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CI-PROPERTY OF Cg x Cp, AND Cg X Cg FOR DIGRAPHS

ISTVAN KOVACS >3 MIKHAIL MUZYCHUK, PETER P. PALFY 2, GRIGORY RYABOV 3,
AND GABOR SOMLAI*®

ABSTRACT. We prove that the direct product of two coprime order elementary abelian groups of
rank two, as well as the direct product of a cyclic group of prime order and a cyclic group of square
free order are DCI-groups. The latter is a generalization of Muzychuk’s result on cyclic groups
(J. Combin. Theory Ser. A, 1995).

1. INTRODUCTION

Investigation of the isomorphism problem of Cayley graphs started in 1967 with the following
conjecture of Adédm [1]. He asked whether two circulant graphs on n vertices are isomorphic if and
only if they are isomorphic via a multiplication with an integer coprime to n.

A generalisation of the question using a different terminology was introduced in [3]. Let G
be a finite group and let S be a subset of G\ {¢} = G#. The vertices of the Cayley graph
Cay(G, S) are the elements of G and g € G is connected to h € G if and only if hg~! € S. A right
multiplication by a group element g € G is an automorphism of an arbitrary Cayley graph and
hence Aut(Cay(G, S)) contains a regular subgroup isomorphic to G.

Any automorphism « of G induces an isomorphism between the two Cayley graphs Cay(G, S)
and Cay(G,S%). In this case these graphs are called Cayley isomorphic. A subset S of the group
G is CI if Cay(G, S) = Cay(G,T) implies that these graphs are Cayley isomorphic. A group G is
called a DCI-group if S is CI for every S C G7 and it is called a CI-group if the same holds for
symmetric (S~! = §) subsets of G7.

The first counterexample for Addm’s conjecture was given by Elspas and Turner [10], and
independently by Djokovi¢ [6]. The complete description of finite cyclic DCI-groups was given by
Muzychuk [24] in 1997, who proved that a cyclic group C,, is DCI if and only if n = ab, where
a | 4 and b is a square free odd number.

The class of Cl-groups is closed under taking subgroups. It was proved by Babai and Frankl [3]
that a finite p-group is a DCI-group only if it is either an elementary abelian p-group or a quaternion
group of order 8 or a cyclic group of small order. This poses a strong restriction on the structure
of DCI-groups. A collection of the candidates of (D)CI-groups is found in [2I]. Recently, further
significant restriction was obtained by Dobson et al. [9]. Furthermore, it has been proved by
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Muzychuk [22] that for every prime p, the elementary abelian p-groups of sufficiently large rank
are not Cl-groups. The current lower bound for the rank of a non-CI elementary abelian p-group
is 2p + 3 [29]. On the other hand, it was proved by Feng and Kovacs [13] that C’;’ is Cl-group for
every prime p.

It was conjectured by Kovacs and Muzychuk [I7] that the direct product of DCI-groups of
coprime orders is always a DCI-group (see also [7, Conjecture 43]). They proved that Cg x Cy is
a DCI-group for every pair of distinct primes p, ¢. As a strengthening of this result it was proved
that C3 x Cy and C;} x C are also DCI-groups, see [30, 19]. Furthermore, Dobson [7] settled the
conjecture for abelian groups under strong restrictions on the order of the factors.

It was shown by Babai [2] that S C G* is CI if and only if all regular subgroups of Aut(Cay(G, S))
isomorphic to G are conjugate in the automorphism group. This observation gives us one of the
main tools in the study of (D)CI-groups and allows us to use results from group theory. Another
basic method in these investigations is the use of Schur rings. It started in the paper of Klin and
Poschel [16], where it was proved that a cyclic group whose order is a product of two different
primes is a DCI-group. The method was further developed in a paper of Hirasaka and Muzy-
chuk [I5], where the notion of star product was introduced. We refer to the survey paper [25] for
more information on Schur rings and their link with combinatorics.

In our paper the techniques developed in [30] will be combined with a criterion given in [I§] to
lead to our results.

Theorem 1.1. For any prime p and any square free number n the group C, x Cy, is a DCI-group.

If n is not divisible by p, then C), x C,, = C),, is a cyclic group of square free order, so this result
includes Muzychuk’s theorem [23] and our methods provide an independent proof for that. If p
divides n, then C, x C,, = CI% x C,p belongs to a new class of groups for which we establish the
CI property.

Theorem 1.2. If p and q are different primes, then C’g X C’g is a DCI-group.

This theorem provides the first example besides elementary abelian p-groups of an infinite family
of DCI-groups, which are not Burnside groups. The proof of Theorem uses some techniques
from finite geometry.

As a consequence of Theorems [Tl and [[L2] and results in [15] 24] 27| [30], we have the complete
list of abelian DCI-groups whose order is a product of four not necessarily distinct primes.

Theorem 1.3. The abelian DCI-groups whose order is a product of four not necessarily distinct
primes are the following groups:

4 3 2 2 2 2
Cl, O3 x Cyy C2 X C2, C2 X Cyr, C2 X Cuy, Cirs, Cpgrs,

where p,q,r,s are pairwise distinct primes and r,s > 2.

The paper is organised as follows. The concept of Schur rings is presented in Section[2l The next
two sections are devoted to preparation for the proof of our two main theorems. The main result
in Section [lis Lemma that can certainly be applied to other infinite families of abelian groups.
Section [ collects results on different types of products of CI-S-rings. The proof of Theorem [I.]is
contained in Section Bl Section [@]is devoted to the investigation of uniprimitive groups containing
a regular subgroup isomorphic to C’g X C’g using translation nets. The proof of Theorem is
contained in Section [7

Notation. The set of non-identity elements of a group G is denoted by G7.
For a subset X C G, the set {7 ! : 2 € X} is denoted by X! and the subgroup generated by
X is denoted by (X). The element ) _ x of the group ring ZG is denoted by X.
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For L < G, the canonical epimorphism from G to G//L is denoted by mq/r.

The group of all permutations of a set  is denoted by Sym(2) and the identity element of
Sym(£2) by idgq.

For A < Sym(Q2) and « € €, the stabiliser of o in A is denoted by A,, the orbit of o under A
by a, and the set of all orbits under A by Orb(A4, Q).

The right regular representation of G is denoted by pg, i.e., for z,y € G, z*¢W) = zy. The
image pg(G) is also denoted by Gg.

The set of all permutation groups of G containing G is denoted by Sup(Gg).

For a set A C Sym(G) and a section S = U/L of G, we set

AS={p%: peA, §¥ =25},

where S¥ = S means that ¢ maps U to itself and permutes the L-cosets in U among themselves
and ¢ denotes the bijection of S induced by ¢.

2. S-RINGS

Let G be a finite group with identity element e and ZG be the integer group ring. A subring
A C ZG is called an S-ring (or Schur ring) over G if there exists a partition S(A) of G such that

(1) {e} € S(A),
(2) if X € S(A) then X! € S(A),
(3) A=Spany{X: X € S(A)}.
The elements in S(A) are called the basic sets of A and the number rk(A) := |S(A)| is called the

rank of A. The definition of an S-ring is due to Wielandt (see [32] Chapter IV]). The motivation
comes from the following result of Schur (see [32] Theorem 24.1]).

Theorem 2.1. ([28]) If A € Sup(GRr), then the Z-submodule Spany{X : X € Orb(A.,G)} is a
subring of Z.G.

Clearly, the ring in the theorem is an example of an S-ring, also called the transitivity module
over GG induced by A and denoted by V(G, A.). An S-ring A is called schurian if A =V (G, A)
for some permutation group A € Sup(Gr). We remark that not all S-rings are schurian (see [32]).
In the particular case when A = GrK for some subgroup K < Aut(G), the S-ring V (G, A,) is
called cyclotomic and also denoted by Cyc(K,G). In this case the basic sets are the orbits under
K.

Let A be an S-ring over a group G. A set X C G is called an A-set if X € A, and a subgroup
H < G is called an A-subgroup if H € A. The S-ring A is primitive if G contains no non-trivial
proper A-subgroup. Suppose that A = V (G, A.) for some permutation group A € Sup(Gr). Then
H < G is an A-subgroup if and only if the partition of G into its right H-cosets is A-invariant.
Hence A is primitive if and only if so is V (G, A¢).

Proposition 2.2. ([31]) Suppose that G is an abelian group of composite order having a cyclic
Sylow subgroup. Then every primitive S-ring over G is of rank 2.

