) with
the error bars denoting statistical and systematic uncertainties added in
quadrature. The same quantity calculated from the initial eccentricity
distributions obtained from the Glauber [37] and MC-KLN [46] mod-
els is shown by curves. Open squares show the CMS measurement of
F(v2) [23].

MC-KLN model describes the measurements for Pb+Pb
collisions with 〈Npart〉 above 150 reasonably well, while
the Glauber model significantly over-predicts the measured
F(v2) across the entire centrality range. Figure 13 also
shows that our results are consistent with the CMS estimate
of F(v2) [23].

The study of F(vn) is also performed for higher-order
flow harmonics, n = 3,4. Figure 14 shows F(v3) (top
plot) and F(v4) (bottom plot) obtained using the cumulant
method with v3{2} and v4{2} replaced by v3{EP} and
v4{EP}, respectively. Large relative fluctuations of the
third- and fourth-order harmonics, of the order of 0.7–0.8,
are measured over the whole accessible centrality range,
with a relatively weak centrality dependence. The results
are consistent with the CMS measurement of F(v3) [23]
as well as with F calculated using vcalc

3 {4,EbyE} and
vcalc

3 {2,EbyE} [17]. F(ε3) and F(ε4) obtained from the
eccentricity distributions predicted by the Glauber and
MC-KLN models are also shown. One can see that none
of the models gives a consistent description of F(v3) and
F(v4).
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Fig. 14 The relative fluctuations, F(vn) for n = 3 (top) and n = 4 (bot-
tom) as a function of 〈Npart〉, from the ATLAS cumulant method (filled
circles) with vn{EP} substituted for vn{2}. Statistical errors are shown
as bars and systematic uncertainties as shaded bands. The same quan-
tity calculated from the measured v3 distributions [17] is shown as open
circles in the top plot, with error bars denoting statistical and system-
atic uncertainties added in quadrature. The top plot also shows F(v3)
as measured by CMS [23] (open squares). F values calculated from
the eccentricity distributions obtained from the Glauber [37] and MC-
KLN [46] models are shown by curves.

8 Summary

A measurement of flow harmonics of charged particles in
Pb+Pb collisions at

√
sNN = 2.76 TeV from the ATLAS ex-

periment at the LHC is presented using a dataset of approx-
imately 7 µb−1 collected in 2010. The analysis is based
on the cumulant expansion of multi-particle azimuthal cor-
relations, which suppresses correlations not related to the
initial-state geometry. Another advantage of the cumulant
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method is that it provides several different measurements of
the same harmonic, vn, allowing for estimation of the non-
flow contributions and for consistency checks. The need for
huge computing power in calculating multi-particle correla-
tions is overcome by using the generating function formal-
ism.

Flow coefficients vn for n = 2,3,4 were obtained using
two- and four-particle cumulants. In addition, for the elliptic
flow (n = 2), the analysis is for the first time extended to the
six- and eight-particle cumulants. The transverse momen-
tum, pseudorapidity and centrality dependence of flow har-
monics is presented. An attempt is also made to estimate the
flow harmonic fluctuations using the measured vn{4} and vn
obtained with the event-plane method.

The transverse momentum dependence of v2{2} shows
significant non-flow contributions. This contribution is
reduced in v2{EP}. The elliptic flow obtained with the
four-particle cumulants provides a measure of v2 with
non-flow correlations strongly suppressed. Using six- and
eight-particle cumulants gives results consistent, within the
errors, with those obtained with four-particle cumulants,
indicating that four-particle cumulants efficiently suppress
non-flow correlations. Similar conclusions can be drawn
from the study of the η-dependence of the pT-integrated
v2 as well as from the centrality dependence of v2
averaged over pT and η . As for v2, the higher-order
flow harmonics determined using four-particle cumulants
are significantly reduced compared to the measurement
involving two-particle cumulants.

The flow harmonics, vn{4}, determined from the four-
particle cumulants increase sharply with pT reaching a max-
imum at 2–3 GeV. At higher transverse momenta, v2{4} de-
creases and beyond pT of about 7 GeV, it plateaus at the
level of about 0.04 up to the highest accessible transverse
momenta. The higher-order harmonics also decrease above
3 GeV and reach a value of about 0.03 when integrated over
pT from 4 GeV to 20 GeV. The four-particle harmonics,
vn{4}, are found to depend weakly on the pseudorapidity
over the range |η |< 2.5.

