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Abstract: This paper introduces a stochastic adaptive dynamics model for the inter-
play of several crucial traits and mechanisms in bacterial evolution, namely dormancy,
horizontal gene transfer (HGT), mutation and competition. In particular, it combines
the recent model of Champagnat, Méléard and Tran (2021) involving HGT with the
model for competition-induced dormancy of Blath and T6bias (2020).

Our main result is a convergence theorem which describes the evolution of the differ-
ent traits in the population on a ‘doubly logarithmic scale’ as piece-wise affine functions.
Interestingly, even for a relatively small trait space, the limiting process exhibits a non-
monotone dependence of the success of the dormancy trait on the dormancy initiation
probability. Further, the model establishes a new ‘approximate coexistence regime’ for
multiple traits that has not been observed in previous literature.

MSC 2010. 60J85, 92D25.

Keywords and phrases. Dormancy, seed bank, competition, horizontal gene transfer, mutation, stochas-
tic population model, large population limit, multitype branching process with immigration, multitype
logistic branching process, invasion fitness, individual-based model, coexistence.

1. INTRODUCTION AND BIOLOGICAL MOTIVATION

1.1. Motivation and Previous Work. The stochastic individual based modelling and analysis of
the dynamics and evolution of bacterial populations has attracted significant interest in recent years
(see e.g. [Cha06, FM04, BCFT16, BCF*18, LFL17, BB18]). This can on the one hand be motivated
externally by the relevance of bacterial population dynamics in biology, medicine and industry, and
on the other hand internally by the presence of interesting and distinctive features which invite new
modelling approaches and lead to new patterns and results. Two of these distinct features, which have
only rather recently been incorporated in population genetic/dynamic models in a systematic way, are
horizontal gene transfer and dormancy.

The first feature, horizontal gene transfer (HGT), can in an abstract sense be understood as the
ability of individuals to transfer parts of their genome (resp. the corresponding traits) to other living
individuals, for example via exchange of plasmids during bacterial conjugation [LT46]. This is in
contrast to the hereditary ‘vertical transfer’, where genes are copied from parent to daughter cell
during binary fission. Essentially, HGT may thus be interpreted as an evolutionary strategy to increase
the production of (one’s own) favourable traits. HGT comes in several different forms, but for the
assumptions of this paper, we will only consider a mechanism that can be motivated from transfer via

!Goethe-Universitit Frankfurt, Robert-Mayer-Strafe 10, 60325 Frankfurt am Main, blath@math.uni-frankfurt.de

2HU Berlin, Rudower Chaussee 25, 12489 Berlin, t.paul@math.hu-berlin.de
3Budapest University of Technology and Economics, Miiegyetem rkp. 3., H-1111 Budapest and Alfréd Rényi Institute
of Mathematics, Realtanoda utca 13-15., 1053 Budapest, Hungary, tobias@cs.bme.hu



2 JOCHEN BLATH, TOBIAS PAUL AND ANDRAS TOBIAS

conjugation. However, it is known that carrying a large quantity of plasmids slows down cell division
and as such reduces the reproduction rate (cf. [Ball3]). Such a trade-off leads to interesting questions
about the optimality of HGT strategies. HGT has received increasing attention from the modelling
side in the last decades, and is now considered as an additional and relatively novel major evolutionary
force in bacterial populations (see e.g. [BP14, KW12, SL77]).

A second common feature in microbial population dynamics is the wide-spread ability of individuals
to enter a reversible state of low/vanishing metabolic activity. Such a dormancy trait comes in many
guises, but the general feature seems to be that it allows individuals to survive (e.g. in the form of an
endospore or cyst) during adverse conditions. It can be triggered by environmental cues (responsive
switching), but may also happen spontaneously (stochastic bet hedging) see |[LJ11, LAHWBB21] for
recent overviews. Again, as for HGT, such a trait comes with a significant reproductive trade-off, since
the maintenance of a dormancy trait requires a substantial machinery, and thus consumes resources
which are unavailable for reproduction.

Interestingly, both mechanisms (HGT and dormancy) also play a crucial role in the context of an-
tibiotic resistance, though in very different ways. While the exchange of resistance genes via horizontal
transfer can lead to multi-resistant microbial populations (see e.g. [Ben08]), dormancy in the form of
persister cells can be the cause of chronic infections, since these dormant cells with their vanishing
metabolism seem to be protected from antibiotic treatment ([Lew10]).

However, HGT and dormancy are of course not the only features of bacterial population dynamics,
and interact with classical mechanisms such as reproduction (and hereditary effects), mutation, selec-
tion, and competition. Only recently, the joint effects resulting from these mechanisms seem to have
moved into the focus of mathematical modellers. However, given the complexity of bacterial dynamics
and the underlying mechanisms, and in view of the sheer number of different evolutionary forces in-
volved in such communities, it is clear that mathematical modelling has to start with simple, idealized
scenarios in order to begin to understand basic patterns emerging from such complex interactions.
This process has been initiated in the last decade.

Indeed, the papers of Billiard et al [BCF*16, BCF*18] have investigated the consequences of a simple
directional HGT mechanism in stochastic individual based models with a focus on its interplay with
competition, mutation, and the maintenance of polymorphic variability. In [CMT21]|, the approach
is transferred and extended into an adaptive dynamics setting with moderately large mutation rates
(as previously considered in [DM11], see also [CKS21]), providing a rather new and sophisticated
mathematical machinery that leads to interesting scaling limits and emergent behaviour on a ‘doubly
logarithmic scale’. It is shown that HGT can have major consequences for the long-term behaviour
of the affected systems, including coexistence, evolutionary suicide and evolutionary cyclic behaviour,
depending on the strength of the transfer rate.

Regarding dormancy (and the resulting seed banks), this feature has now been well established as an
evolutionary force in population genetics, starting with [KKLO1], and become a topic of investigation
in coalesence theory (cf. [BGCKWB16, BEGC'15, BGCKWB20]). In ecology, dormancy and seed
banks have been investigated for several decades, starting with Cohen [Coh66|, and this lead to a rich
(mostly deterministic) theory, see e.g. [LAHWBB21] for many further references. Traditional seed bank
theory is complemented by quantitative research on phenotypic switches in microbial communities, cf.
e.g. [KLO5|. However, the mathematical analysis of dormancy in stochastic individual based models, in
particular in the framework of adaptive dynamics, seems to be still in its infancy. Yet, several building
blocks are already available. The interplay with competition has been investigated in [BT20], where it
is shown that dormancy traits responding to competitive pressure can invade and fixate in a resident
population despite a substantial reproductive trade-off. One step further, the interplay of dormancy
with competition and directional HGT has been investigated in [BT21], where coexistence regimes of
HGT and dormancy traits are being established.
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1.2. Overview of the Present Paper. In the present paper, we are attempting to combine the evo-
lutionary forces of mutation, selection, competition, HGT and dormancy within the adaptive dynamics
framework of [CMT21|. In particular, we aim to obtain an analogue of their key convergence result,
and to investigate the resulting macroscopic behaviour in dependence of the strength of a ‘dormancy
initiation parameter’.

Let us briefly sketch some of the aspects of our model. We will consider a finite set of possible traits
X where each trait reproduces randomly. The trait space is the intersection of a constant multiple
of the integer grid Z? with the square [0,4]2. The first coordinate = of the trait (z,y) expresses the
strength of dormancy (increasing with x), and the second coordinate y corresponds to the strength of
HGT (increasing with y), as we will explain below. To incorporate reproductive trade-offs, the birth
rate of an individual of trait (x,y) is strictly decreasing both in z and in y. Further we consider natural
death at a fixed rate 1 for any active individual, which may be thought of as death by age. We also
involve ‘death by competition’ for active individuals. This gives the death rates a dependence on the
current population size. Now, traits (z,y) can become dormant instead of dying by competition with
probability proportional to . The dormant individuals are not competing for resources and hence do
not contribute towards nor are affected by death by competition. Dormant individuals will also not
take part in reproduction nor horizontal transfer. The dormant individuals will switch back to their
active state at a fixed rate and have only a natural death rate, which usually is less than the one for
active individuals. For horizontal transfer, we will assume that at a population size dependent rate, any
given two active individuals meet. In this event, the individual with the ‘stronger’ HGT trait, ie. with
the higher y-coordinate, transfers its trait to the other individual. Lastly, mutations occur randomly
at birth with a power law with respect to the carrying capacity K. More precisely, the probability of
a mutation at birth is K~ for some o € (0,1). The mutations will either increase the z-coordinate or
the y-coordinate, to the next possible value. In particular, we assume that it is not possible for both
the ability to become dormant and the ability to perform horizontal transfer to be improved by one
mutation.

We are interested in the dynamics of our model on the log K time-scale as K — co. Our main result
Theorem 2.2 describes convergence properties as in [CMT21, Theorem 2.1] or [CKS21, Theorem 2.2].
However, in its proof the auxiliary processes that we have to consider are now mostly bi-type (with
one component representing the active individuals of a trait and the other component representing
the dormant ones), which goes beyond their frameworks. Regarding our bi-type setting, some invasion
properties have been studied in [BT20]|, where the form of HGT is slightly different.

Here, the mutation rate scales like K~ for some power a € (0,1). Consequently, mutants relevant
for the evolution of the population are not separated from each other in time. This is a major difference
from the classical ‘Champagnat scaling’ discussed in [Cha06|, where mutations are less frequent and
cannot influence each other. In the polynomial mutation regime, under suitable assumptions, the
logarithm of the size of any trait (with base K) converges to a piecewise linear function on the log K
time scale as K — oo, as we will discuss below. In a population genetic framework, such a mutation
regime was studied in [DM11] in a model with clonal interference. In the adaptive dynamics literature,
this scaling of mutations occurred before in [Smal7, BCS19|. From a mathematical point of view, the
main novelty of the paper [CMT21] is the systematic study of logistic birth-and-death processes with
non-constant immigration, as it was also noted in [CKS21].

In our analysis, we will assume that the population is always of the same order as the carrying
capacity, which already poses significant technical challenges, as the length of the present manuscript
indicates. In particular, behaviours such as evolutionary suicide are not included in our analysis. In
Section 3, we will explore the limiting dynamics for a couple of fixed parameters. We are able to recover
some cyclic behaviour already observed in [CMT21]. In addition, the introduction of dormancy seems
to allow for the system to be driven towards a state of coexistence in the following sense: At no point
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in time there are more than two traits with size of order K, but on the log K timescale, there exists
a finite time 77 < oo such that for all € > 0 there exists a time Ty < 717 such that on the time
interval [Tp, Ty] at least three traits are of order at least K17¢, which means that at least three traits
are simultaneously macroscopic on a suitable interval. This behaviour has been found previously by
[CKS21] in the case of asymmetric competition without HGT. In the model studied in [DM11], the set
of points where the limiting piecewise linear process changes slopes may also have a finite accumulation
point, see Lemma 1 therein.

The remainder of this paper is organized as follows. In Section 2 below, we present our model and
our main result. Section 3 contains numerical results regarding some fixed choices of parameters for
our model. The proof of our main convergence result, Theorem 2.2 will be carried out in Section 4.

In preparation of proving the convergence properties for our model, we analyse bi-type branching
processes in Appendix A. We will see that similar properties hold for bi-type processes as they have
been shown in [CMT21, Appendix B]| for one-type processes. However, the addition of a second
component to the considered processes is sufficient to only allow the ideas of the proof to carry over.
The details of the proofs, in particular Theorem A.10, are more involved and require significant amounts
of preparation.

In Appendix B, we consider several properties of logistic branching processes. Here, we can also
make use of the ideas from [BT20], since we are interested in showing that after some time an initially
resident trait is driven towards a small population size, while an invasive species becomes resident. As
there are many cases of this competition to be distinguished, we also make use of the ideas in [BT21]
in the case of competition between a bi-type process and a single-type process.

2. PRESENTATION OF THE MODEL AND MAIN RESULT

We construct a continuous time Markov jump process as follows: Let K € N be a number, which
controls the population size and is referred to as the carrying capacity. Further we consider the trait
space X = {0,6,...,L5}* = ([0,4] N 6N)2, where § > 0 is a fixed real number and L := |3]. Here,
the choice of the number 4 is arbitrary, it follows the paper [CMT21|. As already anticipated, the first
coordinate z of the trait (x,y) of an individual expresses the strength of dormancy of the individual,
and the second coordinate y of its trait expresses its strength of HGT. For each trait (z,y) we may
have active or dormant individuals (in fact, if x = 0, then individuals cannot be dormant). We use the
notation Nn{i 7 (t) and N,{f,’ff (t) to refer to the active and dormant population size respectively of trait
(md,nd) at time t > 0.

e Active individuals of trait (z,y) give birth to another individual at rate

b(z,y) =4— 3:—2|—y'

Fixing a € (0, 1), the child carries the trait (x + d,y) with probability g, and with the same
probability it carries the trait (z,y + 6). Otherwise the offspring has trait (z,y). Also, if a
mutated trait would not belong to X anymore, the offspring does not mutate and carries the
parental trait (x,y). The decreasing birth rate as x and y increase reflects the trade-off between
high reproduction and other survival mechanisms.

e There is competition over resources between active individuals, which we incorporate into the
death rate. Let C' > 0 and p € (0, i) be fixed. Active individuals of trait (z,y) € X die at rate

C(1 — pz)N*e
d((flf,y),NK’a) — 1+ ( pfl?) 7
K
K,a : ; ; : Ka _ L K,a
where N*® denotes the entire active population size N*% = vanzo Nmn.
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e Active individuals of trait (x,y) can become dormant at rate

CpxNK.a
7
In particular, we are interested in ’competition induced switching’, where due to competition
from other individuals a part of the population becomes dormant. Individuals with a high value
in the first trait component x are thus able to efficiently avoid death in favour of dormancy.

e Dormant individuals of any trait die at a natural rate x > 0 and become active again at rate
o > 0. Usually x will be a small rate, significantly less than 1, so that dormant individuals are
less likely to die than active individuals. This reflects the immunity of dormant individuals to
external pressures.

e An active individual of trait (z,y) can transfer its trait to a given active individual with trait
(z,y) at rate

c((z,y), N =

~ K, T
m((z,y), (z,y), N**) = mﬂy>§'
Note that dormant individuals are neither affected by nor are able to perform transfer. Here,

traits with a large second component y are advantageous.