For a subset X C G and integer m, define X(™) = {z™ : x € X}; and for a group ring element
n=> 9eG €995 define n(™ = > geG €9 Two useful properties of S-rings over abelian groups are
invoked next. The statement in part (i) is [32, Theorem 23.9(a)] and the statement in part (ii)
follows from the proof of [32], Theorem 23.9(b)]. For an abelian group G and a prime divisor p of
the order of G we will use the notation G[p] = {g € G : g* = e}.

Proposition 2.3. ([32]) Let A be an S-ring over an abelian group G.
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(i) If m is an integer coprime to |G| and n € A, then n™ € A. In particular, X™ € S(A)
whenever X € S(A).
(ii) If p is a prime divisor of |G|, 1 <k <p—1 and X C G is an A-set, then the set
XPH = {27 . 2 € X and | X N zG[p]| = k(mod p)}
is an A-set (possibly empty). Hence the set
XPl= {2P: 2 € X and | X NzGp]| # 0(mod p)}
s also an A-set.

Let G be an arbitrary group and A be an S-ring over G. With each A-set X one can naturally
associate two A-subgroups, namely, (X) and

rad(X) ={geG: gX =Xg=X}.

Let L < U < G. The section U/L is called an A-section if U and L are A-subgroups. If
S =U/L is an A-section, then the module

Ag = Span, {X™/L : X € S(A), X CU}

is an S-ring over S. Note that, if A = V(G, A.) and S is an A-section, then Ag = V (S, (A%)cq)
and so Ag is schurian (see [I5], Proposition 2.8]). Here eg denotes the identity element of S.

Let A be an S-ring over a group G and B be an S-ring over a group H. A bijection ¢ : G — H
is called an isomorphism from A to B if rk(A) = rk(B) = r, and there is an ordering Xi,..., X,
of the basic sets in S(A) and an ordering Y7, ...,Y, of the basic sets in S(B) such that ¢ is an
isomorphism from Cay (G, X;) to Cay(H,Y;) for every 1 < i < r. If there is an isomorphism from
A to B, then we say that A and B are isomorphic and write A = B. Let Iso(A, B) denote the set
of all isomorphisms from A4 to B. An isomorphism ¢ € Iso(A, B) is called normalised if it maps
the identity element eg to the identity element eg. If ¢ is normalised, then X,” € S(B) for every
basic set X; € S(A) and ¢ also satisfies the condition:

V1 S Z,j S T (XZX])SD = X;'DX;'D (1)
Some further properties are collected below.
Proposition 2.4. ([I5, Proposition 2.7]) Let ¢ : A — B be a normalised isomorphism from an

S-ring A over a group G to an S-ring B over a group H, and let E < G be an A-subgroup.

(i) The image E¥ is a B-subgroup of H. Moreover, the restriction ¢p : E — E¥ is an isomor-
phism between Ap and Bge.
(ii) For each x € G, (Ex)? = E¥z?.
(iii) If E 4 G and E¥ < H, then the mapping ¢“/* : G/E — H/E?, defined by (Ex)ﬁOG/E = E¥x¥
is a normalised isomorphism between Aq,p and By /pe.

We are interested in isomorphisms between S-rings over the same group and set

Iso(A) = U Iso(A, B) and Iso.(A) = {¢ € Iso(A) : e¥ = e}.

B is an S-ring
over G

Clearly, Iso(.A, .A) is a subgroup of Sym(G), which contains the normal subgroup defined as
Aut(A) = (] Aut(Cay(G,X)).
XeS(A)
This is called the automorphism group of A (see [16]). Clearly, Gr < Aut(A).
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3. DCI-GroUPS AND CI-S-RINGS
Babai [2] gave the following group theoretical criterion for a subset X C G to be a Cl-subset.

Proposition 3.1. ([2) Lemma 3.1]) A subset X C G is a Cl-subset if and only if any two regular
subgroups of Aut(Cay(G, X)) isomorphic to G are conjugate in Aut(Cay(G, X)).

Let A, B € Sup(GpR) such that A < B. Then A is said to be a Gg-complete subgroup of B,
denoted by A =g B, if for every ¢ € Sym(G), the inclusion (Gg)? < B implies (Gg)¥¥ < A for
some 1) € B (see [15, Definition 2]). Notice that, the relation < is a partial order on Sup(GRg).
In this context Proposition Bl reads as

X C Gis a Clsubset <= Gpr =g Aut(Cay(G, X)). (2)
Let A < Sym(G). The 2-closure A®) s the largest permutation group of G satisfying
Orb(A® |G x G) = Orb(4, G x G),
where the groups A® and A act on G x G coordinate-wise. The group A is called 2-closed if
A?) = A If A=V (G, A,), then Aut(A) = A®). Tt is well-known that Aut(Cay(G, X)) is 2-closed

for any subset X C G. It follows from this and (2] that G is a DCI-group if Gr < A for every
2-closed permutation group A € Sup(Gg).

Proposition 3.2. ([I5) Theorem 2.6]) Let A € Sup(Gr) be a 2-closed permutation group and
A=V (G, A). Then the following statements are equivalent.

(i) Ggr =<¢ A.

(ii) Iso(A) = Aut(A) Aut(G).

(iii) Isoe(A) = Aut(A)e Aut(G).

An S-ring A over G is called a CI-S-ring (or CI for short) if Aut(A) Aut(G) = Iso(A) (see [15],
Definition 3]).

Proposition 3.3. ([30, Proposition 2.4]) Let A, B € Sup(GRr) such that B < A, A= V(G, A.)
and B=V(G,B.). If B <g Aut(A) and B is CI, then A is also CL

This allows us to consider only minimal elements of the poset (Sup(Gr), Z¢). The set of such
elements will be denoted by Sup™"(Gr).

Corollary 3.4. If V(G, A.) is CI for every A € Sup™®»(GRg), then G is a DCI-group.

In fact, we are going to derive Theorems [[LT] and by showing that the condition in Corol-
lary 34 holds whenever G is one of the groups in the cited theorems.

We conclude the section with a useful lemma.

Lemma 3.5. Let G be an abelian group, A € Sup™®(Gr) and A=V (G, A.). Suppose that there
exist A-subgroups L < U < G such that |[U/L| = np" for a prime p and 1 < n < p. Then LU, is
an A-subgroup, where U, is the Sylow p-subgroup of U.

Proof. Let Fy := Gg, Iy, ..., be a complete set of representatives of the conjugacy classes of
regular subgroups of A isomorphic to G. Then A = (F},..., F;) because of A € Sup™®(Gg). For
an easier notation, write B for BG/L, where B < A is any subgroup, and € for the identity element
of G/L. Furthermore, denote by E{U/ 1} the setwise stabiliser of U/L in B.

For 1 < i < k, let P, be the Sylow p-subgroup of (E){U/ ry and P be a Sylow p-subgroup of
A (v/ry such that Pp < P. Tt follows from |U/L| = np' and n < p that a Sylow p-subgroup
of Sym(U/L) has n orbits, each containing p' elements (see [5 Example 2.6.1]). On the other
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hand, acting on U/L, the orbits under P; are equal to the cosets of LU,/L in U/L, and therefore,
Orb(P,U/L) = Orb(P,U/L).

Fix 7, 2 < i < k. By Sylow’s theorem Pfi < P for some §; € Z{U/L}. Using also that Fj is
abelian, we find that the partition of U/L into its LU,/L-cosets is E(Si—invariant. Thus it is also
D-invariant for D := (F}, ?262, . ,Eék>. In other words, LU,/L € V(G/L, D¢).

Let +; be a preimage of §; under the epimorphism A —+ A. Then

A=V(G,A) =V(G,(F1,...,Fy)e) = V(G (F1,F}?, ..., F*).),
and so
Agy = V(G/L,(F, B2, F)) = V(G/L, (FL, ™, ... Ty *)e) = V(G/L, De).
This shows that LU,/L € Ag/y, implying that LU, € A. O

Ok

4. ProbpucTS OF CI-S-RINGS

In this section we review the star and the generalised wreath product of S-rings. The former was
introduced by Hirasaka and Muzychuk [I5] and the latter by Evdokimov and Ponomarenko [12]
and independently by Leung and Man [20] under the name wedge product.

4.1. Star product. Let A be an S-ring over a group G and V., W < G be two A-subgroups. The
S-ring A is the star product of Ay with Ay, written as A = Ay x Ay, if

L VAW <aW.
(2) every X € S(A), X C W\ V is a union of some (V N W)-cosets,

(3) for every X € S(A) with X C G\ (V UW), there exist basic sets Y, Z € S(A) such that
X=YZ YCVand ZCW.