The centrality dependence of the pT- and η-integrated
vn{4} reveals a clear distinction between v2 and the higher-
order harmonics: v2 strongly depends on the collision cen-
trality, reflecting its sensitivity to the varying shape of the
initial collision geometry, while v3 and v4 show only a weak
centrality dependence, predominantly attributed to geome-
try fluctuations. Over the studied centrality range, except
for the most central collisions, the measured v3 and v4 are
much smaller than v2. For the most central collisions, a sim-
ilar magnitude is measured for v2, v3 and v4 because all are
dominated by geometry fluctuations. The measured v2{2k}
for k = 2,3,4 and v3{4} are found to agree with the same
coefficients calculated from the moments of the measured
p(v2) and p(v3) distributions.

The relative flow harmonic fluctuations, F(vn), defined
in Eq. (16), are estimated using vn{EP} and vn{4}. For the
elliptic flow harmonic, a strong centrality dependence is ob-
served, following a trend similar to that exhibited by F as
estimated from the p(v2) distribution. In contrast, F(v3) and
F(v4) show a weak centrality dependence. The large mag-
nitudes of F obtained for third- and fourth-order harmon-
ics, and also for the elliptic flow harmonic measured in the
most central collisions, indicate the dominant role of initial-
state fluctuations. The comparison to the same quantity de-
rived from the initial-state eccentricity distributions, mod-
elled by the Glauber and MC-KLN models, shows that none
of these models can describe the flow harmonic fluctuations
well, particularly for higher-order flow harmonics. There-
fore, the measurements presented in this paper provide valu-
able constraints on models of initial spatial anisotropy and
subsequent hydrodynamic evolution of systems produced in
ion–ion collisions with nucleon–nucleon centre-of-mass en-
ergies at the TeV energy scale.

9 Acknowledgements

We thank CERN for the very successful operation of the
LHC, as well as the support staff from our institutions with-
out whom ATLAS could not be operated efficiently.