(0,9)

(0,0) (8,0) Dormancy

FIGURE 1. A visualization of the trait space X'. The strength of dormancy in a trait
increases as the first component increases and the strength of HGT increases with the
second component.

Comparing with Theorem A.3, we are concerned with the total size of each trait (md, nd) € X', which
we will denote by Nn{in(t) = NA2(t) + Nfrfjff(t), and the corresponding exponents

log(1 4+ NEX (tlog K
NE (tlog K) = KPnn® —1 = gE ()= & 107;77; = )).

We are interested in the behaviour of ﬁnfg’n as K — oo, that is, we want to understand the evolution of
the population sizes on the log K timescale. Since our death and dormancy rate are dependent on the
population size, there may be two cases: Either there is a single trait (z,y), which has a population
size of order K, in which case we refer to the trait (z,y) as resident; or the entire population is of
size o(K), in which case we refer to the trait with the largest population size as dominant. For our
purposes, we will only consider the case where there is always one resident trait.

(2.1)

Now, assume that the trait (x,y) = (md, nd) is resident. Then, for large K, we can approximate the
dynamics of (Nf,fﬁ(t), N,I,Afjff(t)) as K (2%(t),z%(t)), where (2%(t), 2%(t)) solves the ordinary differential
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equation

(1) = <3 -y C’z“(t)) (1) + 02(1) 02

2(t) = Cpa((t))” = (k + 0)2(t).

Indeed, this approximation follows from [EK86, Theorem 11.2.1]. We want to calculate a stable
equilibrium of this system, which has already been done in [BT20, Section 2.2|. There it is shown that
the only coordinate-wise non-negative asymptotically stable equilibrium of the system (2.2) is given

for 3 — Z3% > 0 as (2%, ,,, 2%, ), Where

Zmn = G- %) +0) and 3¢ — pr(3 — )% (k + o)
" Clet{l-pm)o) e Clh+ (1= px)o)?

Observe that this also holds true in the case where x = 0, in which case the equilibrium size of the

dormant population is 0, and the active population size is %(3 - IQﬂ), which corresponds to the

equilibrium of the differential equation
() = (3 T ‘2“ y_ Cz(t)> ().

If 3— xTer < 0, then there is no positive equilibrium and the fixed point (0,0) becomes asymptotically
stable. This can be seen from linearizing the system (2.2), which yields the Jacobian

A(O’O):< _Ox;y —(/-:G+o—)>’

whose determinant is positive and trace is negative. Hence both eigenvalues must be negative, showing
that in this case (0,0) indeed is a stable equilibrium.

(2.3)

In order to have a well-defined process, we also need to introduce a starting condition. Initially, we
assume the trait (0,0) to be close to its equilibrium, which is of size
K, 3K
No,oa(o) = {CJ .
Since the effective mutation rate in a population of order K¢ is K™% we choose all other starting
conditions to be

Nowl(0) = [K'7"]and  (N5(0), Nl (0)) = (O Cmme) gU=tmtmady | (3.5)

if na < 1 and (m + n)a < 1 respectively and 0 otherwise. Indeed, this choice is consistent with
Lemma A.12, which would suggest that on the log K timescale we otherwise would immediately obtain
a population of our chosen initial size. In addition, this choice shows that

K (0) 222 (1 — (m +n)a) V0.

m,n

(2.4)

Our next goal is to define the invasion fitness — also known as the initial rate of growth —
S((z,9), (z,y)) of a single individual of trait (z,y) in a population, where the trait (z,y) is resi-
dent, i.e. at its equilibrium size. Hence, we consider the active population given by Kz® from (2.3). In

particular we assume % < 3. We distinguish two cases:

Case 1: 7 = 0: In this case, the population size of trait (0,%) follows the dynamics of a usual one-
dimensional birth and death process. Hence, we define the initial growth rate S as the as-
ymptotic difference of birth and death rate, where we need to take into account the horizontal
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transfer as additional births or deaths as follows
S(0, ) (,)) = Jim b(0,5) — d((0,), K=*) +

~ +

7B+

2 k+ (1 —px)o

Case 2: x > 0: Here we have transfer between the active and dormant populations. Hence the growth
rate corresponds to that of a bi-type branching process. Being consistent with the definition
thereof in Appendix A, we define the components of (A.3) asymptotically in accordance with

Notation A.4. We set

Kz Kz°
Ko g1 W<~ Kz g1 w0

+ 7sign(y — y).

o i Kz Kz
n= i b(Z,y) — d(KZ) + o Ty — e Tl
i+7 B-HY(k+o0) .
= 3 — — -
: e 7sign(y —y),
ro=0—rk—0=—(k+0),
_ CpE(Kz*+1)  pE(3— ") (k +0)
o1 = lim = ) 02 =0
K—o0 K K+ (1 —pﬂj‘)O‘

Then the invasion fitness is defined by

~ _ri4ra+ /(1 —r2)? +4o109
S((2,9), (,9)) = 5 :

This number is the largest eigenvalue of the mean matrix of the corresponding approximating
bi-type branching process, which is given by

m o1
g2 T2

We refer to Appendix A for details on the derivation of the initial growth rate of bi-type

branching processes.

Note that distinguishing these two cases is necessary: If we were to model the behaviour of individuals
of traits (0,y) as bi-type branching processes without switching into the dormant state, we would have
— using the definition from the second case with o1 = 0 — that

S((z,9), (x,y)) = max{ry,re} > —(k + o).

In particular, for bi-type processes the invasion fitness is bounded from below by the total rate at
which individuals exit the dormancy component. This lower bound is not reasonable for individuals
which cannot become dormant.

Example 2.1. We are not able to exclude the possibility of long-term coexistence in the sense that
sign(S((z,y), (x,y))) = —sign(S((x,y),(Z,y))). As an example we may choose C = 1, 7 = 1.3,
6=0.9,k=0,0=1and p=0.23. Then an explicit computation shows

S((26,46),(0,28)) ~0.22 and  S((0,26), (26,45)) ~ 0.29.

In these cases, an invasion would lead to coexistence, which we will exclude from our main theorem.

Using the above definitions of the invasion fitness, we can state our convergence result, which is very
similar to [CMT21, Theorem 2.1].

Theorem 2.2. Leta € (0,1), 6 € (0,4), 7 >0, p € (0, 1), & > 0 and o > 0 such that S((Z,9), (z,y)) #
0 for all (xz,y),(z,y) € X with (z,y) # (¥,y). Further assume that the transitions are as in the
beginning of this section and that the initial conditions (2.4) and (2.5) are satisfied.
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(i) Then there exists a time Ty > 0 such that the sequences Brfén(t) from (2.1) converge as K — oo
in probability in L*°([0,T]) for all T < Ty towards a deterministic piecewise affine continuous
function t — By, n(t) such that By, (0) = (1 — (m+n)a) V0, which is characterized as follows.

(ii) We define the sequence s, > 0 and (m},n;) € {0,...,L}? inductively: Set sp = 0 and
(mi,n]) = (0,0). Assume that for k > 1 we have constructed s_1 < Ty and (mj,ny) and
assume that B n(sg—1) # 0 for some (md,nd) € X. Then we define

sp = inf {t > Sg—1 | El(m’n) 7& (mZa TLZ), ﬁm,n(t) = Bmz,nz (t)}
Using this definition, we can distinguish three cases:

(a) If Bz iz (s1) > 0 define

(mZ+17 nZ—i-l) = arg max ) 5m,n(5k)

(mvn)i(mszz

if the argmax is unique. Otherwise we stop the induction and set Ty = si.
(b) If in case (a) we have
S((mid, nid), (16, min) <O and  S((mis1d,misy0), (mid,nid)) > 0,
and (mjy_ , +nj, )0 <6, then we continue our induction. Otherwise set Ty = sy, and stop
the induction.
(c) If there exists some (m,n) € {0,..., LY*\{(m},n})} such that By n(sk) = 0 and B n(sk—
e) > 0 for all € > 0 sufficiently small, then we also stop the induction and set Ty = sy,.
(i) The function By, is defined for t € [sk_1, si] as

t
Boo(t) = [ﬂﬁo,o(sk_l)w <50,0(8k—1) +/ 5((0,0), (mgd, n0)) dS)] VO

and for m # 0 orn # 0 we have

Bmn(t) = (,Bm,n(sk—l) +/t S((mé,nd), (mro,n;0)) ds)

(m,n),k/\t
\ (ﬁmfl,n(t) - a) \ (Bm,nfl(t) - Oé) V Oa
where B_1n = Bm,—1 =0 and the time t(,, ) 1 is defined by

b = {mf{tz $t-1 | Bue1n(t) = @ 0 Brunoa(t) = o}, if Bnn(sio1) =0
m,n),k "

Sk_1 otherwise.

The proof of this theorem will be discussed in Section 4. In light of the convergence theorems derived
in Appendix A, this result is not very surprising. The defined fitness function determines the rate of
growth of the corresponding branching process in the same way that the largest eigenvalue of the mean
matrix of a single or bi-type branching process does.

Also, note that the fitness functions are constant on each time interval, so we may replace the integral
by multiplying with the length of the integrated interval. We have chosen this representation to allow
for a more direct comparison with [CMT21, Theorem 2.1].

Remark 2.3. We will shortly discuss the conditions, listed in part (ii) in our theorem, which lead to
an end of the induction.

(a) At the time s at least one new trait, other than the previously resident trait, becomes of order
K in the population. Hence, we want to ensure that the resulting competition between the
different traits only occurs between two traits, so that we can apply our results from Appendix
B. This condition requires at most two traits to be of size of order K simultaneously.
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(b) As we have seen in Example 2.1, there is not necessarily competitive exclusion. The first
requirement in this case ensures that the invading trait becomes resident, while the initially
resident trait declines in size, so there is no coexistence. The second condition (mj_ +nj, )0 <
6 is needed for the invading trait to have a positive equilibrium size.

(c) If there is a trait, which is almost, but not fully, extinct at the time at which there is a change
in the resident trait, we are not able to determine against which of the two traits of size K
there is competition. Therefore, we want to ensure each trait with small population size to be
fully extinct at the time when a change in the resident trait occurs.

3. EXAMPLES

3.1. Examples for limiting Functions in Theorem 2.2. In this section we will consider specific,
arbitrary choices of parameters for our model to find some range of resulting behaviours for the limiting
functions S, established in Theorem 2.2. As we will see, the dynamics are already quite complicated
in the case of very few traits. In particular, a full analysis in the case of 20 < 4 < 3§ as in [CMT21,
Section 3| is not feasible. The main problem from our simulation appears to be the non-periodicity of
our systems.

For all of the upcoming examples we choose § = 1.51, 7 =13, k =0, 0 = 1 and o = 0.5. We will
vary the dormancy parameter p which will show us plenty of qualitatively different results.

Example 3.1 (p = 0.21). For now we let p = 0.21. Then we can plot the limiting function and obtain
the following graphics.

1.0

0.8 | |
“«;wuum,‘ ||
TRIR/RRIRIR/RRR
\/ H \/ 1 | R | R | s
| VYV Vv Yy 6

0.0 0.0

FIGURE 2. (p = 0.21) Top left: The dynamics of Sy (blue), 5o 1 (orange) and [y
(green). Top right: The dynamics of ;¢ (blue), 811 (orange) and 1 2 (green). Bottom:
The dynamics of B2 (blue), 82,1 (orange) and [ 2 (green).

In this case we see that a similar behaviour as in [CMT21] is recovered: all traits exhibit (almost)
periodicity. This stems from the fact that the traits with a dormancy component are not sufficiently
fit. While the trait (4,0) is fit against the trait (0,0) and the trait (6,20) is fit against the trait
(0,9), especially during the times when the trait (0,2) is resident, all dormancy traits have a negative
fitness and are only kept alive through the incoming migration. Hence, the essential components of
the dynamics can be reduced to the case without dormancy.
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Example 3.2 (p = 0.22). In this case, the resulting dynamics are given in the figure below.

1.0

0.8

E A muNuN”W"
“\ \H‘ \“\ \H\h\“ “‘Q““‘\“‘“““\V“VV

\ ‘M ‘\ “ IRIR
\ L “ |

FIGURE 3. (p = 0.22) Top left: The dynamics of Sy (blue), So1 (orange) and Sy
(green). Top right: The dynamics of ;¢ (blue), 511 (orange) and 51 2 (green). Bottom:
The dynamics of B2 (blue), 82,1 (orange) and a2 (green).

Here, two phases are to be distinguished: At first, we observe a very similar behaviour as in the case
p = 0.21. In fact, for the traits (0,£0), £ € {0,1,2}, the functions are at first identical to the previous
case. However, the trait (d,0) is now sufficiently fit that its population size overall increases with each
cycle until at one point it becomes resident. From this point onwards, we see that the functions are
approaching a coexistence limit in the sense that for all £ we have si1 > s with limy_,o0 S < 00 and

lim ,8070(816) = lim ﬁog(Sk) = lim ,8171(8k) =1.
k—o00 k—o0 k—o0

We will prove this claim below. Thus, although we have excluded the possibility of coexistence of
any traits in the formulation of our Theorem 2.2 by demanding that the fitness functions need to
have opposite signs, the system converges to an equilibrium. The reason behind this is the fact that
we have demanded opposite signs, but the absolute values of the relative fitnesses of two traits are
not necessarily, and often will not be, the same. This allows traits with dormancy to experience a
large growth while they are not resident and fit against the dominant trait, but only a slow decline in
population size when they are unfit against the dominant trait. In [CMT21] the fitness functions are
antisymmetric functions in the sense that S(x,y) = —5(y, =) for traits =, y and therefore such behaviour
cannot be observed. The traits (26, ¢0) are again only driven by immigration through mutations.