The star product is non-trivial if V' # {e}, G. In the special case when V NW = {e} it is also
called the tensor product and written as Ay ® Ay .

Proposition 4.1. (cf. [I7, Proposition 3.2 and Theorem 4.1]) Let G be a direct product of ele-
mentary abelian groups, A € Sup(Gg) and A=V (G, A.). If A = Ay x Aw and both S-rings Ay
and Ay cvowy are CI, then A is also CIL.

Corollary 4.2. In particular, if A = Ay @ Aw and both S-rings Ay and Aw are CI, then A is
also CIL.

Proposition 4.3. ([II, Lemma 2.3.(2)]) Let G be an abelian group and A be an S-ring over G.
Suppose that G = Hy x Hy with A-subgroups Hy, Hy. Then A D Ap, ® Am,, and the equality is
attained whenever Ay, = ZH, or Ay, = ZH>.

Lemma 4.4. Let G be an abelian group, A € Sup™™(Gr) and A = V (G, A.). Suppose that
G = H, x Hy with A-subgroups Hy, Hy. Then A= Ap, ® An,. If Ag, and A, are CI, then A
1s also CIL.

Proof. Let K; be the kernel of the action of A on the set of H;-cosets where i = 1,2. The groups
Ky, Ky are normal in A and intersect trivially because Hy; N Hy = {e}. Pick a regular abelian
subgroup F' < A. Then F = (FNK;) X (FNKs) < K1Ks. Therefore, any regular abelian subgroup
of A is contained in K7 Ky, implying that K1 Ky =g A. By <g-minimality of A we conclude that
A= KiK.

Therefore, the permutation group A = K1 K> acting on G = HyHs is permutation isomorphic
to the permutation direct product Ki' x K1 acting on Hy x Hy (see [5, p. 17]). This implies
that A = Ap, ® Ap,, as required. If Ay, and Ap, are CI, then so is A by Corollary O
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4.2. Generalised wreath product. Let A be an S-ring over a group G and S = U/L be an
A-section of G. The S-ring A is the S-wreath product (also called the generalised wreath product
of Ay with Ag/r), written as A = Ay 15 Agyr, if

(1) LG,

(2) every X € S(A), X C G\ U is union of some L-cosets.

The S-wreath product is non-trivial if L # {e} and U # G. Notice the following relation with
the star product. If Ay x Ay is defined over the group G such that V N'W < G, then the latter
star product becomes the V/(V N W)-wreath product.

An S-ring A is called decomposable if it can be expressed as a non-trivial S-wreath product and
indecomposable otherwise. In the special case when U = L, i.e., S is trivial, the S-wreath product
is also called wreath product and written as Ayt Agu-

The following result is a sufficient condition for the CI-property of a generalised wreath product.
To state the condition, we set the notation: Autg(A) := Aut(A) N Aut(G). Clearly, if S is an
A-section of G, then Autg(A)® < Autg(Ag).

Proposition 4.5. ([I8, Theorem 1.1]) Let G be a direct product of elementary abelian groups, and
A= Ay s Agyr, be a non-trivial S = U/L-wreath product such that both Ay and Agp, are CI.
Then A is CI whenever

Autg(Ag) = AutU(.AU)S Autg/L(AG/L)S’
Note that, if Ag = ZS in Proposition 5] then Autg(Ag) is trivial, so we obtain the following.
Corollary 4.6. If Ag =ZS in Proposition [[.5, then A is CI.

Two subgroups K1, Ko < Aut(G) are Cayley equivalent, written as Ky ~cay Ko, if Orb(K, G)
= Orb(K3, G) (see [18]). A cyclotomic S-ring A over G is said to be Cayley minimal if

{K < Aut(G) : K mcay Autg(A)} = {Autg(A)}.

Proposition 4.7. ([19, Lemma 4.2]) With the assumptions in Proposition [[-3], suppose that at
least one of the S-rings Ay and Ag/y, is cyclotomic and Ag is Cayley minimal. Then A is CI.

This proposition will be especially useful in conjunction with the following lemma.

Lemma 4.8. Let A be an S-ring over a cyclic group G of order n.
(i) If n is a prime, then A is cyclotomic.
(ii) If n = pq for distinct primes p,q and rk(A) # 2, then A is cyclotomic or a non-trivial wreath
product of two S-rings.
(iii) If A is cyclotomic, then it is Cayley minimal.

Proof. The statement in (i) follows from Proposition 2.3](i). The statement in (ii) follows from [10],
Theorem 2.10].

For (iii) let A = Cyc(K,G) for a subgroup K < Aut(G). Let x be a generator of G and
X € S(A) be the basic set containing z. It is easy to see that K is regular on X, hence |K| = |X]|.
This implies that Autg(A) = K and K’ %,y K for any proper subgroup K’ < K, i.e., Ais Cayley
minimal. U

Dobson and Witte [§] described the groups in Sup(Gr) where G = C’g for a prime p (the
description of the imprimitive groups were obtained earlier by Jones [14]). The proposition below
follows from their result and for our convenience it is formulated here in the language of S-rings.

Proposition 4.9. (cf. [B, Theorem 14]) Let G = C? for a prime p, A € Sup(Gg) and A =
V(G, Ae). If G contains exactly one A-subgroup of order p, say L, then A= ALV Ag/p-
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An S-ring A over a group G is a p-S-ring if G is a p-group and for every X € S(A), |X| is equal
to a power of p.

Proposition 4.10. ([I7, Lemma 5.2]) Let G be an abelian group, A € Sup™®(Gg) and A =
V(G,A.). Suppose that U is an A-subgroup such that G/U is a p-group for a prime p. Then
Agu is a p-S-ring.

It is obvious that ZC), is the only p-S-ring over C),. Furthermore, it is well-known that up to
isomorphism, there are two p-S-rings over Cg, namely

ZC2 and ZCp L ZCy, (3)

(see, e.g., [15] Section 3.1].

For the next two propositions let G be an abelian group such that ¢ | |G| and ¢* 1 |G| for a
prime ¢ and let A be an S-ring over G. Let Q) be the least A-subgroup of order divisible by ¢ and
H be the unique maximal A-subgroup of order coprime to q.

Proposition 4.11. ([30, Corollary 3.2]) With notation as above, A is the HQ/Q-wreath product.

Proposition 4.12. ([30, Propositions 3.4 and 3.5]) With notation as above, if |HQ/H| # q or
AHQ/H = 7Cy, then Agg = A x Ag.

Lemma 4.13. With the assumptions in Proposition[{.3, A is CI whenever Ag/;, = As ® Ay for
some Agp-subgroup H < G/ L.

Proof. The following containment is clear:
Autgr(Agr)® > (Auts(Asg) x Autg(Ax))® = Autg(As).

On the other hand, Autg/(Ag/r)® < Autg(As) and therefore, Autg,r(Ag/r)° = Autg(Asg).
Then A is CI by Proposition O

Lemma 4.14. Let G be an abelian group, A € Sup™™(Gr) and A =V (G, A.). Suppose that A is
indecomposable and L is an A-subgroup of prime order. Then pg(L) < Z(A). Moreover, for each
ue L, {u} eS(A).

Proof. Let p = |L| and write L = pg(L). Let K be the kernel of the action of A on the set of
L-cosets in G. For x € G, let K, denote the pointwise stabiliser of Lx in K. Define the binary
relation ~ on the set of L-cosets in G by Lz ~ Ly if and only if K, = Kr,. It is obvious that
~ is an equivalence relation. Also, for arbitrary v € A, K(1,)v = (KL.)7, implying that ~ is also
A-invariant. This shows that the set {Lx : Lx ~ L} is a block for A acting on the set of L-cosets in
G. Consequently, the set U := (J;__; Lz is a block for A acting on G, and so U is an A-subgroup.
Clearly, L < U.

Let v € K, for some x € U. By the definition of U, v € Ky, the pointwise stabiliser of U in
K. In other words, KV is faithful on Lz for every x € U.

Assume for the moment that U < G. Let x ¢ U. The group K acts primitively on Lx because
|Lz| = p, and K; < K. Since # ¢ U, L o Lz, and hence (K1)"* # 1. We obtain that the
orbit 52 = Lz, so L < rad(z“¢). This shows that A is the non-trivial U/L-wreath product, a
contradiction. Thus U = G. As K = KV is faithful on L, L is the unique Sylow p-subgroup of K.
On the other hand, if F' < A is any abelian regular subgroup, then K N F' has order p, and thus
we find K N F = L, in particular, L < Z(F). This yields L < Z(A) because A is generated by its
regular subgroups isomorphic to G due to the condition A € Sup™=®(Gg).