We acknowledge the support of ANPCyT, Argentina;
YerPhI, Armenia; ARC, Australia; BMWFW and FWF,
Austria; ANAS, Azerbaijan; SSTC, Belarus; CNPq and
FAPESP, Brazil; NSERC, NRC and CFI, Canada; CERN;
CONICYT, Chile; CAS, MOST and NSFC, China; COL-
CIENCIAS, Colombia; MSMT CR, MPO CR and VSC
CR, Czech Republic; DNRF, DNSRC and Lundbeck Foun-
dation, Denmark; EPLANET, ERC and NSRF, European
Union; IN2P3-CNRS, CEA-DSM/IRFU, France; GNSF,
Georgia; BMBF, DFG, HGF, MPG and AvH Foundation,
Germany; GSRT and NSRF, Greece; ISF, MINERVA, GIF,
I-CORE and Benoziyo Center, Israel; INFN, Italy; MEXT
and JSPS, Japan; CNRST, Morocco; FOM and NWO,
Netherlands; BRF and RCN, Norway; MNiSW and NCN,
Poland; GRICES and FCT, Portugal; MNE/IFA, Romania;
MES of Russia and ROSATOM, Russian Federation;
JINR; MSTD, Serbia; MSSR, Slovakia; ARRS and MIZŠ,
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S. Hageböck21, Z. Hajduk39, H. Hakobyan178, M. Haleem42, D. Hall119, G. Halladjian89, K. Hamacher176, P. Hamal114,
K. Hamano170, M. Hamer54, A. Hamilton146a, S. Hamilton162, G.N. Hamity146c, P.G. Hamnett42, L. Han33b,
K. Hanagaki117, K. Hanawa156, M. Hance15, P. Hanke58a, R. Hanna137, J.B. Hansen36, J.D. Hansen36, P.H. Hansen36,
K. Hara161, A.S. Hard174, T. Harenberg176, F. Hariri116, S. Harkusha91, D. Harper88, R.D. Harrington46, O.M. Harris139,
P.F. Harrison171, F. Hartjes106, M. Hasegawa66, S. Hasegawa102, Y. Hasegawa141, A. Hasib112, S. Hassani137, S. Haug17,
M. Hauschild30, R. Hauser89, M. Havranek126, C.M. Hawkes18, R.J. Hawkings30, A.D. Hawkins80, T. Hayashi161,
D. Hayden89, C.P. Hays119, H.S. Hayward73, S.J. Haywood130, S.J. Head18, T. Heck82, V. Hedberg80, L. Heelan8,
S. Heim121, T. Heim176, B. Heinemann15, L. Heinrich109, J. Hejbal126, L. Helary22, C. Heller99, M. Heller30,
S. Hellman147a,147b, D. Hellmich21, C. Helsens30, J. Henderson119, R.C.W. Henderson71, Y. Heng174, C. Hengler42,
A. Henrichs177, A.M. Henriques Correia30, S. Henrot-Versille116, C. Hensel54, G.H. Herbert16, Y. Hernández Jiménez168,
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C. Rudolph44, M.S. Rudolph159, F. Rühr48, A. Ruiz-Martinez30, Z. Rurikova48, N.A. Rusakovich64, A. Ruschke99,
J.P. Rutherfoord7, N. Ruthmann48, Y.F. Ryabov122, M. Rybar128, G. Rybkin116, N.C. Ryder119, A.F. Saavedra151,
S. Sacerdoti27, A. Saddique3, I. Sadeh154, H.F-W. Sadrozinski138, R. Sadykov64, F. Safai Tehrani133a, H. Sakamoto156,
Y. Sakurai172, G. Salamanna135a,135b, A. Salamon134a, M. Saleem112, D. Salek106, P.H. Sales De Bruin139, D. Salihagic100,
A. Salnikov144, J. Salt168, D. Salvatore37a,37b, F. Salvatore150, A. Salvucci105, A. Salzburger30, D. Sampsonidis155,
A. Sanchez103a,103b, J. Sánchez168, V. Sanchez Martinez168, H. Sandaker14, R.L. Sandbach75, H.G. Sander82,
M.P. Sanders99, M. Sandhoff176, T. Sandoval28, C. Sandoval163, R. Sandstroem100, D.P.C. Sankey130, A. Sansoni47,
C. Santoni34, R. Santonico134a,134b, H. Santos125a, I. Santoyo Castillo150, K. Sapp124, A. Sapronov64, J.G. Saraiva125a,125d,
B. Sarrazin21, G. Sartisohn176, O. Sasaki65, Y. Sasaki156, G. Sauvage5,∗, E. Sauvan5, P. Savard159,d , D.O. Savu30,
C. Sawyer119, L. Sawyer78,m, D.H. Saxon53, J. Saxon121, C. Sbarra20a, A. Sbrizzi3, T. Scanlon77, D.A. Scannicchio164,
M. Scarcella151, V. Scarfone37a,37b, J. Schaarschmidt173, P. Schacht100, D. Schaefer30, R. Schaefer42, S. Schaepe21,
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73 Oliver Lodge Laboratory, University of Liverpool, Liverpool, United Kingdom
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135 (a) INFN Sezione di Roma Tre; (b) Dipartimento di Matematica e Fisica, Università Roma Tre, Roma, Italy
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h Also at Università di Napoli Parthenope, Napoli, Italy
i Also at Institute of Particle Physics (IPP), Canada
j Also at Department of Physics, St. Petersburg State Polytechnical University, St. Petersburg, Russia
k Also at Chinese University of Hong Kong, China
l Also at Department of Financial and Management Engineering, University of the Aegean, Chios, Greece
m Also at Louisiana Tech University, Ruston LA, United States of America
n Also at Institucio Catalana de Recerca i Estudis Avancats, ICREA, Barcelona, Spain
o Also at Department of Physics, The University of Texas at Austin, Austin TX, United States of America
p Also at Institute of Theoretical Physics, Ilia State University, Tbilisi, Georgia
q Also at CERN, Geneva, Switzerland
r Also at Ochadai Academic Production, Ochanomizu University, Tokyo, Japan
s Also at Manhattan College, New York NY, United States of America
t Also at Novosibirsk State University, Novosibirsk, Russia
u Also at Institute of Physics, Academia Sinica, Taipei, Taiwan
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