We will now show inductively that the sequence (si)gen converges by considering the system where
there are only the traits (0,0), (,d) and (0,20). This reduction is justified by our simulations above,
since all other traits become of order o( K) after time 40. Further we assume the initial condition of
our reduced system to be

Boo(0) =1, B11(0)=1, and Bo2(0) =m0 € (0,1),
that is, we assume that at the starting point of the system, the trait (d,¢) has just become resident
in the population which is only possible, if the trait (0,0) has been previously resident. In particular,
the trait (0,20) is unfit against the trait (0,0) and therefore must be of order o(K). We will now
construct a sequence of intermediate times until a similar configuration with By o(t) = B11(t) = 1
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and [y 2(t) = x1 > x¢ is reached as is displayed in Figure 4. We calculate the individual fitnesses as
determined by the fitness function. We obtain

—0+T7—0++/(T—0+0)2+12ps

S((8,5),(0,0)) = S((0,24), (0,0)) =7 — &

2
S((0.0),(5.6) =3 — 13_—;5 . S((0,25), (6,6)) =3 — 5 — 13__p5 +r
—7—0+/(0c—7)2+4ps(3 - 6)

S((6,5), (0,25)) = S((0,0), (0,28)) = 6 — 7.

2

\
4
Time

+ L <4 - - =
~
N —
—
~—
~
—
—
~—
+
~
—
—
N
+
~
—~
~—

(1)

FIGURE 4. Illustration for the successive construction of the times ¢;
Bo,0, orange is B1,1 and green is 3 2.

. Blue represents

We can therefore explicitly calculate that in this system the trait (0, 20) becomes resident after time

(1 _ 1 -z _
N = 0,20y, g0y~ 1L 20

At this time, we have the sizes

Boo(t) =1+ 4(7-5((0,0),6,0)), Bra{”) =1 and Boa(t?) = 1.
In the next step, the traits are competing with (0, 2d). Therefore the trait (0,0) becomes resident after

time
) 1—<1+t“> S(0.0.6.5) _ _ S(0.0.6.0) g

| ( |
We obtain

Boo + ey =1, BtV + 60y =14+ 5((5,6),(0,26)) and  Boo(tlV + V) = 1.
The third phase of this system consists of competition of the other traits with (0,0). In this case, the
trait (9,d) becomes resident again after time

(0 1=+t S(5,6),(0,26)) __5((0,6),(0,20)
K S((6,9),(0,0)) S((6,9),(0,0)) 2
We can calculate that

Boot W4ty =1, B V) =1 and  Boa eV +40) = 1+407.5((0, 26), (0, 0)).

== 02(1 - .’Eo).

== 03(1 - .’Eo).

In particular, we recover our starting condition after time t(l) + t(l) (1) where S((0,24),(0,0)) <0
implies

Boo(tV + 15V + 10y =1 — C(1 = wp) =: a1,
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with C' € (0,1). Repeating this process inductively shows that after the n-th such cycle, we obtain the

condition
Bo,o <Z tgk) + ték) + ték)> =1, pi1 <Z tgk) + ték) + ték)> =1
k=1 k=1

and

(Zt + t(k) )> =1—(1—20)C" =: .

Thus, as n — oo, the functions converge to 1 at the endpoint of each cycle. It remains to show, that
the time steps are summable. Indeed, we find

S 0 4 oM ZCI (1= 24)+ Co - (1 —25) + Cs - (1 — )
k=1

= (C1+Cy+C3) Y (1 —x0)CF,
k=1
which converges as n — co. Therefore, we have proven that our choice of parameters leads to coexis-
tence after finite time.

“WWWWWWWKWWWWWW

0 20 140 0 20 40 60 80 100 120 140 160

Bunn(t)

(i ‘rmf | ﬂ H’ 1””
: WMl L
.| LAl M MM | M” w

ul .H

0 20
Time t

FIGURE 5. (p = 0.23) Top left: The dynamics of Sy (blue), So1 (orange) and [
(green). Top right: The dynamics of ;¢ (blue), 811 (orange) and 51 2 (green). Bottom:
The dynamics of 52 (blue), 521 (orange) and [ (green).

Here, there are even more phases to distinguish: At first we have the growth phase of the trait (¢, 0)
until it becomes resident for the first time shortly after time 20. Note that, due to the increased value
of p, the traits (0,0) and (4,29) have an increased fitness as well and are slightly increasing in size.
Now the larger value of p increases the equilibrium population size of trait (¢, ), which in turn implies
that while (9, d) is resident, the traits (0,0) and (0, 26) have a lower fitness. Thus the times for which
the traits (0,0) and (0, 26) are resident will be prolonged slightly. This is sufficient for the trait (,0)
(which only has a positive fitness while the trait (0, 0) is resident) to become resident for the first time
around time 43. Since the advantage from dormancy is not large enough to give the traits (0, £) an
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overall negative fitness, we then have alternating times during which the traits (4, £9) are growing and
the traits (0, £0) are cyclically resident followed by a short phase where one or more of the traits (6, £6)
become resident and the traits (0, £d) experience a short but sharp decline in size. We do not know
if the functions become periodic eventually, however from simulations we conjecture that this is not
necessarily the case.

Example 3.4 (p = 0.234). Here, we observe an interesting change in the dynamics. Due to the
increased fitness of the dormant individuals, it takes a shorter amount of time until one of the traits
with dormancy becomes resident. In addition, they are able to stay resident for longer periods. Since
the trait (0,0) is unfit against both (4,0) and (4, ), it has an overall lower fitness. Other than in the
case p = 0.23, the trait (0,29) does not become resident fast enough to prevent (0,0) from becoming
extinct. Once (0,0) is extinct, it cannot be resurrected since there are no incoming mutations. Hence
we see a significant change. The dormant traits are not yet strong enough to prevent the trait (0, 24)
from becoming resident. After (0,26) is resident, all traits with dormancy become extinct or are only
kept alive due to incoming mutations.

I

% [ K

0 20 10 60 80 100 0 20 10 60 80 100

0 20 10 60 80 100

FIGURE 6. (p = 0.234) Top left: The dynamics of By (blue), Sy 1 (orange) and [y 2
(green). Top right: The dynamics of ;¢ (blue), 511 (orange) and 51 2 (green). Bottom:
The dynamics of B2 (blue), 82,1 (orange) and S22 (green).

Example 3.5 (p = 0.24). In this case, the dormancy is sufficiently strong such that the overall fitness
of the non-dormant traits is negative when the traits (9,£0) become resident. Thus we are getting
again coexistence as in Example 3.2, but now between the three traits (d, £0).

3.2. Extending Theorem 2.2. One may ask the question of how the dynamics change as we alter
the remaining parameters. Note that Theorem 2.2 does not cover the case where a trait (z,y) € X
with % > 3 becomes dominant. Although we have not treated this case formally, the convergence
claimed in Theorem 2.2 should extend in a natural way: If the trait (z,y) € X becomes dominant but
is unfit on its own, then the entire population size drops to o( K) immediately on the log K timescale.
Therefore, we can define the fitness functions in these cases as before, but omit all factors which are
scaled by K, that is we set the death rate to 1 and the switching rate from active to dormant to O.



14 JOCHEN BLATH, TOBIAS PAUL AND ANDRAS TOBIAS

FIGURE 7. (p = 0.24) Top left: The dynamics of Sy (blue), So1 (orange) and [y
(green). Top right: The dynamics of ;¢ (blue), 811 (orange) and 51 2 (green). Bottom:
The dynamics of B2 (blue), 82,1 (orange) and fa2 (green).

Then, we obtain for z > 0 the fitness

- ™ +r2 + \/(7“1 — 7“2)2 +40‘10‘2

S(@?v@/)v('%y)) = 2 :max{rlﬂﬁ}

where we use the notation ry = 3 — ’i%g + 7sign(y — y), r2 == —(k + 0), 01 =0 and oy := 0. For
z =0 we set

S((0.5). (@,y)) =71 =3~ § + 7sign(i — ).

Also, we need to use this definition of the fitness function when the population size is of the order o(K)
but the dominant trait has not reached a size of order K. With these extensions to the fitness function,
the limiting functions f3, , should satisfy the formula stated in Theorem 2.2 (iii). Note that the fitness
of the traits with dormancy is bounded from below by o = —(k + o). Hence it may happen that
at a point where there are exactly two dominant traits and normally a change in the dominant trait
would occur both traits have the same negative slope. In these cases it is not obvious how to continue.
Indeed, using the definition of the times s; we would obtain sxy1 = s; and we cannot proceed any
further.

Example 3.6. Let 0 = 1.85, 7 =13, p=0.248 , k =0, 0 = 1 and a = 0.5. In this case we get the
functions displayed in Figure 8.

Interestingly, here we have a finite time horizon Ty and convergence of B2 (sy) — 1 as k — oo
for £ = 0,1, 2 although there are repeatedly short periods of macroscopic extinction where the entire
population size is of order o( K).

Example 3.7. If we set § = 1.92, 7 = 1.3, p = 0248 , Kk = 0, 0 = 1 and o = 0.5, that is all
parameters the same as in the previous example but for d, then a similar but simultaneously new
behaviour emerges.

The new aspect here is the finite time horizon Tj where we have again convergence of B3 (sy) as
k — oo for £ = 0,1,2, but now limy_, S2¢(sx) < 1. We may say that in this case the system of
individuals is generally unfit, since it is not able to remain of order K at least periodically.
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0 10 20 30 40
Time t

FIGURE 8. Functions for Example 3.6. Top left: The dynamics of 8y (blue), 5o1
(orange) and fp2 (green). Top right: The dynamics of 31 (blue), 511 (orange) and
B1,2 (green). Bottom: The dynamics of B2 (blue), 82,1 (orange) and S22 (green).
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FIGURE 9. Functions for Example 3.7. Top left: The dynamics of 8y (blue), 5o1
(orange) and fp2 (green). Top right: The dynamics of 31 (blue), 511 (orange) and
B1,2 (green). Bottom: The dynamics of B2 (blue), 82,1 (orange) and a2 (green).

In all of our simulations where an unfit trait becomes dominant, we have observed either one of the
mentioned convergences or two traits with the same negative slope. In particular, we have not been able
to observe evolutionary suicide and conjecture that due to the introduction of dormancy, evolutionary
suicide is not possible. The reason for our conjecture lies in our fundamental modelling assumptions:
only traits which can become dormant can also be unfit. Furthermore, assuming ¢, C, o, 7, k and o fixed,
due to the continuity of the functions f,,,, we conjecture that the qualitative behaviours observed
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(cyclic, driving towards coexistence, alternating but not periodic patterns) can be categorized into
values of p coming from open intervals I C (0, i) and as such it would be interesting to explicitly

calculate these threshold values.

3.3. Simulations. Another point of interest is the size of the carrying capacity K. We know from
Theorem 2.2 that as K — oo the exponents of the stochastic system converge under suitable rescaling
of time towards the functions (3, ,. However, in reality the carrying capacity will be finite and thus we
may ask how large K needs to be, such that the limiting functions 3,,, give a good description of the
stochastic system, more precisely ﬂgn. For this we conducted simulations but came to the conclusion,
that explicitly simulating the Markov process is not feasible for K > 105. The reason is twofold: On
the one side, we need to increase the time horizon for the simulations as K increases (since we are
working on the log K time scale) and on the other side, the time steps between events become smaller
as the population size increases.

SoOSo~o=
/N N
\/ 0s

Time ¢ log(K)

FiGUrRE 10. Left: Simulations with the parameters as in Example 3.1 and C = 1,
K =10°. Right: Simulations with parameters as in Example 3.2 and C = 1, K = 10°.
From top to bottom we are increasing the index m of ,Bnlin by 1 and in each plot n =0
is blue, n = 1 is orange and n = 2 is green.

From our simulations with K = 10° in Figure 10 we are able to see, that the stochastic process
resembles very little spontaneous jumps when the population size is large. Note that the images on
the bottom of Figure 10 appear to be filled with jumps visible to the eye, which is due to the fact
that VK =~ 316, so having an exponent of size % means in terms of the population that around 316
individuals are alive. Therefore, a single event causes a relatively large change in the population.

Otherwise, the curves appear to be smooth, which leads us to a more efficient way of simulating the
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S

K, K,
dynamics. We know, that on compact intervals the dynamics of (N}’é , NI"}’ ) without migration can

be approximated by the solution of the differential equation

i n0) = 7 (1)

m,n

3e

L S (a0 = ka8
+ 22 (1) 3—(m+2n)5—c Z T (£) + 7 ( ’ o )

b L
m/,n'=0 Em’,n’:O $$n/’n/ (t)

L
'C'C;ln,n(t) = pm(s ’ Cx?n,n(t) Z x(rln’,n’ (t) - (U + H)xgn,n(t)'

m/ n'=0

We also need to take into account the mutations which occur at birth with probability K~%. Since
this probability tends to 0 as K — 0o, we do not have a mutation term in the differential equation on
its own. However, as we are more interested in simulating the dynamics for some fixed K, we alter the
derivative of the active component to be

0 (8) = 0 (8) + (4= D) K (o (8) + o (1),

which leads to a mixed approximation of the stochastic system. Now, choosing K fixed, we have on one
side the usual approximation via an ODE and on the other side we have a non-zero mutation probability
which is in accordance with the model. Determining the solution to these systems is numerically very
efficient compared to a direct simulation and allows us to simulate the behaviour for large K. We
refer to the exponents of the population sizes determined by solving the system as 'yg’n However, we
need to choose time steps At for solving the ODE, which leads to complications: The process anfyn

is only taking integer values, so in particular, if the rescaled process satisfies Ni’" < %, then the
population should be extinct. Now, if At is too small compared with 1/K, then it may happen that
the immigration during a time step of length At is not sufficiently strong to start the population.
Another numerical issue is the time horizon, on which we need to solve the differential equation. After
rescaling, we need to solve until time 7T'log K, which in our cases would usually have T' € [50,200]
and thus may lead to some numerical instabilities. In particular, systems such as in Example 3.4 are
sensitive to small deviations.