For the second assertion, choose u € L and let X € S(.A) be the basic set containing u. Then
X =wufe and as L < Z(A), we obtain X = ePc(WAe = (gde)pa(u) = {4}, O
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5. PROOF oF THEOREM [.1]

Throughout this section we keep the following notation:

G = C), x C,, for a prime p and a square-free number n (that may or may not be
divisible by p), A € Sup™?(Gg) and A = V(G, A,).

In view of Corollary B4 it is sufficient to show that A is CI. We proceed by induction on the
total number of prime divisors (counted with multiplicities) of |G|, that we will denote by Q(|G]).

If Q(|G]) =1, then G = C,,. It follows from Proposition B.] via Sylow’s theorem that A = G,
hence A = ZG, which is clearly CI.

Assume that Q(|G|) > 1 and the assertion holds for any group G = Cj x Cf, where D is a prime,
71 is square-free and Q(|G|) < Q(|G]). Note that, this implies that every schurian S-ring over G is
CI.

IfG= C’g, then A = ZC’I% or ZCy ZC, by Proposition and [@)). In either case, A is CI (for
the latter S-ring, see Corollary [L.6]).

Now, let n,, > 1, where n,, denotes the p’-part of n. Let n, = ¢i - -- g be the prime decompo-
sition of n,, P be the Sylow p-subgroup and C' be the Hall p’-subgroup of G. Then P = C), or C’g
and C' = C’np,. For 1 <i < k, let Q; be the least A-subgroup of G of order divisible by ¢;, and H;
be the unique maximal A-subgroup of order coprime to ¢;.

Claim 1. A is CI, unless H;Q; # G for every 1 < i < k.

Suppose that H;QQ; = G for some 1 < ¢ < k. Then A = Apg, « Ag,. This follows from
Proposition if |G/H;| # qi, and from Propositions .10l and if |G/H;| = g;.

If Qi/(Q; N H;) % G, then the induction hypothesis guarantees that both Ay, and Ag, /(Q,n#,)
are CI, and hence so is A by Proposition .11

Let Q;/(Q; N H;) 2 G. Then Q; = G, H; = {e}, and these imply that A is primitive. By
Proposition 22, rk(A) = 2, and so A is CI in this case as well. This completes the proof of
Claim 1.

Claim 2. A'is CI, unless C is an A-subgroup and Ag/c = ZC’g.

In view of Claim 1, we may assume that H;Q; # G for every 1 < i < k. Then A is the non-trivial
H,;Q;/Q;-wreath product by Proposition LTIl

Assume first that P = Cp, i.e., G is a cyclic group. Let X € S(A) be a basic set containing a
generator of G, say x, and let V' = rad(X). Then for every 1 <i < k, x ¢ H;Q;, and so V > Q;.
We obtain V' = C, in particular, C € A. By Proposition .10, Ag/y = ZC), and it follows that
X = Vx. This and Proposition 2.3[i) imply that A = Ay ¢ Ag/v, hence A is CI by Corollary

Now, suppose that P = C’g and let ¢ be a generator of C.

Assume for the moment that some cyclic subgroup of index p is not an A-subgroup, i.e., (xc) ¢ A

for some x € P#. Let X € S(A) be the basic set containing zc and let V = rad(X). If zc € H;Q;
for some 1 < i < k, then (xc) = H;Q; because |(xc)| = |G|/p and H;Q; < G, and this contradicts
that (xc) ¢ A. Thus zc ¢ H;Q; for every 1 < ¢ < k, and one finds as above that V' > C. If
V = C, then C € A. The basic set X/V € S(Aq/v) satisfies [rad(X/V)| = 1. On the other hand,
Ag)v = Agjc = ZCI% or ZCy 1 ZC) by Proposition and ([Bl). We conclude that X = Vz, and
so (xc) = (X) € A, which is impossible. Thus V' > C, and it can be deduced from this in the
same way as before that A = Ay Agv, so Ais CL

To sum up, A is CI, unless (xc) € A for every x € P#. It is easy to see that this implies C € A
and .Ag/c = ZCg
Claim 3. A is CI.
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In view of Claim 2, we may assume that C' € A and Ag/c = ZC’I%. By Proposition B2, A is
CI exactly when Iso.(A) = Aut(A). Aut(G). Let ¢ € Iso.(A). We finish the proof of Claim 3 by
finding an automorphism « € Aut(G) such that

VX e S(A): X¥ =X~ (4)

By Proposition 2.4i), C¥ is a subgroup of G of order n,. Thus C¥ = C, and the restriction

@c induces a normalised isomorphism of Ac, see Proposition Z4(i). Furthermore, ¢%/C is a

normalised isomorphism of Ag ¢ defined in Proposition 24(iii). Since both Ac and Ag/¢ are
schurian, these are also CI by the induction hypothesis. Thus there exists ay € Aut(C') such that
VX eS(A),X CC: X¥0 =X, (5)

Also, there exists ay € Aut(G/C') such that
VX € S(A): (XTe/0) = (XTa/e)z, (6)

Since G = C' x G/C, there exists a unique automorphism a € Aut(G) such that a® = a; and
a%/C = ay. We claim that « satisfies the condition in Eq. (@).

If X € S(A), X C C, then by Eq. (@), X¥ = X¥¢ = X = X,

Let X € S(A), X Z C. Since Ag)c = ZCZ, X C Cux for some element 2 € P#. Let U = (C, z).
Then U = (X)C, showing that U € A. Let P; be the minimal A-subgroup contained in U whose
order is divisible by p. By Proposition 12, Ay = Ac * Ap,. Moreover, letting D = P, N C, the
basic set X can be written in the form

X=YDz, YeSA),YCC. (7)
Assume first that Y = {e} in Eq. (@), i.e., X = Dxz. Let ¢ = pa~! € Sym(G). Then
1 € Isoc(A). Using Proposition 2.4)(ii)—(iii) and Eq. (@), we can write
(Cz2)? = Ca? = (Ca)?”'" = (C2)™ = (Cx)™.
This shows that (Cz)¥ = Cx and so U¥ = U. Thus pr < U, and as |P1w| = |P;| also holds,
Pldj = P;. We conclude

G/C

(Dz)¥ = (CxnNP)¥ =CxN P, = Dx.
Equivalently, (Dx)¥ = (Dx)®.
Finally, let Y # {e} in Eq. ([@). Then by Eq. [}, X¥ = (Y Dx)¥ = Y¥(Dx)¥ = Y*(Dx)* = X“.
This completes the proof of Claim 3 as well as the proof of Theorem [L1]

6. PRIMITIVE RATIONAL S-RINGS OVER Cg X Cg AND TRANSLATION NETS

Let G be an abelian group and exp(G) be its exponent. Let P(G) be the subgroup of Aut(G)
consisting of the power automorphisms

T x— a2, x € G,
where 1 < m < exp(G) and ged(m, exp(G)) = 1.
The trace X° of a subset X C G is defined by X° = U7rmeP(G) X7, The cyclotomic S-ring

Cyc(P(G),G) is also known as the complete S-ring of traces over G and denoted by W (G). If A is
an S-ring over G, then its rational closure A° is defined by A° = ANW(G). The S-ring A is called
rational if A° = A, i.e., A C W(G). In this case X° = X holds for every basic set X € S(A). We
also say that X is rational if X° = X.

Lemma 6.1. (i) Let A be an S-ring over the abelian group G and X € S(A) be a basic set. If
X contains elements of coprime orders, then X is rational.
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(ii) Let G be an abelian group whose order is divisible by at least two distinct primes and let A
be an S-ring over G. If A° is of rank 2, then so is A.

Proof. (i): Assume that z1,zo € X have coprime orders. Then we can write G as a direct product
G = G1 x Gg, where x1 € Gy, 2 € Gy and ged(|G1|,|G2|) = 1. Let m be an integer such that
ged(m, exp(G)) = 1. We have to show that X™ = X. By the Chinese remainder theorem we can
find my and mo satisfying

mp =1 (mod exp(Gy)), mi=m (mod exp(Gz)),
mo =m (mod exp(Gi)), me =1 (mod exp(G2)).

Then mimo = m (mod exp(G)). By Proposition 23|(i) we have that X™1 X™2 € S(A). Since
1 € XN X™1 and x9 € X N X™2 we obtain X™1 = X™2 = X, hence X™ = X as well.

(ii): Let {e} # X € S(A). Then X° = G#, hence X contains elements of every prime order
occurring in G. By (i), it follows that X = G7. O

For the next lemma we define a particular subgroup of P(G). If p is a prime divisor of |G|, then
let
P,(G) = {mn € P(G):m=1 (mod exp(G),)}.

Lemma 6.2. Let G be an abelian group with Sylow p-subgroup G = Cg and assume that G, # G.
Let A be a primitive S-ring over G, X € S(A) a P,(G)-invariant basic set and x € G a p'-
element. Then X N Gpz is one of the following sets: 0, Rx or (G, \ R)x for a subgroup R < G,
of order p, Gp.

Proof. Consider the set X!, Tt is contained in G, , the Hall p’-subgroup of G, and by Proposi-
tion Z3(ii), it is an A-set. If p { |X N Gpzl|, then (XP!) is a non-trivial proper A-subgroup. But
this is impossible as A is primitive, hence p | | X NGpz|. Now X NGpx is mapped to itself by every
automorphism in P,(G), hence X NG,z = (X N{z})UJ, RZ#:E with some p-element subgroups
Ri,....Rn, <G, (0 <m < p+1). Thus [ X NGpz| = f+ m(p— 1), where f € {0,1}. As
p | | X NGpz|, we obtain that (f,m) = (0,0),(1,1),(0,p) or (1,p+ 1), and the result follows. O

We analyse rational S-rings over G = Cgl X oo X Cgk, where pq,...,p, are pairwise distinct
primes. Clearly,

W(G) = W(Gpl) ®- & W(ka),
where G, is the Sylow p;-subgroup of G. The basic sets of W (G),) distinct from {e} are in one-to-

one correspondence with the p; +1 proper non-trivial subgroups of G),,, denoted by L; 1, ..., L; p;+1-
The basic set corresponding to L; ; is X; ; 1= Lfﬁj. Furthermore, we set the notation X; o for the

basic set {e}. Writing [0, n] for {0,1,...,n}, we obtain
k
S(W(G)) = {HXW (b, k) € 0,1+ 1] X oo % [0, pr + 1]}.
i=1

This shows that W (G) is of rank [T%_, (pi + 2).

Let now A be an arbitrary rational S-ring over G, ie., A C W(G). Every basic set of A
is a union of basic sets of W(G), and for this reason, it is encoded by a non-empty subset of
[0,p1+1] x---x[0,pr+1]. More precisely, if T C [0, p1 +1] X - - - x [0, pp + 1], then the corresponding

basic set X is given as
k
x- U % ®
(t1,sti) €T =1
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Given an arbitrary subset T C [0,p1 + 1] x --- x [0,px + 1], a (k — 1)-tuple a € Z*! and a
number 1 < i < k, define the subset T;(a) C [0, p; + 1] as follows:

TZ((I) = {ti :dt= (tl,. .. ,tk) € T such that (tl,. Y G T 7 S IR ,tk) = a}.

Lemma 6.3. With the notation as above, suppose that A is primitive, k > 2 and T C [0,p1 + 1] x
x [0, pi. + 1] corresponds to a basic set of A. Then for each non-zero (k—1)-tuple a € Z¥~* and
1<i<k,
T;(a) =0 or {0,£} or [0,p; + 1]\ {0,¢} or [0, p; + 1]

for some 1 < €< p;+ 1.

Proof. Suppose that Tj(a) # 0. It follows from Eq. @) that a; € [0,p; +1] if 1 < j < ¢ and
€ [0,pj41 +1]if i <j <k —1. Let X be the basic set corresponding to 7. Then

i—1 k—1 i—1 k—1
X NGy, H ijaj H Xj+17aj = U (Xi,f H ijaj H Xj+1,aj)’
J=1 J=t LET;(a) j=1 j=i

Thus, for a fixed x € ]_[Z ! 1 X a Hk 1X j+1,a, X NGpx = (UjeTi(a) Xm):n. Then x # e because
at least one of the entries a; is non-zero, and Lemma [6.2] can be applied to X NG, x. We conclude
that, either there exists a subgroup R < Gy, of order p; such that UJGT () Xij=Ror Gy \ R, or
else X; j = Gy, (recall that, T;(a) # 0 was assumed at the beginning of the proof). O

The next theorem is the main result of this section, which is of independent interest.

Theorem 6.4. Suppose that G = C’g X C’g for distinct odd primes p, q and A is a primitive rational
S-ring over G of rank at least 3. Then A has a basic set of the form

HfU-.-UHZ,
where each H; < G is of order pq and H; N H; = {e} if i # j.

Proof. We consider the partition of G# into the basic sets of A distinct from {e}. Denote the
latter basic sets by X, Y, Z, etc. We imagine such partition as a (p+ 1) x (¢+ 1) matrix M filled up
with the letters X, Y, Z, etc. More precisely, let M; ; = X if and only if (4,7) € [1,p+1] x [1,¢+ 1]
belongs to the subset of [0, p+ 1] x [0, g+ 1] corresponding to X. Here and in what follows, we use
the description of the basic sets of A established in Eq. (8) with abbreviation p; = p and ps = q.

Notice that, Lemma implies that the subsets of [0,p + 1] X [0,¢ + 1] corresponding to the
basic sets X,Y, Z, etc. are determined uniquely by M (hence as well as A). We will freely use
symmetries arising by permuting the rows, the columns, the letters, and transposing the matrix.

Suppose that M;; = X and M, # X if j/ # j. Let T C [0,p + 1] x [0,¢ + 1] be the
subset corresponding to X. Then T5(i) = {0,j} by Lemma In particular, (7,0) € T', and so
X1,:X20 = Lﬁ. C X. This shows that X is the only letter in the i*" row occurring exactly once.
Applying Lemma again, one concludes that each row and each column is filled up with either
a single letter or with the same letter with one exception. We will call the letter that occurs there
with at most one exception the dominant letter of the row or column.

Assume to the contrary to the claim in the theorem that no basic set of A is the union of
pairwise disjoint subgroups of order pq without the identity element. This means that every letter
is dominant in at least one row or column. As rk(A) > 3, there are at least two letters. Moreover,
primitivity implies that every letter occurs in at least two rows and in at least two columns.

There cannot be three different dominant letters of rows, since in that case there would be a
column containing three different letters. As p, ¢ > 2, we may assume w.l.o.g. that the number
of rows is at least 6. Thus, there are 3 rows with the same dominant letter, say, X, hence we see
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that with at most one exception the dominant letter of the columns is X. Now, since the number
of columns is at least 4, we also conclude that with at most one exception the dominant letter of
the rows is X.

We show next that there cannot be three different letters. W.l.o.g. the first p rows are dominated
by X, the last row by Y, the first ¢ columns by X, and the last column by Z. The letter Y should
appear somewhere in the first p rows (as it was pointed out, this follows from primitivity). Since
no column is dominated by Y, this is the only Y in its column. Hence up to permuting the rows
and columns, the matrix M must look like this:

X X X X Y
X X X X Z
M = : : Lo o
X X ... X X Z
Y v ... Y Y Z

Then Z occurs only in the last column, but primitivity does not allow this. So there are exactly
two letters, X and Y.

Case 1. Both the last row and column are dominated by Y and all others by X.

Subcase 1A. If the entry in the lower right corner is X, then the matrix is uniquely determined:

X X ... X X Y
X X ... X X Y
M=M:=|{: - -~ ° =
X X ... X X Y
Y Y Y Y X
Subcase 1B. If the entry in the lower right corner is Y, then up to permuting rows and columns

the matrix looks like this:

X ... X X 7
X X ... X XY
M=1: @ - @
X X ... X XY
7Y ... Y Y Y

where each question mark should be replaced by X or Y in such a way that in the first row, as
well as in the first column, there can be at most one Y. That allows the following possibilities for
the corner elements of the matrix (up to transposition):

X ... X X ... Y X ... Y Yy ... X
M= | : D My = | D Ma= D] Ms = | :
X ... Y X ... Y Yy ... Y X ... Y

Case 2. The last row is dominated by Y and all other rows as well as every column is dominated
by X.

By primitivity, ¥ must occur somewhere in the first p rows. No two Y’s can be in the same
column, because each one is dominated by X. Hence up to permutations, we have a unique
possibility:

X X ... X XY
X X ... X X X
M = Mg :=
X X ... X X X
Yy vy ... Y Y X
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What is left to show is that none of the matrices My, ..., Mg defines a primitive S-ring (of rank
3). Let P and @ be the Sylow p- and g-subgroups of G, respectively.