Comparing Figure 11 with the stochastic simulations, the ODE approach gives us a similar behaviour.
Hence, we are confident that the solution to the differential equation will be similar to the stochastic
system if we increase K. Obviously, these plots (stochastic simulation and ODE solution) have very
little in common with the limits which we have discussed in the corresponding examples. However,
when thinking of bacterial populations, K = 10° is still very small.

In Figure 12 with K = 10'%, the limiting functions are a much better approximation of the exponents,
although At is still too small in relation to K for us to see any mutations arriving in 75,{11 when p = 0.21.
Also, note that the coexistence, which we observed for p = 0.22 in the limit, is in fact a normal cycle of
residency between (0, 0), (0,0) and (0,2§). Only when letting K — oo, these cycles become ever shorter
and lead to coexistence. Another interesting effect of finite populations is the prolonged duration it
takes for the trait (J,0) to become resident in the population. As K increases, this duration becomes
shorter on the log K time scale. Although we cannot be certain about the reason for this mechanism,
we think that it may be due to the competition phases which vanish on the log K time scale as K — oo
but take up a non-negligible amount of time for fixed K. In particular, the competition against traits
with dormancy takes longer due to the dormancy component and hence the convergence is slower in
K compared with systems with only HGT and no dormancy.
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FIGURE 11. Left: Solving the ODE with Euler scheme, K = 10° and At =
Tlog(K)K~! with parameters as in Example 3.1 and C' = 1. Right: Solving the ODE
with Euler scheme, K = 10% and At = T'log(K)K ! with parameters as in Example
3.2 and C' = 1. From top to bottom we have the usual arrangement of the Exponents
'yf,f’n. We have omitted the plots vfn due to the lack of incoming mutations.

4. PROOF OF THEOREM 2.2

We will give a short sketch of the proof, which is very similar to [CMT21, Theorem 2.1]. The
idea is to decompose the time scale into two different kinds of phases: First there are long phases
[0F log K, 0K log K] which then are followed by short intermediate phases [0 log K, a,ﬁl log K. Dur-
ing the long phases, there is exactly one trait, whose population size is close to its equilibrium and all
other traits are of size o(K). During the short phases, another trait emerges and becomes significant
for competitive events and due to competition the initially resident trait is replaced by the emerging
trait. We will show that

dm ofis = Jim of =
with probability converging to 1 and hence on the log K timescale the intermediate phases vanish.

Since we only want to show this theorem in the case where only fit individuals (with a positive
active equilibrium size) can become resident, we do not need to distinguish these cases, so our proof is
simplified in this aspect compared to [CMT21]. However, during the intermediate phases we need to
observe whether none, one or both of the involved traits can become dormant and in which way the
horizontal transfer is acting, if at all.

Thus the proof will be performed by induction on k. During the long phases, we will make heavy use
of coupling arguments to show the convergence Bnlin — Bm,n- This will again be done by induction on
the traits, where we need a nested induction, since the horizontal transfer can be exerted onto all traits
with a lower second component. For these phases, we will make extensive use of Theorem A.3 and
Theorem A.1, so we refer to Appendix A. During the intermediate phases, we need the corresponding
competition results, which can be found in Appendix B.

To make the structure of the induction more obvious, we give the general idea here: The trait space
X can be visualized as the d-grid on [0,4]? and we first show the convergence on a time interval for the
trait (0,0) as the base case. Then we advance our induction in the direction of dormancy to the trait
(6,0), where we make another base case in order to highlight the differences in the bi-type case. This
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FIGURE 12. Left: Solving the ODE with Euler scheme, K = 10 and At =
Tlog(K)10~° with parameters as in Example 3.1 and C' = 1. Right: Solving the
ODE with Euler scheme, K = 10 and At = T'log(K)10~° with parameters as in
Example 3.2 and C = 1. From top to bottom we have the usual arrangement of the
Exponents 'yﬁin.

is then followed by the induction step for traits (md,0). In this fashion, we can then assume the result
to hold for all traits (md,nd) with n <n and m € {0, ..., L} for some fixed n € {0,...,L —1}. Then
we can show the result for traits (md, (n + 1)d) via an induction on m as for the case of (md,0).

Throughout the proof we will use various kinds of branching processes. We denote by B Pk (b, d, ()
a one-dimensional branching process with birth rate b, death rate d and initial condition [K? — 1].
Also, we denote by BPIk(b,d,a,c, ) a one-dimensional branching process with birth rate b, death
rate d, immigration at rate K¢ and initial condition |K® — 1]. We refer to [CMT21, Appendix
A B| for results concerning these processes. With BBPIk (b1, ba,d1,d2,01,02,a,c¢,3,7) we denote a
two-dimensional branching process with birth rates by, bo, death rates dy, do, switching rates oy, o9,
immigration into the first coordinate at rate K¢ and initial condition |(K? —1, K7 —1)]. We refer
to Appendix A.

Further, we denote by LBDIk(b,d,C,~) a one-dimensional logistic birth and death process with
birth rate b, death rate d+ CYN, where N denotes the population size, and immigration at a predictable
rate y(t) at time ¢ > 0. We refer to [CMT21, Appendix C|. Also LBBI (b1, dy,ds, 02, p,C,~1) denotes
the distribution of a two-dimensional logistic birth and death process with birth rates b;1,0, death

rates dy + (17?01\7, dy, where N denotes the population size of the first component, switching rates

pCTN, o9 and immigration into the first component at a predictable rate 1 (t) at time ¢t > 0. We refer

to Appendix B.
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FIGURE 13. The schematic induction: In the left picture, red are base cases, and the
convergence for the remaining green traits are proven via the induction step. This is
Step 1a) in the proof. Then in Step 1b) we make the induction step in the direction of
HGT which is shown in the second image. For this we assume the result to be shown
for all yellow traits. Then we have the base cases in red and subsequently another
induction step again in green.

Proof of Theorem 2.2. We distinguish two cases: Either there is only one phase (that is, all traits are
unfit against the initially resident trait (0,0)) or there are at least two phases. In either case we now
consider a fixed time 7" > 0.

4.1. Proof of Theorem 2.2, Case 1.

Case 1: S((x,%),(0,0)) <0 for all (x,y) € X: As in [CMT21], we define a time 6X  during which
trait (0,0) is resident. Let e > 0 and p > 0 and define the time

() (@)

or Z Nf,in(t log K) > ple}.
(m,n)#(0,0)

0K = inf {t >0 N(fo(tlogK) ¢

Then we easily calculate that By, (t) = (1 — (n+m)a) VO for t <K AT.

Step 0: Deriving bounds on the rates. Since all of the following couplings in Step 1 will need some
bounds on the rates, we derive them here for our process up to time #¥. In particular, the arrivals in
the active component of trait (m,n) due to reproduction or transfer at time t < 9{( AT occur at rate

L K,a
Nt 1og K) <4 _ M) (1-K-)+ Yo an Ny (t108 K)
m,n 2 ZL NK,’a /(t log K) )

m/,n'=0""m/n

which satisfies for K large enough and n > 0 the inequality

+n)d 3—-3Ce;
NEa (1100 K 4_L_ 2 oEl
man (1108 )< 2 TTIICB T e
L K,a
5 ’— ’ N H tlog K
SNfé’Z(tlogK) <<4_(m—i2—n) )(I—K_O‘)+szL On'<n KW;’H( 8 K)
Zm’7n/:0 Nm;’n’ (t log K)

San(,’ﬁ(tlog K) <4 - (m+2n)5 + T) .



A STOCHASTIC ADAPTIVE DYNAMICS MODEL WITH MUTATION, DORMANCY AND TRANSFER 21

These bounds are true for n = 0 when we remove the terms involving 7. The arrivals due to incoming
mutations occur at rate

(VK< (tlog K) + NEO | (tlog K)) (4 -

(m+n— 1)5) Ko

2 2
Further, the departures from the active population due to transfer or death occur at rate
L L
C(1 — pmd) N tlog K)
NE2(tog K) [ 14+ ——2"% pm Y NEe (tlog K) +  Zm=onton N

L
m/ ,n'=0 Emn ON (thgK)

which can be bounded for p small enough by
N (tlog K) (4 — 3pms — 3C(1 — pmd)ey)

L
J) —0m! NE; (tlog K
<NEa(tlogK) |14 S 2m0) pm § NI tlogK)JrTZmL oarzn N (H108 K)
m/,n'=0 Zm = ON (thgK)

c
<Npn(tlog K) <4 = 3pmd + (3C + p)(1 — pmi)e; + 7oL ) '
— 9c]

Similarly, the active to dormant transfer rate is given by

L
mo
NEa(tlog K p S NEe (tlog K),
m’,n'=0
which satisfies the bounds

Nf,fﬁ(t log K) (3pmé — 3Cpmdey)
Cpmd

<NEa(tlog K) N4, (tlog K)

m/ n'=0

<N (tlog K) (3pmé + Cpmd(3 + p)ey) .

Step 1: Induction on the traits. We will now show by induction on m and n that the bounds
KBman()=(mtntler _ 1 < NE (tlogK) < FBmn(O+(mtnter _ (4.1)

hold true for ¢ < 0% A T. In this situation, the condition reads as

K ((A=(m+n)a)v0)—(m+n+l)er _ 4 < an{n(t log K) < K (A=(m4n)a)VO)+(m+n+l)er _ q

Step 1a): Traits (0,y). For m = n = 0 this is obviously satisfied by definition of #f.

Base case: n = 0.

Base case: m = 1. For m = 1 and n = 0 we couple the process Nﬁ) with processes le,(o and Z\fo,
such that component-wise

ZIKO(tlogK) < NIKO(tlogK) < 21](0(tlogK),
where Z10 is a BBPIK(4 — 9 —(Ce1,0,4 — 3pd + 2Ce1,k,3pd — Ce1,0,0,1 —a —e1,1 —a —¢1) and
ZLO isa BBPIk(4— 5 o 4 051,0,4 3pd — 2Ce1,k,3pd + Ce1,0,0,1 —a+e1,1 — a + e1), where
C=1+1V7)(1+C)(6+p).
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Indeed, this coupling is justified by the bounds on the rates derived in Step 0 of this proof. Hence,
applying Theorem A.3 (i), we see that

log (1 + Z15(t1og K) )
I :
Koo log K

3 -2Ce; — (k+0) + \/(—% —2Ce1 + Kk +0)2+4(3ps — Ceq)o

=(l—a—-g)+ |0V 5 -t
>l—a—¢e
and similarly, since S((4,0), (0,0)) < 0, we have for e; sufficiently small that
log(l + ZK (tlog K))
li 7
Koo log K
—342Ce1 — (k+0) + \/(—g +2Ce; + K+ 0)2 +4(3pd + Cey)o
=(1l—-a+e)+ |0V -t

2
<1l—a+e;.

Thus, the claim is shown for Nﬁ). For the remainder of the proof, we will use the shorthand notation
S((z,9), (x,y)) £ Cke1 to indicate the rate of growth of a bi-type branching process whose birth, death,
switching and transfer rates are modified by some factor of £; and otherwise coincide with those of a
bi-type branching process whose growth rate is given by S((z,7), (z,v)).

Induction step for m — 1 — m, n = 0: Now assume that it has been shown that

K((l—(m—l)a)\/(])—mel —1< Nf,f_l,o(tlog K) < K((l—(m—l)a)\/{])—l—mel —1. (42)

Then, we can couple the process anf,o(t log K') with different processes anio and Z[g,o such that
ZE o(tlog K) < NK (tlog K) < ZK (tlog K),

where the distribution of Z{io is determined by BBPIx(4 — mTé — Ce1,0,4 — 3pmé + 2Cey, K,
3pmd — Ce1,0,0,(1 — (m — 1)a)y — a — mey, (1 — ma — mey),) and the distribution of Z{io
is BBPIk(4 — mTJ + Ce1,0,4 — 3pmé — 2Cey, k,3pmd + Cey,0,0,(1 — (m — 1)a); — a + mey,
(1 —ma+mep)4).

Then, we see from Theorem A.3 (i) or (iii) applied accordingly that for £; > 0 small enough
log (1 + Zi5 o(tlog K) )

Khl}loo log K
(= (m—=1)a)y —a—me1) V(1 —ma—mer); + (S((md,0),(0,0)) — Cier)t), if ma <1
B 0, otherwise

> Bmo(t) —mes
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and similarly

log (1+ Z15 o(tlog ) )

Klgnoo log K
(= (m—=1)a); —a+mer) V(1 —ma+mer)y + (S((md,0),(0,0)) + Cier)t), if ma <1
B 0, otherwise,

S Bm,O(t) + meq.

Step 1b): Traits (md,nd). Induction step for n — 1 — n: Assume now that for all m € {0,..., L}
and all n’ < n — 1 the bounds

K((l—(m+n/)a)V0)—(m+n’+1)51 —1< Nrfrfn/ (t log K) < K((1—(m+n’)cx)\/0)+(m+n’+1)51 1

hold.

Base case m = 0: For the process N(ffn we only have incoming migration from N({,(nfl' Hence, we
can couple
ZE (tlog K) < N§ (tlog K) < Z, (tlog K),
where Z{{n is a BPIg(4— " + 71— Cer,4+ Ce1,0,(1 — (n — 1)a)y — a —ney, (1 — na — ney)+) and
20{{” isa BPIx(4— % +7+4 Cey,4 — Ce1,0,(1 — (n — 1)a)y — a +e1, (1 — na + ney)4), which as
before gives the sought bounds from (4.1) by applying Theorem A.1 (i) or (iii).