We start with the matrix M;. Let T C [0,p + 1] x [0, g + 1] be the subset corresponding to Y.
Using Lemma [6.3] we find

T={(i,q+1),(,0): 1 <i<p} U {(p+1,5),(0,5) : 1<j<q}.
Then due to Eq. @), Y = L1 p+1(Q \ Lag+1) U (P \ Lip+1)Lag+1. It can be seen easily that
Yz =Y for every € L1 pi1L2,4+1. Thus rad(Y’) is a non-trivial .A-subgroup, contradicting that
A is primitive.

Similarly, if M = M3, My, or Mg we can find a non-trivial A-subgroup contradicting the prim-
itivity of A. Namely, if M = Ms, then Y = L ,41(Q \ L21) U (P \ Lipt1)Lagt1, hence
rad(Y) = L17p+1. If M = M4, then X = (P \ L17p+1)(Q \ L27q+1), SO rad(X) > L17p+1L27q+1. If
M = Mg, then Y = Q% U Lﬁ1L27q+1 U prH(Q \ L2,4+1), hence rad(Y U {e}) > Lg g+1.

Let M = Ms. Then one obtains Y = AU B U (', where

A= (P\(L11UL1pe1))Logir, B=Lipp1(Q\ (Log ULygsr)) and C =LY LY . (9)

Write (Y)? = >_geG Cq9- A straightforward computation shows that ¢, = p(q— 2)2+2(p—1)(¢—2)
for h € Q\ (Lo U Lags1), and ¢y = (p — 2)2q¢ +2(p —2)(¢ — 1) for h € P\ (L1,1 U Ly 41). Since
Y is a basic set of A and h, i/ € Y, ¢;, = ¢j must hold. This gives that (¢ — p)(pg —2) = 0, a
contradiction.

Finally, let M = Ms. Then ¥ = AUBUCU (L171L271)#, where A, B and C are defined
in @). In this case write (Y)? = 3. 9eG Cq9- Comparing the coefficients with the previous case
(M = Mj) we see that ¢, = ¢, +2(q — 2) for h € Q \ (L2,1 U La g41), and & = cp + 2(p — 2) for
h e P\ (LijULjpi1). As é, = ¢, must hold, we obtain (¢ — p)pg = 0, a contradiction again. [

The particular case when |G| = 36 is considered separately and the proposition below follows
from the database of S-rings over groups of small order due to Reichard [26].

Proposition 6.5. Suppose that G = C3 x C3 and A is a primitive rational schurian S-ring over

G of rank at least 3. Then A has a basic set in the form H#UH;’&, where Hy and Hs are subgroups
of G of order 6 and Hy; N Hy = {e}.

The subgroups H;’s above and as well as in Theorem [6.4] can be used to define a translation net
with translation group Gr (see [4, Definition 1]) and this connection will be explored in the proof
of Theorem The rest of the section is devoted to translation nets.

An (n,k)-net N'= (2, L) consists of a set Q of n? points and a set £ of kn lines such that

(1) each line L € £ contains n points,
(2) L is partitioned into k parallel classes: Lq,..., Ly,
(3) any two lines from distinct parallel classes intersect at exactly one point.

The collinearity graph T'nr has vertex set €2, and two points « and g are adjacent if and only if
there is a line L € L passing through these points. I'xr is a strongly regular graph with parameters
(n%,k(n —1),n —2+ (k—1)(k — 2),k(k — 1)) and non-principal eigenvalues n — k and —k.

Following [4], a weak automorphism of N is a permutation of €, which preserves the line set
L. By a strong automorphism we mean a weak automorphism when, in addition, it also preserves
each parallel class £;. If N admits a group H of strong automorphisms acting regularly on €,
then it is called a translation net with translation group H.

One way to construct an (n, k)-net is the following. Let H be a group of order n?. A partial
congruence partition of H with degree k (an (n,k)-PCP for short) is a family of k subgroups
Hi,...,Hy of order n such that H; N H; = {e} whenever i # j. Letting Q@ = H and L to
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be the set of all right cosets H;z, 1 < i < k and = € H, the pair (2, L) becomes an (n,k)-
net whose i-th parallel class £; consists of the cosets H;z, x € H. Note that, the collinearity
graph is I'(q ) = Cay(H, D), where D = Ule HZ# Furthermore, (€2, £) is a translation net with
translation group Hpg.

Proposition 6.6. Let N be an (n,k)-net such that n > (k — 1)2. Then the size of a clique of the
collinearity graph Uar is bounded by n, and the lines of L are the only n-cliques of T .

Proof. Let A be a clique not contained in any line. We will show that |A] < (k — 1)2. Choose a
line L such that m = |[A N L| is as large as possible. As A L, we can take a point § € A\ L. Let
Lo be the line through ¢ parallel to L, and let Ly, ..., L,, be the lines connecting ¢ to the points
in ANL. Then Lg, Lq,..., L, are pairwise distinct, so m + 1 < k. Each point in A is connected
to 0, hence we obtain [A| < 1+ k(m — 1) < (k —1)2. O

Proposition 6.7. Let N = (Q, L) be an (n,k)-net such that k <n and H be an abelian group of
weak automorphisms of N, which is reqular on Q. Then every element in H is a strong automor-
phism.

Proof. Note, first, that |H| = |Q| = n?. Let L € £ and O = {L" : h € H} be the orbit of L
under H in its action on £. It follows from |O| < |£| = nk < n? = |H| that the setwise stabilizer
Hyy ={h € H: L" = L} is non-trivial. Since H is abelian, Hypy = Hypny for every h € H. In
particular, the intersection L N L" is mapped to itself by H (z}- Using also that H is semiregular
on €, this implies that |L N L"| is divisible by |Hiry| Tf L # L", then |L N L"| € {0,1}, and we
conclude that the lines in O are pairwise disjoint. Therefore, |H/H{,| = |O| < n, implying that
|H{ry| > n. On the other hand, [H{ry| < |L| = n. Therefore, |[H{ry| = n = |O| and, consequently,
O is a parallel class of L. O

We conclude the section with a sufficient condition for the Cl-property of an S-ring over Cg X Cg.

Lemma 6.8. Let G be an abelian group of order p*q® for primes p < q, A € Supmin(GR) and
A=V(G,A.). Suppose that there ezists an A-set of the form

Hf U---UH,

where Hy, ..., Hy are subgroups of G and form a (pq,k)-PCP of G. Then H; € A for each
1<i<k. Ifk>1, then Ais CL

Proof. Denote by N the induced translation net, i.e., the point set is G' and the lines are the cosets
Hiz,1<i<kandx € G. The collinearity graph is I'yy = Cay(G, X), where X = Ule HZ# Let
v € Aut(A). Then v € Aut(Tyr). Now k < p+1, and we have (k —1)? < p? < pq. By Lemma[6.6]
the lines of A are the only n-cliques of T'yr. Since v € Aut(T'y), it follows that v maps an n-clique
to an n-clique, and we conclude that v is a weak automorphism of N.

Let F' be a regular and abelian subgroup of A. By Lemmal6.7], F' is a group of strong automor-
phisms of N, or equivalently, the partition of G into its H;-cosets is F-invariant. Thus H; € A
follows from the <g-minimality of A. If £ > 1, then Lemma [£.4] shows that A is CI. g

7. PROOF OF THEOREM

For this section we fix the following notation:
G = P x @, where P = Cg, Q= Cg for distinct primes p and ¢, A € Sup™*(GR)
and A =V(G, Ae).
Again, our goal is to show that A is CI (see Corollary B4]). In the proof we shall use the following
two lemmas.
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Lemma 7.1. Suppose that P ¢ A and let x € P# be such that {z) ¢ A. Then for every basic set
X € S(A)
(i) q divides | X N Qzx|.
(ii) If X contains an element of order p, then X N Qx can be one of the following: 0, Rx or
(Q\ R)x for some subgroup R < Q of order q, or Qux.

Proof. For (i) assume on the contrary that |X N Qz| is not divisible by ¢. Consider the A-set X4
defined in Proposition Z3(ii). Then 7 € X194 hence (X!9) = (z) or P, contradicting that none of
these subgroups are 4-subgroups.

If X also contains an element of order p, then it is Py(G)-invariant and (ii) follows from this
and (i) in the same way as in the proof of Lemma O

Lemma 7.2. Suppose that P ¢ A, Q € A, and there exists a subgroup U < G of order pq® such
that U € A. Let X € S(A) be a basic set with the following properties: there exist an element
x € P\U and a subgroup R < Q of order q such that X C Uz, X N Qx = Rx, X # Rz,
X #(UNP)Rx. Then A is CL

Proof. Due to Proposition @I0and @), Ag/q = ZC’I% or ZC)NZC,,. Since X # Rx, the former case
is impossible, hence | X N Qxy’| = ¢ for every 0 < i < p— 1, where y is a generator of U,=UnNnP.
Notice that (z) ¢ A by Lemma 4] and hence Lemma [ZI)ii) can be applied to X. Thus for each
0<e<p-—1,

X NQxy' = Ry’ or (Q\ Ry)xy’, R; < Q and |R;| = q.

The subgroup Rg = R and if X N Qzy’ = (Q \ R;)xy’ for some i, then ¢ = 2 must hold.
Case 1. For each 0 <i < p—1, X NQxy’ = R;xy’.

Notice that, XP* U {e} is just the union of those subgroups R; that occur exactly k times in
the union

X =RoxURyzyU---U Rp_lxyp_l.

Since X # (Up)Ruz, it follows that there exists an integer 1 < k < p—1 such that X [Pk] is non-empty
A-set, see Proposition Z3(ii). Hence XP* U {e} = |JI_, S, with {S1,...,S.} € {Ro,..., Rp_1}.
By Proposition Z3(ii), this is an A-set. Write X - X[+ — $° geG Cq9 and fix a generator u; of R
for each 0 <7 < p—1. A direct computation shows that ¢, ., = ¢ —1 or 0 depending on whether
R; € {S1,...,5;} or not. On the other hand, all of the coefficients c, ,,; must be the same,
and therefore, {S1,...,S5,} = {Ro,...,Rp—1}. This means each R; occurs k times, in particular,
k divides p. It follows from 1 < k < p — 1 that kK = 1, hence the subgroups Ry, ..., R,—1 are
pairwise distinct. Let H; = R;(zy"), It is easy to see that the subgroups H;, 0 < i < p — 1 form a
(pq, p)-PCP of G. Since X° U Xl = Hf U---u HlfE is an A-set, Lemma [6.§] gives that A is CI.
Case 2. ¢ =2 and X N Qzy’ = (Q \ R;)xy’ for some 1 <i < p— 1.

We show that this case cannot occur. Assume that p > 3. Applying Lemma for L = {e}
and U yields U, € A. Let | = | X NUpz|. As z € X but 2y’ ¢ X, we have 1 <[ < p. Now the

coefficient of z in X Up is equal to [, hence for any u € @ for which X N (U,)zu is not empty, we get

|X NUpzu| = 1. Using also that X # U, R, it follows from this that |X| = 31 or 41 since |Q| = 4.
This contradicts that | X| = 2p and p > 3.

If p = 3, i.e., |G| = 36, then the database of S-rings over groups of small order given in [26]
shows that A does not exist. O

We focus first on the case when A is decomposable.
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7.1. A is decomposable. Let A be a non-trivial S = U/L-wreath product. Since {e} < L < U <
G, we have 1 < Q(|L]) < Q(|U]) < 3. HQ(U]|) = Q(|L]), then U = L and A is CI by Corollary [4.0
So it remains to consider the following cases:

QU L)) € {(3,2),(2,1),(3,1)}.
Case 1. (Q(|U]), (L)) = (3,2).

In this case (|S|) = 1, hence Ag is Cayley minimal by Lemma[£8[i) and (iii). We may assume

w.l.o.g. that
|G/L| = pq or |G/L| = p*.

Let |G/L| = pq. As S € Agr, tk(Ag/r) # 2. According to Lemma [A8](ii) A/ is cyclotomic
or a non-trivial wreath product of two S-rings. We claim that A is CI in both cases. Indeed, this
follows by Proposition 1.1 if Ag/;, is cyclotomic. If Ag,p, is a non-trivial wreath product, then
Ac/L = AsVAqr)/s- This implies that A = Ay 1 Ay, and so A is CI by Corollary

Now, suppose that |G /L| = p?. By Proposition E10, Agyr is a p-S-ring, in particular, Ag = Z5S,
and so A is CI by Corollary
Case 2. (Q(|U]),Q(|L])) = (2,1).

Again, (|S|) =1 and Ag is Cayley minimal. We may assume w.l.o.g that |L| = p. Then

U| = pq or [U] = p”.

Let [U| =pq. As L € A, rk(Ay) # 2. Tt follows from Lemma [£8[ii) that Ay is cyclotomic or a
non-trivial wreath product of two S-rings. In the former case A is CI by Proposition 7l In the
latter case Ay = AL L Ay, which implies that A = A 1 Ag/r, and so A is CI by Corollary

Now, suppose that |U| = p?, i.e., U = P. Note that, S is an Ag/-subgroup of order p. Denote
the maximal ¢-Ag,r-subgroup of G/L by H. Clearly, |H| € {1,q¢, .

If |[H| = ¢%, then LQ € A. By Proposition EI0, Aq/Lq) = ZCp. This implies that Ag = Z5S,
and so A is CI by Corollary

Let |H| € {1,q}. By Proposition EIT] Ag/y, is a non-trivial (H.S)/S-wreath product. This
implies that A is the (HS)(™6/)”" /U-wreath product. One can see that (Q(|(HS)™e/e)™|),
Q(|U])) = (2,2) or (3,2), and hence we are done by Corollary 4.0l or by Case 1, respectively.

Case 3. (Q(|U]),Q(|L])) = (3,1).

In this case Q(|S]) = 2. We may assume w.l.o.g. that |U| = p?q. By Proposition E10] Agiv &
7.Cy, and this implies that

(Ag/L)a/r)s = ZCq. (10)

Clearly, |L| € {p,q}. Let |L| = q. Then |S| = p?. Using this, Eq. (I0) and Proposition 12}

we find that Ag/;, = As x Ag,, where Q1 is the least Ag/-subgroup of G/L of order divisible

by q. If [SN Q1] = 1, then Ag/p = As ® Ag,. Then A is CI by Lemma T3l If [SN Q| > 1

then Ag/y, is the non-trivial S/(SNQ1)-wreath product. Thus A is the U/(SﬂQl)(”G/L)fl—wreath

product. One can see that (Q(|U]), Q(|(SN Ql)(”G‘/Lr1 1)) = (3,3) or (3,2), and hence we are done
by Corollary or by Case 1.

Now, suppose that |L| = p. Then |G/L| = pg? and |S| = pq. Denote by H the unique maximal
q-Ag/r-subgroup of G/L, and by P the least Ag/,r-subgroup of order divisible by p. Obviously,
|H| € {1,q,¢°}.

Let |H| € {1,q}. Assume that H £ S. Then |H| =g and |[HN S| =1. So G/L = H x S and
Eq. (I0) implies that Ay = ZC;. Then Ag/;, = As ® Ay by Proposition 3] and hence A is
CI by Lemma ET3l Now, let H < S. Since |S| = pg, P1 < S. By Proposition ETTl Ag/, is the
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T -1
S/ Pj-wreath product. Thus A is the U/ P1( 6/8)" _wreath product. We are done by Corollary

- —1
or Case 1 because (Q(!U\),Q(!Pl( ¢/x) 1)) = (3,3) or (3,2).

Let |[H| = ¢*,V =LQ and K = HNS. Then V € A and K € Ag/. By Proposition 10,
Agv = ZC), implying that,

(Ac/L)c/ny e = ZC,. (11)

Assume for the moment that H contains an Ag-subgroup K’ of order ¢ such that K’ # K.
It follows from Eq. (I0) that (Ag/r)u/x = ZCy, this implies that Ag: = ZK'. Then Ag/ =
Ags ® A by Proposition [£3] and so A is CI by Lemma

From now on K is assumed to be the only A-subgroup of H of order ¢. The S-ring Ag/, =
Ap = Ap, by Proposition and Eq. ().

Let |[H N Pi| = 1 then P € A, and so Ag/p is a ¢-S-ring by Proposition [LI0l This implies
that Ax = ZK. On the other hand, Ap, = ZP; follows from Eq. ([{Il), and we conclude that
Ag = Ap xk = 7S, and so that A is CI by Corollary

Now, suppose that [HNPy| > 1. Then P; = S and it follows that Ag/, is the H/K-wreath prod-
uct. By Proposition 1.9, Ay = Ak L Ap/k, and we conclude that Aq/, = Ax LA 1)k~ Thus A

is the U/ K ("6/1)™" swreath product, and we are done by Case 1 because (Q(|U]), Q(|KTe/L) ™)) =
(3,2). By this we have considered all cases and shown that A is CI.