Base case m = 1: Here, we have incoming mutations as mentioned in the beginning of the proof
from two different populations, for which we already have suitable bounds. Thus, we can couple the
process Nl{(n as usual with

ZE,(tlog K) < N{S, (tlog K) < Z{,(tlog K),

where the distribution of Zf, is BBPIg(4 — "t 4+ 0cy 0,4 — 3ps + 2Cey, 5, 3pd — Cey, 0,0,
(I —-na)y —a—(n+ e, (1 —(n+ 1a— (n+ 1)e)4) and the law of Z\lKn is determined by
a BBPIk(4 — @ + 7+ Ce1,0,4 — 3ps — 2Ceq,k,3pd + Ce1,0,0,(1 — na)y — a + (n + 1)ey,
(I1—=(n+1)a+ (n+1)e1)+). Applying Theorem A.3 (i) or (iii) as in the case m = 1, n = 0 yields the
claim (4.1).

Induction step m — 1 — m: Assume that we have shown the bounds
K((l—(m/+n)a)V0)—(m'+n+1)61 -1 S qu[rf’ n(t log K) S K((1—(ml+n)o¢)\/0)+(m’+n+1)81 -1

for all m’ < m — 1. Then, we couple the process an(,n as usual with
Zh o (tlog K) < N (tlog K) < Z} , (tlog K),

where the distribution of an{n is BBPIg(4 — M + 7 — Ce1,0,4 — 3pmé + 2Ceyq, k,
3pmd — Cey,0,0,(1 — (m +n — Da)y — a — (m + n)er, (1 — (m + n)a — (m + n)e1)s) and
the law of Z\lKn is BBPIg(4 — M + 7 4+ Ce1,0,4 — 3pmd — 2Ceq,k,3pmé + Ceq,0,0,
lI-—(m+n—-1a)y—a+ (m+ne, (1 —(m+n)a+ (m+ n)er)s). Again, applying Theo-
rem A.3 (i) or (iii) as before gives the claim (4.1).

. 1 NE  (tlog K .
Step 2: Showing 9{( > T. In Step 1 we have shown that the process og(1+ l’:g”}g 0 K)) converges in

probability in the space L®([0, 05 A T]) towards By, m(t) = (1 — (n + m)a);. It now suffices to show
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that @ > T, which can be done in the same manner as in [CMT21]. As we have computed above, for
all t < 6{( AT we have with high probability

o o
2 2

Y NE,(tlog K) < K™ mmz 00 fmn(ty = f
(m,n)#(0,0)
In particular at time ¢t = 6 A T, we have 2 (mn)#£(0,0) NE (tlog K) < pe1 K with high probability.

Hence, for K large enough, we see that up to time 9{< A 2T we can couple
Z(fm(t logK) < Ngfo(t logK) < Zéfw(t log K),

where Z§ | is a LBDIg(4(1—¢),1+ Ce,C,0) and Z{{, is a LBDIk(4,1,C,0). Applying [CMT21,
Lemma C.1 (i)] to both processes shows that at time ¢ = 8% AT the process N({{O(t log K) is still close
to its equilibrium size with high probability. Thus 9{( > T with probability converging to 1 as K — oo
and the proof is completed in this case.

4.2. Proof of Theorem 2.2, Case 2.

Case 2: In the second case, we consider S((z,y), (0,0)) > 0 for some (z,y) € X.

4.2.1. Phase 1. Note that the bounds on the arrival, departure and migration rates derived in Step 0 of
Case 1 remain true. Unfortunately, we are not able to give a closed form for the limiting function £ as
in [CMT?21, Section 4.2.2] without a significant number of cases to be distinguished. However, in this
case there exists some time s; < Ty, at which for the first time for some m3,n3 € {0,..., L} we have
Bmznz(s1) = Boo(s1) = 1. Due to our assumptions in the Theorem, m3,n3 are unique. Now, we split
the time interval [0, s1] into subintervals, on which all 3, ,, are affine functions. That is, there exists a
finite number of times 0 =ty < ¢; < ... < t; < s1 such that on the interval [t;_1,%;] all functions Sy, ,
are of the form
Bm,n(t) = /Bm,n(ti—l) + am,n(t - ti—l)y te [ti—la ti]y

for some constants @y, , which may depend on the time interval. This representation as an affine linear
function can be seen from Theorem 2.2 (iii). We will now show by induction, first on n and then on
m, that Bf,in — Bmn as K — oo on the interval [0, AOFK AT]. Showing the convergence on the other
intervals [t;_1,t; A 0% A T] can be done in the same way.

Step 1: The induction on the traits. Recalling the time ¢(,, )1 from Theorem 2.2 (iii), we want to

show that for all t € [0,¢; A % A T] the bounds

log (14 N5 ,(tlog K))
log K

hold with probability converging to 1 as K — oo for some constant C, which may depend on m and

n. In particular, the notation C, does not necessarily refer to any particular constant, but more to a

suitable constant, which is sufficiently large. For m = n = 0, the bounds hold trivially by definition of

s

In the following, we use the notation

Bm,n(t) - 0*51 < < Bm,n(t) + 0*81 (4.3)

(Bnlt) + o) = {ﬁm’"(“ B
0, otherwise.
Step 1a): Traits (0,y). Base case: n = 0.
Base case: m = 1. We can couple as in Case 1 the process N{fo with processes Zfo and 21],{07 such
that component-wise
Efo(tlogK) < Nfo(tlogK) < Efo(tlogK),
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where the distribution of Z10 is determined by BBPIK(4 — % — Ce1,0,4 — 3ps + 2Ceq, K
3p5 - C&l,U,O,BO,o( ) - o — 0*61,ﬁ170( ) - 0*61) and ZI,O is a BBPIK(4 — g + Csl, s
4 —3pd — 2061, K, 3pd + 051, o, 0, 5070(0) —a+ Cieq, ﬁl,g(O) + C*El), where again

C=1+1V7)(1+C)(6+p).

Obviously, we obtain the same convergence as before, but the inequalities derived may not apply
anymore. By Theorem A.3 (i), we have the convergence

log 1+ Zf§,(tlog K))
y
Kovso log K

= (B0,0(0) —a — Cier) V (B1,0(0) — Cier + 5((4,0), (0,0))t)
= (81,0(0) + 5((6,0),(0,0))t) V (Bo,o(t) — ) — Csen

and

log(l + Ef{o(t log K))
li :
Ko log K

= (B0,0(0) — a + Cie1) V (B1,0(0) + Cie1 + S((6,0), (0,0))t)

= (B1,0(0) +5((6,0), (0,0))t) V (Bo,o(t) — @) + Cien,
by using 51,0(0) = Bo,0(0) —

Induction step for m —1 — m, n = 0: Now, assume that (4.3) has been shown for all m’ < m —1
and n = 0. Our goal is to show that (4.3) also holds for m and n = 0. For this purpose, we couple
with ZK m,0 and ZK m,0 Such that

ZE o(tlog K) < N ((tlog K) < ZK ((tlog K),

where the distribution of Z,I,io is determined by BBPIx(4 — m—5 Ce1,0,4 — 3pmd + 2Ceq, K,
3pmd — Cey,0,am-10,Bm-100) — a — Cie1, (Bm,o(0) — Cier)+) and the law of ZK0 is BBPIy
(4 — mTé + 651,0, 4 — 3pm5 — 2651, K, 3pm5+ 061, o, am,lyo,ﬁm,l,o( ) —a+ Cyeq, (ﬂm,o( ) +C*61)X).

We distinguish the cases where §,,0(0) — Cie; is strictly positive (to apply Theorem A.3 (i)) or
(Bm,0(0) — Cye1)4+ = 0 to apply Theorem A.3 (ii) or (iii), depending on a,,—1,0 being strictly positive
or non-positive, which yields the convergence

log (1 + Z1 o(t1og ) )

Klgnoo log K
(ﬁm—l,ﬂ(o) —a—Cie1 + am_LQt)
V(Bm,0(0) — Cier 4+ S((md,0), (0,0))t) V0, if Bym0(0) — Cuer > 0
= {(S((m8,0),(0,0)) V a-1,0) (¢ — Pm=reza=Ceal)
VO, if ﬁm,o(()) —Cie1 <0< Am—1,0
0, if @n,o(O) — 0*61, Am—1,0 < 0.
[Bm-1,0(0)—a=Cse1| _

Note that in the second case it holds pF—
Bm,n do not have a change in slope by our choice of t1, this limit of the coupled process may. Also, if
the maximum in the second case is attained by a,,—10, then the second case reads as

am—1,0t + Bm-1,0(0) —a — Cieq

(m,0),1 T C«€1. Even though the functions
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by using that 3,-10(0) — a — Cye1 < 0. In particular, using By—1,0(t) = Bm-1,000) + am—1,0t, we
obtain in each case

1og(1 +Z5 1ogK))
lim
K—o0 log K
> [(Bm,0(0) + S((md,0), (0,0))(t = (t Atim0)1))) V (Bm-1,0(t) — @) V0] — Cier.
A similar application of Theorem A.3 for ZK o entails
log(l + ZKO(t logK)>
lim
K—o0 10gK
< [(Bm,0(0) +S((md,0), (0,0))(t — (t Atm0)1))) V (Bn-1,0(t) — @) V0] + Cier,

which finishes the induction for n = 0.

Step 1b): Traits (md,nd). Induction step: n — 1 — n. We assume the bounds in (4.3) have been
shown for all m" € {0,...,L} and n’ <n — 1.

Base case: m = 0. Here, the immigration is only coming from N({(n_l and hence we can couple

with processes Z[f(n and an such that
ZE, (tlog K) < NE, (tlog K) < ZK (tlog K),

where Zé(n isa BPIk(4— "75 + 71— Ce1,4+2Ce1,a0n-1, Bon-1(0) —a — Cyer, (Bon(0) — Cuer)+) and

the law of Z\(fn is BPIK( — %6 + 7+ 081,4 — 2681, a07n_1,50,n_1(0) —a+ Cieq, (,Bo,n((]) + C*El)x).
Now applying Theorem A.1 shows (4.3) in this case.

Base case: m = 1. This case can be treated as the induction step below.

Induction step: m —1 — m. Now, we assume that for all m’ < m —1 we have shown the inequality
(4.3). Then, it also holds for m since we can again distinguish the immigration from outside to be
dominated either from NX or from Nfrf n—1 and then we can couple as usual (in the case that the

m—1,n
immigration is dominated by N, ) with processes Z , and ZK such that

Z{in(tlogK) < Nﬁn(tlogK) < Zﬁ}n(tlogK),

where Z,I,fn is given by a BBPIg(4 — M — Ce1,0,4 — 3pmé + 2Ce1, K, 3pmé — Cey,

T, @m—1m, Brm-10(0) — a — Cyer, (Bmn(0) — C’*sl)+) and the law of Zf,fn is determined by BBPIk
(4 — @ + 7 + Ce1,0,4 — 3pmé — 2Cer,K,3pmdé + Ce1,0,am—1.n, Bm-11(0) — a + Cieq,
(Bmn(0) + Cie1) ). As before, applying Theorem A.3 in each case shows the claimed inequality (4.3)
with probability converging to 1 as K — oo. This finishes the induction for the first phase.

Performing the induction in n and m as above also for the remaining intervals [t;_1,t; A 65 A T
shows the bounds (4.3) on the entire interval [0, s1 A 85 A T] with probability converging to 1 due to
the Markov property. The only changes that need to be made are in the starting conditions of the
coupled processes, where we replace Sy, n(0) by Bmn(ti—1).

Step 2: Deriving a lower bound for 0f. Next, we will show that (s; —n) AT < 0 for any n > 0 with
high probability. Assume for now 7" > s; —n. By definition of sy, all functions j3,, , are bounded away
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from 1 on the interval [0, s; — 7] except for Byo. Hence for all t < 85 A (s; — 1) we have

> NE,(tlog K) < K™ mmz00 fmn(He < 172
(m,n)#(0,0)
for € > 0 sufficiently small with probability converging to 1. Hence, to show s; —n < &, we also
need to exclude the possibility of N({(O exiting a neighbourhood of its equilibrium size. Indeed, we can
couple the process Ngi) with processes

ngO,l (tlog K) < Ngfo (tlog K) < ngo,g(t log K),

where Z{ | is a LBDIg(4(1 —¢€),1+ Ce,C,0) and Zg,, is a LBDIk(4,1,C,0) and € > 0. As in
case 1, applying [CMT21, Lemma C.1 (i)] to both processes shows that at time ¢ = 65 A (s; — ) the
process N({(O(t log K) is close to its equilibrium size with high probability. Thus, recalling 7' > s1 — 7,
0K > (s; —n) A T with probability converging to 1 as K — co. In particular, for T < s; — 7 it holds
0K > (51 —n) AT with high probability.

Therefore, we can conclude by letting £; | 0 that the convergence B,fin — Bm,nn in probability as
K — oo on the interval [0, (s; —n) A T holds true.

4.2.2. Intermediate Phase 1. In this intermediate phase, we will show that the resident trait (0,0)
experiences competition with an invasive trait (m3d, n30), which we will show to be of order K at the
end of the first phase [0, 0% log K. Hence our goal is twofold: Firstly we want to show that 05 — s as
K — oo in probability. Secondly, we want to show that at some time o& log K = 05 log K + T'(e1, p)
the competition leads to the invasive trait becoming resident and its size being close to its equilibrium
size. At the same time N({(o becomes smaller than pe; K.

Step 1: Convergence of 05 — s1. We know from the end of the previous section where we proved
K — Bmn on the interval [0, (s; —n) A T] that s; —n < 05 with high probability. Thus, to show

m,n

9{< — 1, it suffices to show 0f< < 51+ n for any n > 0 with probability converging to 1 as K — oo.

Towards a contradiction, assume that 9{( > s1+1. Then, the couplings on the interval [t,_1, ¢, /\Hf ]
with ¢, = s1 can be extended until time ¢; = s1 4 7 since the couplings are valid as long as the time ¢

satisfies t < 0{( . In particular, for the coupling of Nwlf; ny W obtain the lower bound

) log(1+ N, . (tlog K))
Koo log K
> [(ﬁm;,n; (te—1) + S((m326,n50), (0,0))((t — te—1) = (¢ = te—1) At(mgnz)1)))
V (Bng—1,n3 (te—1) + amg—1,05 (t — te1) — @)
V (Bmgng—1(te—1) + amgns—1(t — te-1) — ) vV 0] — Cier.

We know however that at time s; the last expression converges to 1 as €1 | 0 and by definition of s; the
lower bound is strictly increasing on some interval [s; — 7, s1]. Since the lower bound is the maximum
of different affine functions, it remains strictly increasing on the interval [sq, s1 + n]. In particular, for
€1 small enough, at time s; 4+ 1 the lower bound becomes larger than 1, which is a contradiction since

log(l + NEK, . (tlog K))
lim 22 <1
Ko log K

for all ¢ > 0. Hence with probability converging to 1 we have 6 < s; + 7. We conclude #f — s; in
probability.
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Step 2: Emergence of a new population. For our second goal, we need to show that Nol,(o does not exit a
neighbourhood of its equilibrium, so that at time 6 the population of trait (m4d, n3d) emerges. This
part of the proof is identical to [CMT21, Section 4.2.3|, but is repeated here for the reader’s convenience.
Unfortunately, we cannot use the coupling from the previous phase anymore since 6{( — s and
therefore ﬁmyn(ﬁf ) are not bounded away from 1. However, we do know that for K sufficiently large,
the emigration from trait (0,0), which occurs at rate 4K %, can be bounded by Cpe;. Then, on the
time interval [0, 0F A T], we can couple

Z§o1(tlog K) < Ni\(tlog K) < Z§ o(tlog K),

where Z(f(),l isa LBDIk(4 — Cpey, 1+ 3/7c-'p—6§€1 + Cpe1,C,0) and Z({,(O,z isa LBDIk(4,1,C,0). We

easily identify the equilibria
3 TP 3
Z == - |20+ 75— and % =—.
001= 7 1 ( pt3 —3051> 002= &
Now, we choose p sufficiently small such that Zpg 1 is contained in the chosen domain around the
equilibrium of N(fo, that is Zp0,1 € [% — 3¢, % + 3e1], which holds as soon as

TP
3 — 3061

Applying [CMT21, Lemma C.1.| to Zé’(o’l and Z({(o,z shows that

2p + < 3.

lim P (Vt € [0,s1 +n):
K—o00
and similarly

< =43¢

lim IP’(WE [0,s1 +7]: e o

K—o0

Z{o(tlog K) 3 > .,

Note that the coupling above is only true until time Gf( < s1 + n, but the bounds for the processes
Z(fo,* with * € {1,2} are still true for any later times. In particular, we obtain for the time 0 that

ZE (0K log K ZE (0K log K
lim P 0.0, (01" log )>§—3el —1= lim P 002(01" log )§3+351 .
log K C

K—o0 logK - C K—oo

Since at time 65 the coupling still holds, we see

. Ngo(O1 log K) T3 3
lim P(ng{G |:C_351,C+381:| = 1.

Hence, by definition of #° we must have
Z Ngn(ﬂf log K) > pe1 K
(m,n)#(0,0)
with probability converging to 1 as K — oo. Since we have assumed that at any given time at most

two of the limiting exponents [, , may be 1 and we already know from above that S, ns (s1) =1, it
must hold for some & > 0 that

max n(s1) <1—¢.
ma o mgyy P (1)

Since we have shown the convergences /Bfg’n — Bmn on [0,s1 — ], by the continuity of the exponents
(see Lemma A.15) and the convergence 05 — s; we conclude

£
2

> Nj L (0f log K) < K'~
() #{(0.0),(m3.m5)}
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with high probability for & > 0 sufficiently small. Hence, it must hold Nfrf; nE(G{( log K) > pe1K/2
with probability converging to 1. It is important to note that by definition of #1, this is equivalent to

demanding

K
pg; 7P51K]

which enables us to apply the Propositions from Appendix B in combination with Remark B.16.

Nops 3 (01 log K) € [

Step 3: Competition. Now that we have established the emergence of the invasive trait (m3d,n3d), we
need to distinguish the two cases m3 = 0 and m3 > 0.

Case(a): mj = 0. In this case we can proceed as in [CMT21]|, as the invading trait is a one-
dimensional process which necessarily performs horizontal transfer. Firstly, we note again due to
continuity of the exponent that

K 175
> Nj (tlog K) < K'74
(m,n)#{(0,0),(m3,n3)}
for all t € [0, 0K + 5] for s > 0 sufficiently small with probability converging to 1. Being consistent
with the notation in [CMT21, Section C.2.2|, we define for any time ¢ the functions

bﬂwzm—Kﬂxbﬁaze—mﬁ?®ﬁu—Kﬂx

C T
dif (1) = d3' (1) =1 + <K = ) > N (8),
2m=0.>0 Nmin(®) /. () {(0.0),(m3.m3))
NI ) + NE2 (1)
)y =7 22 M () =0, Af(t) <ARTONES(0).
Zm,n:O Nm:n (t) ’
Note that for the immigration rate v4* we would need to consider the incoming immigration from the
neighbouring traits. However, if (0,0) is not one of them, those traits are of size of order strictly less
than K, so the upper bound for 74 (¢) is justified. The above functions except for ¥4 converge on the
interval (05 log K, (0F + s)log K] to by = 4, by = 4 — M, dy = do = 1, 7 and 0 respectively in

K
order of appearance. For 74 () we obtain the convergence %T(t) —0as K — oc.

Now, we can apply the Markov property at time 9{( and subsequently Lemma C.3 from [CMT21],
which gives us the existence of a finite time T'(p, £1) such that with probability converging to 1 we have

N0 log K + T(p,e1)) < per K

and K .
,a
ng,n; (07 log K +T(p,e1)) c [za . s N
K mgng €20 Zmgng T2
where qu,;,n; denotes the active equilibrium population size (which in this case coincides with the total

NK* *
o1 . . . mg,ny
equilibrium population size) of the rescaled process —#—=2.

Hence, we can define the end of the first intermediate phase as
o log K = 0K log K + T(p, 1).
In particular, we have 05( — s1 in probability as K — oo. At time 05( log K we can use the continuity
of the exponent and are left with the following bounds on our populations
Nfrf;,n;(éff log K +T'(p,e1)) B "
€ |25 ox — 52,Zm§7n; +€2]

Ngo(o3 log K) € [K'71, pes K], I 3 n;
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and for all (m,n) ¢ {(0,0), (m%,n%)} we have, again using the continuity argument from Lemma A.15,

log(1+ NE (05 log K))

€ [ﬁm,n(sl) - 527ﬁm,n(31) + 52]-

log K
Note that populations for which 8, ,(s1) = 0 are actually extinct at time oX. This is due to our
assumption that in this case we must have f,,,(t) = 0 on an interval [s; — €,s1], which due to

our starting condition implies negative fitness and weak immigration and hence by Lemma A.16
extinction of the population. Then, applying Lemma A.13 shows for K sufficiently large that there is
no immediate resurrection of the population after time sy.

Case(b): m5 > 0. Now, the individuals of the invading trait are able to become dormant. Hence,
we have competition between a resident one-dimensional process and an invading two-dimensional
process. Note that we may or may not have horizontal transfer exhibited from the invading trait. As
in Case(a) we define a number of functions and apply the corresponding result on competition. The
functions to be defined are

) =41 - 5, o0 = (4- T g,

C T “
dif(t) =1+ (K e (t)> > N, dy (t) = 5,
m:O’n>0 m,n (m’n)¢{(070)7(m§7n§)}

—anK
(1) =0, 25 () < 4K *Nog'(t).
If there is no horizontal transfer (that is n} = 0), we set 75 (¢) = 0. Otherwise we set
K7 K?
NO,Oa (t) + Nm{fng (t)

>z Nz (1)

Since we have non-negative horizontal transfer exerted from the invading trait onto (0,0) and we
have dormancy for the invading but not for the initially resident trait, we can apply Proposition B.23
together with Remark B.16 due to the same convergence arguments made in Case(a). Hence, there
exists some finite time T'(p, e1) such that with probability larger than 1 — o, (1) we have

N[{(O(af logK) € [Kl_al,pelK]
N (0 log K + T(p,e1))
K

K@) =7

a =a
€ {Zm;,n; — €2, Zmy s+ EQ] ,

and Kd

K

s is the equilibrium size of the dormant component of the rescaled process.

=d =d
< [Zm; g €20 Fmg g T 52]
as K — oo, where EZTS
Then, at time
o log K = 0K log K + T(p, 1)

we have the same bounds as in Case(a) with the only difference in the equilibrium size of the process

K
* * o
m3,n;

4.2.3. Phase k. We will now consider a time interval [af log K, 9,5 log K], where a,ﬁ( — Sk—1 and

9,5 — §p in probability. Thus, we consider £ > 2 and assume that we have already completed step
k—1. In particular, we assume that we have defined a stopping time a,f with the convergence property
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mentioned above such that for the resident population of trait (mjd,n;d) the bounds

NE2 (oK log K)

mp,ng
K

6 [Zﬁllzﬂlz - €k, Zgn,’g,nz + 5k:|
and Kd
) K
Moo 108 ) € [zd . — Ehy B e € ]
K MMy, ks =mi ng k
hold. Furthermore, we assume that for the previously resident trait we have

K'=¢r < Ngz,pn};,l(alﬁ( log K) < peir K.

For all remaining traits (md,nd) ¢ {(mj}_,6,n}_,8),(m}0,n};8)}, we assume NE (0 log K) = 0 if
Bmn(sk—1) = 0 and otherwise we assume
log(1+ NJ . (cf log K))
log K

€ [ﬁm,n(sk—l) — €k, ﬁm,n(sk—ﬂ + 5k]~

As in the base case, we introduce the time X, which is the time until the active part of the resident
trait leaves a neighbourhood of its equilibrium or a new trait emerges, that is

0K = inf {t > ol

anfi‘fnz (tlog K) ¢ [ (E%Z,n; — 35k> K, <5fn;,n; + 3€k) K]

or Z Ngn(t log K) > pskK}.

(m,n)#(mp,ny)

Step 0: Deriving bounds on the rates. Similarly to Step 0 in Case 1 of the proof, we can derive similar

bounds on the birth, death and migration rates on the time interval [oX,05]. The bounds for the

birth and arrival due to horizontal transfer rates are

(m+mn)é
2

and for the death and emigration due to horizontal transfer we obtain the bounds

4 — +T]1n>n;; + Cieg,

1+ 20 e (1= pmé) + 7l s & Cuep.

The immigration rates stay the same as in the base case, since they do not depend on the resident
trait population size. The active to dormant switching rate then satisfy the bounds

pm(szfnz’nz + Ciep.

Step 1: Induction on the traits. As in the base case, we want to use the bounds given above to couple
our processes accordingly and show by induction on the traits the upper and lower bounds on 6,7[%”
For this, we may again decompose the time interval [s;_1, sx] into sections on which all 3y, ,, are affine.
On the first such subinterval which is of the form ¢ € [si_1,t1 A 05 A T), we can write

ﬁm,n = Bm,n(sk—l) + am,n(t - Skz—l)-

for some constants a,, , € R. We will not fully carry out the induction, but give a broad idea, since
it is very similar to the base case. If (m},n;) = (0,0), we are in the same situation as in the base
case, so we can use the Markov property at time a,f log K and obtain the same results where in the
couplings we need to replace Sy, ,(0) with Sy, 5 (sp—1).
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In the case where (mj,n;) # (0,0) and Boo(sk—1) > 0, there is no incoming immigration into the
trait (0,0) and hence we can use the coupling

ZE (tlog K) < Nf(tlog K) < Z(tlog K),

where Z({(o is a BPg(4 — Cieg, 1 + Eﬁl:’nz + 7lps >0 + Cieky fo,0(sk—1) — Cieg) and 250 is given as
BPg (44 Ciep, 1+2?”Z:”Z +7 10— Ciep, B0,0(sk—1)+Cxeg). For our coupled processes, the convergence
theorem [CMT21, Lemma A.1| implies the bounds
Boo(sk—1) +5((0,0), (my6,16)) (t — sp—1) — Ciep
_ log (1 + Ny (tlog K))
- log K
Bo.o(sk—1) + S((0,0), (mf0,n;0))(t — sg—1) + Ciep.

If Boo(sk—1) = 0, then due to the lack of immigration and our observation that populations with
Bmn(sk—1) = 0 are actually extinct we have N(ﬁ)(t log K) =0 for all t > oX.

IN

As mentioned, we abbreviate the induction and assume that the bounds
log (14 N5 ,(tlog K))
log K
have been shown up to the neighbouring traits of (md, nd) for all t € [sg_1,t1 AOFK AT]. Then, we need
to distinguish the cases where m = 0 and m > 0 as well as n > nj and n < nj. The first distinction

corresponds to the question of the ability to become dormant, whereas the second one dictates the way
that horizontal transfer influences the dynamics. Furthermore, we need to distinguish whether anf—lyn

ﬁm,n(t) — Cigg < < Bm,n(t) + Ciep (4.4)

or wai n—1 1s larger (in terms of orders of powers of K) to determine which population is responsible for
the immigration rate. Also, we need to separate the cases where S, n(sx—1) = 0 or strictly larger than
0. In the first case, we need to couple with processes whose initial population size is also 0. Without
loss of generality we assume Nn{i n—1 to be of larger order than Nfrf_lm - the other case can be done by
switching the corresponding indices. Then, we can couple

Zh (tlog K) < NK (tlog K) < Z} ,(tlog K)

where ngn and Zf,fn are BPIx(4 — M + Tlpsp: F Cieg, 1+ anzyn;; + Tlpcp; £ 2058k, Amp—1,
Brmmn—1(5k—1) — o F Ciek, (Bmn(sk—1) F Cxek)x) in the case where m = 0 and otherwise they are
determined by BBPIx(4 — "5 4 rll,ope F Cuer, 0,1 + (1 = pm)zo. o + Tlncn; + 2Csek, K,
pmd F Ciey, 0, Amn—1, 5m,n—1(3k71) —a F Ciey, (Bm,n(skfl) + C*Ek)x)-

Applying Theorem A.1 or A.3 accordingly shows the bounds (4.4) by definition of our fitness function.
Continuing this process for all time intervals on which all 3,,,, are affine shows the bounds (4.4) on
the entire interval [sg_1, sk A 05 A T] with probability converging to 1.