7.2. A is indecomposable. Assume first that A is primitive. If rk(A) = 2, then A is CI, hence
let rk(A) > 2. If p or ¢ is equal to 2 and |G| > 36, then by Lemma (choose L = {e} and
U=G), Pec Aif g=2and Q € Aif p=2. Hence either p,q > 2 or |G| = 36. Since rk(A) > 2,
rk(A°) > 2 as well, see Lemmal6.Il Also, A° is primitive and as A° = ANW (G), it is also schurian.
Due to Theorem [6.4] and Proposition [6.5], there exists a basic set of A° of the form H # U---UH ,jﬁ ,
where Hy, ..., Hj are subgroups of G and form an (pgq, k)-PCP of G. By Lemma [6.8], each H; is
an A-subgroup, a contradiction.

Now let A be imprimitive and U be a proper A-subgroup of maximal order.
Claim. |G/U| is a prime.

If |G/U| is a prime power, then Ag/y is a primitive p-S-ring, implying that |G /U] is a prime.
If |G/U| = pq, then by Lemma B3 UR is an A-subgroup, where R € {P,Q} is a Sylow max(p, q)-
subgroup of G. This contradicts the maximality of U.

Thus we have to consider a unique case: U is of prime order. W.l.o.g. |U| = q. Suppose there
exists a proper A-subgroup V' # U. Then UNV =1 and UV = G, and hence |V| = |G|/|U| > |U]|,
contrary to the maximal choice of U. Thus we assume that U is the unique non-trivial proper
A-subgroup. The quotient Ag/y; is a primitive S-ring over an abelian group of order p’q. By
Proposition it has rank 2. Therefore TU = G \ U holds for each basic set T outside G \ U.
It follows from Lemma [14] that for each u € U the singleton {u} is a basic set of A. Therefore
T is a basic set of A. Thus either U < rad(T) or T NTu = () for each u € U#. In the first case
A is the wreath product Ay 1 Ay, contradicting that A is indecomposable. In the second case,
T, Tu, ..., Tud~! are the only basic sets outside U. Therefore |T'| = p?q — 1.

IfTNQ =0, then TunN@ = 0 for all u € U. Therefore, every basic set Tu contains g-elements.
It follows from T U Tu U ---UTu?' = G\ U that at least one of the sets T’ contains some
p-element. W.l.o.g. TN P # (). Combining this with 7N Q # () we conclude that T is rational.
Write

T=ToUPSiU--UP/ Sy,



CI-PROPERTY OF Cg x Cpn AND Cg X Cg FOR DIGRAPHS 19

where Py, ..., P,y are all subgroups of P of order p, Tp :=TNQ and 5; CQ, 1 <i <p+1 are
rational sets. It follows from TU = G'\ U that each S; is a transversal of Q/U. Therefore |S;| = ¢
and S; is a subgroup of @ of order ¢ such that S; # U. Now, it follows from |T'| = |Tp|+(p+1)(p—1)q
that |Tp| = ¢ — 1. Since Ty is rational, the subset Sy := Tp U {e} is a subgroup of @ distinct from
U. Note that the subgroups S; < @, 0 < i < p+ 1 are not necessarily distinct. Let us choose
the indices so that Sp,..., Sk is the complete set of distinct subgroups that appear in the list
Sos .-, Sp+1. Denote by n; the multiplicity with which S;, 0 < ¢ < k appears in the above list.
Then Zf:o n; =p+2.

We finish the proof of the claim by finding a non-trivial proper A-subgroup distinct from U,
which was excluded above. If 0 < ¢ < k and n; # p, then the set Si# is contained in TP, Therefore,
if kK # 0 and (k,ng,n1) # (1,2,p), then T [Pl is a non-empty subset of Q, which intersects U trivially,
and so (TP) is the required A-subgroup. If k = 0, then TP = {e} and T = (PSy)#, showing
that PSy is an A-subgroup of order p?q. Finally, if (k,ng,n1) = (1,2,p), then TP = {e} and
T = (PjSo)" U(P\ P;)S; for some 1 < j < p+1. Then P; <rad(TU{e}) < G, hence rad(T U{e})
is the required A-subgroup. The claim is proved.

Assume w.l.o.g. that |U| = pg®. For the rest of the proof fix an element z € P\ U. By
Proposition EI0] Agu & ZCp, and this shows that Uz is an A-set. Let I be the intersection
of all subgroups rad(X), X € S(A) and X C Uz. Then I € A. Furthermore, it follows from
Proposition 23(i) that I < rad(X) for any basic set X outside U, and we find that A is the
U/I-wreath product. As A is indecomposable, I = {e}. We have shown the following:

(] rad(X) = {e}. (12)
XES(A)

Notice that (z') ¢ A can also be assumed for each 2’ € P\ U, otherwise A would be CI by
Lemma [£4]

Case 1. P ¢ A.

Let y be a generator of U, = UNP. For 0 <i < p—1, let X; be the basic set containing xy'.
By Lemma [TT1ii),
X; N Qxy’ = Rixy’
for some non-trivial subgroup R; < (). Note that the sets X; are not necessarily distinct. In view
of Eq. (I2), we may assume w.l.o.g. that |Ry| = q.
Fix 0 < i < p— 1. We claim that every basic set X € S(A) satisfies

XNQry' #0, Ri€ Aand |R;| = q = R; < rad(X). (13)

Indeed, {u} € S(A) for every u € R; because of Lemma [£14] hence the right multiplications
pc(u), v € R; map the basic sets of A having non-empty intersection with Qxy’ to themselves.
Lemma [TI](i) implies that there are at most ¢ such basic sets. Using this and that X;R; = X;, we
conclude that XR; = X, i.e., (I3]) holds.

Assume first that Xo = U,Rox. Then X; = Xy and R; = Ry for each 1 <i < p —1. It follows
from Eq. (IZ) that U, £ rad(X) for some basic set X C Uz. Then S := (X!} is a non-trivial
A-subgroup contained in @ and distinct from Ry. If |S| = ¢, then {u} € S(A) for every u € S
because of Lemma .14l and we find that the sets Xou = U,Roxu, u € S are the basic sets
contained in Ux. This contradicts Eq. (I2)). Let S = Q. Then Ry = rad(Xo) N S, and so Ry € A.
Then ([I3) implies that Ry < rad(X) for every basic set X C Uz, a contradiction to Eq. (I2)).

Assume second that Xo # U,Roz and Q € A. By Lemma [Z.2] we may assume that Xo = Rox.
Then Ry € A and Ag/q = ZCI% by Proposition EI0l Thus for every 0 < i < p — 1, X; = Rizy’,



20 I. KOVACS, M. MUZYCHUK, P. P. PALFY, G. RYABOV, AND G. SOMLAI

and hence R; € A. It follows from Eq. (I2]) and the implication in (I3]) that there exists some
1 <i < p—1such that |R;| = ¢ and R; # Ro. But then (Xy) = (Rox) and (X;) = (R;zy’) are
A-subgroups intersecting trivially, and hence A is CI by Lemma [4.4]

We are left with the case when Xy # UpRox and @ ¢ A. We show that Ry € A. Assume

on the contrary that Ry ¢ A. As neither @ belongs to A, X ] contains no element from R# ,

and hence R# zy' € X NQzy' if 1 <i < p—1. Using also Lemma [[.1], we find that the latter
intersection is equal to Roxy’, Qxy’ or (Q\ R)zy’ for some subgroup R < @ such that |R| = ¢ and
R # Ry. Furthermore, as X # U,Ryx, there exists some 1 < ¢ < p— 1 such that one of the last two
possibilities holds. If X N Qzy’ = Qzy’, then (Q \ Ry) € X!, hence (X)) = @, a contradiction.
Suppose that X N Qzy’ = (Q \ R)z. Then Q \ (RU Ry) C X!, which implies that ¢ = 2. If
p > 3, then Lemma 3.5 applied to A, where |G/{e}| = 4p?, we find that P € A, contradicting our
assumption P ¢ A. If p = 3, then |G| = 36, and it follows from the database of S-rings of small
order in [26] that such an 4 cannot exist.

Note that, the above proof also shows that, for any 1 <i <p—1, R; € A whenever |R;| = q.
Now, since @ ¢ A, Ry is the only non-trivial A-subgroup contained in @, and therefore, R; = Ry
or @ for each 1 < ¢ < p—1. Then by (I3]), Ry < rad(X) for each basic set X C Uz, a contradiction
to Eq. (12).

Case 2. Pc A.

By Proposition BI0] there exists an A-subgroup V of order p?q. If now Q ¢ A, then one can
copy the argument used in Case 1 with V' and @ playing the role of U and P, respectively and
deduce that A is CL. If @ € A, then Lemma [£4] shows that A is CI.
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