Step 2: Deriving a lower bound for 9,5. As in Step 2 of the base case, we want to show that (sy—n)AT <
05 with probability converging to 1. Again due to our assumption, we know that all functions G,
except for /BmZ’"Z are bounded away from 1 on the interval [s;_1 +7, sy —n]. Therefore, it again suffices
for showing s1 — 1 < 9,5 that Nfrf;ank does not exit a neighbourhood of its equilibrium until time s — 7.
For this purpose, we can couple with processes

Ze e 1 (t10g K) < Ny - (tlog K) < Zpye

T2 (t log K)
up to time 9,5 . Again we need to distinguish between the possibility of becoming dormant or not.

If mj = 0, we can choose Zy,: n: 1 as a LBDIk((4 — w)(l —¢€),1+Ce,C, K™ *Npyz px—1) and
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Z LBDI((4 — Uty 4 o g=ap If, on the other hand, we have m} > 0
mzni,l as a k(4 — —522),1,C, m;mZ—l)' , on the other hand, we have mj > 0,
we need to distinguish where the immigration is coming from and can choose the process Zp: »x 1

to be determined by a LBBIk((4 — (m’t;inw)(l —€),1+Ce,k,0,p,C, K™ Npyr ppx 1) if we assume
the immigration to be dominated by Nm;;’n;;_l. Then we can choose ZmlzanvQ as a LBBIk((4 —

w),l,n,a,p, C, K™*Npz nz-1). Now, applying [CMT21, Lemma C.1] to the first case and
Corollary B.8 in the case of bi-type processes, we see that at time s — 1 the process NTIH(ZWZ has
not exited a neighbourhood of its equilibrium size with probability converging to 1. In particular, we

must have s — 1 < 9,5( with high probability.

4.2.4. Intermediate Phase k. The structure of this intermediate phase remains the same as in Section
4.2.2.

Step 1: Convergence of 0,5 — si. This part of the proof can be taken from Step 1 in Intermediate
Phase 1 with minor changes in the times and the resident trait and is not repeated here.

Step 2: Emergence of a new population. This part is also very similar. However, we may need to
couple with logistic bi-type branching processes instead of single type. Since this is a straightforward
adaptation similar to Step 2 of Phase k, we do not carry it out here. We do obtain however that

K
(0K log K) € [pgg ,png}

* *
My 1541

and

[N[ON

> Ny (0 log K) <K'~

(mn)E{(mj.mp),(mymyg1)}

Step 8: Competition. By assumption of the theorem, there is competition between the resident and
the emerging trait. Distinguishing the cases, we can proceed as in Intermediate Phase 1 and define
the corresponding birth, death, migration, switching and horizontal transfer rates which then allow
us to apply one of the Propositions from B.15, B.17, B.23, B.25, B.26 and B.28 in conjunction with
Remark B.16 or [CMT21, Lemma C.3|, which in each case give us a finite time T'(p, €;) such that with
probability larger than 1 — o, (1) we have, as K — oo, the bounds

N ez (08 log K+ T(p, e1,)) € [K'~%, pey K],

Nit L (0K log K + T(p, )

+1°""k+1 > 5a
ST * — Eky Ry * * +é
K Myt 141 ko Smipmgg k|

and Kd «
Nmi+1v”2+1 (65 log K + T(p:c)) S [Ed — ey, 28 +e€ ]
K m}’;+1,n:+1 ks m};rl,n;rl Kl -

Thus, we can define the time a,ﬁl log K = 95 log K +T'(p,ex), at which time the stated properties in
the beginning of Step k are satisfied with high probability. That is, for (m,n) ¢ {(0,0), (m3,n3)} we
have again using the continuity argument from Lemma A.15

log(1+ NJ , (cF, 1 log K))

log K

if Bpn(sk) > 0 and Nf,in(a,ﬁil log K) = 0 otherwise. To see the latter part, the argument from the
end of Case(a) in Step 3 of Section 4.2.2 still applies. Thus, we have proven Theorem 2.2. O

€ [5m,n(5k) — €k+1, ﬁm,n(skz) + 5k+1]7
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APPENDIX A. RESULTS ON BI-TYPE BRANCHING PROCESSES WITH IMMIGRATION

In this section, we derive a general convergence result for special bi-type branching processes. More
specifically, we want to generalize the following theorem from [CMT21].

We denote the law of a one-dimensional branching process (Z%);>¢ with birth rate b > 0, death rate
d > 0 and time dependent immigration at rate K% at time ¢ > 0 with a,c € R by BPIk(b,d, a,c,3),
where Zl£ = | K —1].

Theorem A.1. Let ZX be a BPIk(b,d,a,c,3) with ¢ < B and assume either 3 > 0 or ¢ # 0. Then

log(14-ZK
the process w converges when K tends to infinity in probability in L>°([0,T]) for all T >0

to the continuous, deterministic function B given by
(i) if B>0, B:t (B+71t)V (c+at)VO0;
(i) if B=0,c<0anda >0, B:tr ((rVa)(t—m))\/O;

a

(iii) if f=0,c<0anda <0, B:t+—0;

where r = b —d.
Proof. This is Theorem B.5 from [CMT21]. O

In the spirit of the above theorem, we consider the process ZtK = (XtK , YtK ) with initial population
(XE, V) = (|KP —1],| K7 — 1)) and transition rates

(n+1,m), at rate byn 4+ K¢

n,m+ 1), at rate bam

(

(n—1,m+1), at rate oyn
(n+1,m—1), at rate oom
(

n—1,m), at rate din

(n,m —1), at rate dom

We refer to the rates by, by > 0 as birth rates of XtK and Y;K respectively, di,ds > 0 as their respective
death rates and 01,09 > 0 are the switching rates. The additional K¢e% represents the immigration
into the population from the outside, where a,c € R.

Notation A.2. We denote the distribution of a bi-type branching process as introduced above by
BBPIk(b1,be,dy,ds,01,02,a,¢,8,7). If the initial condition satisfies 3 = -y, we use the shorthand
notation BBPIk (b1, by, dy,ds,01,09,a,c,3).

We are now interested in finding some convergence results for the total population size X/ + Y,
similar to those from Appendix B in [CMT21|. We will show the following theorem.

Theorem A.3. Let ZK = (XK, YV,X) be a BBPIk(b1,bo,dy,ds,01,02,a,c,3,7) as introduced in No-
tation A.2. Further assume that ¢ < SV v and BV vy >0 orc#0 and let X as in (A.3). Then for all
T > 0 the process
log(l + XﬁogK + ijfogl()

log K
converges in probability in L>([0,T]) as K — oo towards a deterministic function 3:[0,T] — R,
which we describe in each case:

S

() If BV y >0, then B(t) = (BVY) + M)V (c+at) V0.
(i) If BV~y =0 and ¢ <0 and a > 0, then B(t) = (AV a)(t — ) v 0.
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(iii) If BV~y =0 and c <0 and a <0, then 3(t) = 0.

The proof of the theorem will rely partly on Markov’s, Chebyshev’s and Doob’s inequalities, so we
first need to derive some bounds for the expected value and variance of our process.

A.1l. Bounds on the Expectation and Variance. Our first step is to find the semimartingale
decomposition of X and Y. In order to do so, we introduce some notation.
Notation A.4. In the following we write r1 == by — d1 — o1 and ro = by — do — 09.

Lemma A.5. Consider the process ZE = (X[, Y,X) as introduced above. Then there exist cadlag
martingales M, NK starting at 0, such that

XK\ (xk N ME N P XE 4 ogVE + Keeos s
vi) AY N 0 rY + o X[ '

Proof. This decomposition follows from Dynkin’s formula. O

Our next goal is to identify the rate of growth of our population, which is directly linked to deter-
mining the expected value of the population size. In order to do so, we calculate the expected value
for our process up to some constants.

Lemma A.6. The expected value (zf, yf) of (X[, Y,X) solves the ordinary differential equation

K K c at K B8 _
T\ (r1 o2\ (7 Kce g\ _ (KP -1
()= )G C7) e GR)=(oma) o

Proof. This is a direct consequence of Lemma A.5, where we can apply the expected value on both
sides. Interchanging the expected value and integral on the right hand side by Fubini shows that
(K, y[) is absolutely continuous. Differentiating both sides gives the differential equation (A.1). O

Note that this differential equation can be solved easily: The matrix

(7’1 "2) = SDS™! (A.2)
o1 T2
can be diagonalised, because its eigenvalues A and X can be written as
A ~ - A
A\ = % and N — %7 (A.3)

where A = /(r1 — r2)% + 40102 # 0 and hence A > X. In particular we are now able to give a
characterization of the expected values for X and V;X.

Lemma A.7. The expected values (<, yf) of (XK, V,X) satisfy for t > 0 the asymptotic relation
O(K¢e), ifa >\
ot = Ol +ug + K9)eM), ifA>a
Ol +yl + (14 DKM, ifA=a,

where we use the notation f% = (g™ for two families of functions f%, g% : [0,00) — R if there exists
some finite constant C' > 0 such that for all t > 0 we have

<,

K—oo gK (t)
In fact, there exists a constant C>0 sufficiently large such that for all K > 0 and all t > 0 we have
oyt < C (1l + il + 1+ KM v [K ™)
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Proof. The solution to the differential equation (A.1) is known to be

33tK _ o,Dt (t—s) K¢
(i) =ses ()« [[seres (7)o
An explicit computation shows the claim. ]
In the following we will also need some bounds on the variation of X and Y. In order to derive
them, we need some more preparation. In particular, we need to compute the quadratic variation.
The purpose here is twofold: We need these variation terms once for finding an upper bound of the

variance of X and Y¥. Secondly, we will later, in the proof of our convergence result, make use of
Doob’s inequality and hence need to calculate the expected value of some quadratic variation.

Lemma A.8. The quadratic variation of the martingales M, N¥ and M¥ + N¥ as well as the
quadratic covariation [M* NX] of MK and N¥ are given by

t
[M"), = / (b1 +di + 01) XE + 02V + K¢ ds,
0
t
[N®]; = / (by + da + 02) Y + o1 XK ds,
0

t
[ME 4+ NK], = 3/ (b +d) XE 4 (by + do) YE + K¢ ds,
0

t
(MK NK], = / (r1 +2d1) X5 + (rg + 2dg) Y + K¢ ds.
0

Proof. We only carry out the calculations for M*. In an analogous fashion we can calculate the
quadratic variation of N¥ and of M® + N¥_ For the covariation [M K NK | we can use the polarization
identity

1
(M5 NEK), = 3 (IM% + N5, — [M5], — [NF],).
Applying Ito’s formula to (X/)? and Dynkin’s formula with f(z,y) = 2% shows that

t
M = (X[)? = (X§)? - / XS+ D0 XS + oY+ Koe®) + (o1 + di)(—2X1 + )X ds,
0
— t
ME = (xF)? — (xF)? - / 2XK((by —dy — o) XE + 0oV E + K¢e®) ds — [MX],,
0

for some martingales MK and MK starting at 0. By the uniqueness of the Doob-Meyer decomposition
of (X#)% — (X£)? we see that M = M/ and hence

t
[MK]t:/(bl+d1+01)X§(+025§K+Kce“S ds.
0

Now, we can make use of the quadratic variations to derive our bounds for the variance.

Lemma A.9. There exists a constant Cyx > 0 independent of K such that
V(XE), VYE) < 0.1+ 1) ((ew + M) (@ + oyl + K°) + KCe“t> for all t >0

Proof. We denote ul* = V(X[K), vf = V(Y,X) and wF = cov(X[,V;¥). Applying It6’s formula and
Lemma A.8 to (XX —2f)% and (V;X —yf)? as well as using Integration by Parts for (X —zf) (YK —yK)
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gives the differential equation

ufs 2r1 0 209 ufs (b1 + di + 01)2E + ooy + Kce
Kl =10 2 200 ||0f |+ (b2 + da + 02)yf* + o1 (A-4)
wtK o1 09 T+ wtK (r1 + 2d1)xf< + (re + 2d2)ytK + K¢

with initial condition (uf, v{, w{’) = (0,0,0). Now we can proceed as in Lemma A.7. The eigenvalues

of the coefficient matrix are 2\ < rq + r9 < 2, so it is diagonalisable with matrices S, S~! such that

2ry 0 209
0 2ry 201 | =8DS7!,
op o2 r1+7T2

where D = diag(2), 71 + r2,2)). The solution to the differential equation (A.4) is given by
(b1 +di +o1)af + o2yl + Ko™

K
Uy t
vl | = / SeP(t=9) g1 (bg + do + 09)yX + oy ds.
wf 0 (r1 + 2d1)xzE + (ro + 2d2)yX + K¢

. fL‘f%—yf + K¢eus
< C'*/ e2Mi=9) yK 2k ds,
0 xﬁ( +y£( 4 KCeas
where C, > 0 is a suitable constant independent of K and the inequality holds for each component.
By Lemma A.7 we can further estimate the expected values zX X with the constant C, changing
from line to line by

t
up, vl wit < C*em/o e (@l 4yl + (14 5)KC) + K23 g

< 0*62)\15(1 —|—t—|—t2) |:e—/\t(x5( _|_y(f)( +KC) _|_Kc€(a—2)\)t + (xé( _|_y(l]( +KC)
< CL(1+ ) (2 4+ )l + il + K+ Koe]

which we have claimed. O

A.2. A Special Case of Theorem A.3. With these preparations we are well situated to show a first
convergence result for general bi-type branching processes, which is easily seen to be a special case of
Theorem A.3 (i).

Theorem A.10. Let ZK = (X, Y/X) be a bi-type branching process whose distribution is given by
BBPIk(b1,be,dy,ds,01,02,a,¢,8,7) with Vv > 0. Assume that ¢ < SV v and that T > 0 is such
that

inf ((BV~y)+At)V(c+at) >0, (A.5)
te[0,7)

where we recall X from (A.3). Then the following convergence in probability holds in L*([0,T1]):
log(l + XslgogK + szIl<0gK>
log K

K—oo
S

{s=((BVy)+As)V(c+as)}.

Remark A.11. Note that due to the strictly positive switching rates, the same convergence also holds
for the processes

log(1+ X5, 1) log(1+ Y2, )
5 and S —

log K log K
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on the interval (0, 7] if 8 # v and on [0, T] if 8 = ~. Intuitively, if these processes were of different sizes,
the switching would immediately fill the difference. For a formal proof, a straightforward adaptation
of the proof of Theorem A.10 is possible.

Proof. For the proof we make extensive use of ideas from [CMT21, Theorem B.1]. We define 3; :=
((BV )+ At) V (c+ at).

Step 1: Semimartingale Arguments. For n > 0 to be determined, we define the set
o = { sup ‘efAt(Xf(—l-YtK—(xtK—i-ytK))‘ SK"}.
t€[0,T log K]

Our first goal is to identify a set of parameters n such that P(Qf ) — 1 as K — oo. For this, in
[CMT21, Lemma B.3] it is shown, that the process of which the absolute value is taken in QI is a
martingale. Here however, due to the switching between X/ and Y, we do not have a martingale.
Instead we use Integration by Parts as well as Lemmata A.5 and A.6 to get the decomposition

e M Y = (2 +y)

t t t
— / AN (XE L YE (o 4 ) ds / e d(XE 1Y) / e d(2X 4 )
0 0 0

t t
:/ I d<M§<+N§<>+/ e (1t 01— N(XE — 25) 1 (g + 03— N(YE — y5)) ds.
0 0

We denote the martingale fg e ™ d(M, K 4+ NE) by ]\ZK . Hence, by Doob’s inequality we have

p ( oM 1Y~ )| 2 K>
t<T'log K

N t
S]P’( sup ‘MtK’—i—/ ]rl—l—al—)\]e_’\s‘XsK—:nﬂ+|T2+02—)\\e_’\s‘Y;K—yf‘ dsZK”)
t<T'log K 0

<C.K™"E

N Tlog K 2
(|Fer] + [ =t e v - as) |.

where C, > 0 is a suitable constant, which may change in the following from line to line. Now,
successively using (a+b+c¢)? < 3(a? 4 b? + ¢?), Holder’s Inequality and Fubini’s Theorem, we see that

P sup |+ = @f +4f))| = K7
t<Tlog K

<C,K~?"E

K TlogK/\ K K As|v K K ?
<‘MT10gK’ —i—/o e~ S’XS — T ‘—i—e_ S‘Y; — Y5 ‘ ds>

Tlog K 2 Tlog K 2
(/ e*)‘s}XSK —mf‘ ds) + (/ ef)‘s‘YsK —yf‘ ds)
0 0

TlogK2>\ K 02 TlogKQ)\ X 02
e MIXE — x| ds—i—/ e MY =yt ds
0

Tlog K

SC*K72U (E[M%logl(] +E

SC(*[(_2771}3[(M7{(10g K)2]
+ C. KT 1og KE [ /
0

<C. K21 <E[(z\7ﬁog )+ Tlog K /O e P (V(XEY + v ) ds> . (A.6)
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We will now estimate the expectation and the integral separately. Firstly, using the definition of
MX | we easily see using Itd’s Isometry and Lemma A.8 that

Tlog K 2 Tlog K
(/ e d(ME + Nf)) = U e 2 MK 4+ NE
0 0

Tlog K
— 3/ 672)\5((171 + d1)$§ + (ba + d2)ysK + K¢"%) ds.
0

E[(Mi{(logK)ﬂ =E

Furthermore, using the calculation of the expected values X and yX up to constants from Lemma
A.7, we can estimate

E[(M{“{V]Og[()ﬂ < C*(l —I—T2) IOgQ(K) . (Kﬁ +KY+ K¢+ KB—AT +K'y—)\T +KC—)\T + Kc+(a—2)\)T)

again for some suitable constant C, > 0, which may change from line to line and can without loss of
generality be chosen sufficiently large such that (A.6) holds as well. Since we assume ¢ < Vv, we
obtain the estimate

E[(MYISIOgK)Q] <C.(1+ T2) 10g2(K) . KBYNV((BYY)=AT)V(c+(a—2M)T) (A7)

We now turn to the integral. Using Lemma A.9 and A.7 again, as well as ¢ < 5V 7y, we see that
Tlog K
[ e s vk as
0

<O, K BVNV((BVY) = ATV (e+(a—20)T) (1+ T3) log3(K) (A.8)

for some constant C, > 0 sufficiently large. Hence, plugging the estimates (A.7) and (A.8) into (A.6),
we see that

—M%9§P< wp(e”mf+nK—@5+%ﬁﬁzKﬂ
t<Tlog K
< O, K21 g BVNV((BV) =AT)V (et (a—20)T) (1+ T3) log3(K).

From now on, we will consider 7 such that

BV V(BVY) =AT) V (c+ (a —2N)T)
2
This condition ensures as shown above that limg_,. ]P’(Qf) = 1. On the set Q{{, we can obtain

<n<pBVn. (A.9)

K K
log(l +thog }/;logK> B
fg? log K t
K K K

— sup 1 1 1+thogK+Y;€10gK +10g 1+xtlogK+ytlogK

t<T 10g K 1+ xtlogK + ythgK Ko

K K
‘ tlog K tlogK (‘TtlogK—i_ytlogK)‘ C,

S e K K MK+ JAK MXE +vE ) logK

t<T 108 Tilog K yt log K tlog K tlog K &

1 K?H-/\t C*

< sup + A.10

log K <1 :UﬁogK + ytffogK — KntAt - log K ( )
< Cu (Kn BV 4 1) Koo, ), (A.11)

log K

where again C, is a sufficiently large constant, which may change from line to line. Note that the
denominator in (A.10) is well defined for K large enough since n < SV . Also, the first inequality
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holds due to our choice of 3, which gives in combination with Lemma A.7 that
KﬁBt(l + xﬁogK + yﬁogK) < C*(Kifét + 1) < QC*

for K large enough since by assumption 3; > 0 for all ¢ € [0,7]. Thus, we are in the same situation
as in Step 1 of the proof of Theorem B.1 in [CMT21] with 8V  instead of 8 and A instead of r. For
completeness we distinguish the same cases:

Case 1(a): A >0 and a < 2X: In this case the condition (A.9) reduces to 5—;“’ <n < BVry, so

choosing n = W shows the claim from (A.9) and (A.11).

Case 1(b): A <0 and a < \: Here the assumption (A.5) becomes infycfo 71(8 V ) + At > 0, which
gives T' < ’B‘%ﬂ Now condition (A.9) becomes

(BVA) = AT)V (c+ (a—=2N)T)  (BVA4) = AT
9 = 5 <n<BVr.

By the condition on T, such 7 exists and we can again conclude.
Case 1(c): A >0 and a > 2X: In this case the restriction (A.9) can be satisfied as long as T is such

that ¢+ (a —2\)T < 2(BV 7), that is T < T* = % Hence we obtain the convergence on

all intervals [0, 7] such that " < T*. In Step 3 we will consider T' > T™ which still may satisfy
(A.5).

Case 1(d): A <0, a> X and c+ W < 0: Here we easily see that (8 V ) + At > ¢+ at for all

t < % Thus assumption (A.5) is satisfied if and only if T' < % For these times T the

condition (A.9) can be satisfied for suitable 7 since

(BVA) —AT) < (Bvry—AZYT

W) =2(BV~y)

and

@+m,zmTy<c+m2nﬂ;”:2wvv)ﬂwaﬁgﬁ

Case 1(e): A <0, a> X and ¢+ a(@r/) > 0: For these parameters, the condition (A.9) can be sat-

isfied as long as T < T* = % A 2(5!;)/\_6. Note that

ﬁVW>2wvw%w
|| a— 2\

<2(8V7).

— (a=2N)(BVy)>cA=2(BVy)A

< a(BVy)>cA

which is true since @ > X and (8 V ) > ¢. Hence T = % as in Case 1(c). As before we

get the convergence for all T' < T™* and we will show in Step 3 how to obtain convergence for
T > T* which satisfy (A.5).

Step 2: Strong Immigration. Here, we will consider only the case 8V v = c and a > A. Similarly to
Step 1, for n > 0 to be determined later, we consider the set

Q= { sup ‘e_“t(XtK +Y5 - (:L‘f(+ytK))‘ < K”}.
t€[0,T log K]

We experience the same difficulties as in Step 1: We are not able to use a supermartingale inequality,
since the switching between X% and Y® complicates our process. However, proceeding in the same
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manner as in Step 1, we get the inequality

Pl sup [e (X" + Y/ — (2 +y"))] = K"
t<T'log K

T log K

<C.K (B[ + Tk [ e (V0E) 4 V() as),
0

where ]/\ZtK = fot e~ d(ME 4+ NX) is a martingale. Applying our estimates and the It6 Isometry from
above gives with another calculation similar to the corresponding part in step 1 that

| B(f) < ( P T B K)
t<Tlog K

< C*K—QnKﬁ\/w\/((ﬁv'y)+(2()\—a)\/(>\—2a))T)\/(c—aT) (1 + T3) logg(K)
= O K2 RPVVIBVN=aT) (1 4 T3)10g3(K),

where we used a > A and ¢ = 8V 7 in the last equality. Indeed the exponent 2(A — a)T is always
negative and can therefore be omitted. On the other hand A\ — 2a < —a and thus (A — 2a)T may be
replaced by —aT', which is accounted for in the last equality. Therefore, we now consider n such that
(BVy)V((BVy)—al)
2
which ensures that P(Qg ) = 1 as K — oo. Again a calculation similar to step 1 shows that for this
choice of n we have

<n< BV, (A.12)

log(l + thl(ogK + Y?lf)gK) —

?2? log K — A
- K K K K
< Kot thogK + }/tlogK - (‘TtlogK +ytlogK) C,
= sup T K K — K K
t<T lOgK K at('rtlogK +ytlogK) NEK )\t(thogK +thlogK) IOgK
1 K77+/\t C,

< sup +
log K 1< {0y e + Yliog g — K7H log K
< G (Kn—(ﬁvw) n 1> Koo o
“log K
This computation allows us to show our convergence result for two more possible cases.
Case 2(a): c=fV~y,a> X and a > 0.: Asin Case 1(a) we may choose n = S(BTW) and have shown
convergence for this case.
Case 2(b): ¢=8V~y, a> X and a < 0.: Here, condition (A.5) on the final time T is satisfied if and
only if T < ’B—VV Hence

la

(Bvy)—aT _(BVY) - o
2 2
and thus we can find 7 such that (A.12) is satisfied.

=pBVy

2(Bvy)—c.

Step 3: Completion of Step 1. It remains to extend the following two cases to T' > T™ = ==~

e A>0,a>2 and c< SV,
0)\<O,a>)\,c<5\/'yandc+W20.
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This can be done exactly as in [CMT21]| in Step 3 of the proof of Theorem B.1. In order to do so, we
M the lines (8 V) + At and ¢+ at intersect. Furthermore, we see that in
both of the above cases t* < T* since in the first case we may assume without loss of generality that
a > A (otherwise t* is negative) and therefore
28vy)—e_(BVy) —c
a— 2\ a— A

note that at time t* :=

< 2(BVY)(a—A) —ac+ > (BVy)(a—2X\) —ac+ 2)c
<~ (BV7y)a> A

which is true. In the second case we can perform a similar computation. Therefore we may apply Case
1(c) or Case 1(e) to our process in each case up to a time 77 € (¢*,7*). Note that at this time the
limiting function satisfies fr; = ¢ + aTy. Hence for all £ > 0 on a set Q£ with P(QF) — 1 as K — oo
we have

Kc—i—aTl—a < Xj[fl' log K + Y’IfflogK < Kc—l—aTH—e‘

o 7K — (YK K ; ; . 7K _
We now couple the process Zp, 1,0 gy = (X7, 10g ;10 Y73 1og ic1¢) 11 the following manner: Let Z;* =

(XX, YX) bea BBPIk(b1,by,dy,ds, 01,09, a,c+aTy—e, c+aTy—¢, c+aTy—¢) and let ZK = (XK, V)
be a BBPIk(bi,b2,d1,ds,01,02,a,¢+ aTli +e,¢+ ali +e,c+ aly + €) such that

SK | UK K K GK | oK
Xi +Y5 < Xnogrt T Ynog e < Xp Y.

Indeed, the starting conditions of the boundlng processes are justified by Remark A.11. Then, we can
apply the convergence from Step 2 to Zt and ZtK to show that

YK
log( thogK + Y;logK) K—00

c+alh —e+(AVa)t)=c—e+a(T1 +1t)

log K
and
log(l + thf KT 3715[1{ K)
l(:ggK B BT chaly e+ (AVa)t) =c+e+a(Ti +1)
where t € [0,7 — T1]. Note that for the second case, a < 0 and therefore the condition (A.5) is

satisfied only for T < ITC\ In particular, for € small enough, we even have T < % and therefore

T-T < %, so we can indeed apply case 2(b). Using the Markov property at time 77 and letting
€ — 0 finishes the proof. O

As in [CMT21], we want to extend Theorem A.10 to further cases without needing the assumption
¢ < BV~ or the positivity condition (A.5). To obtain the convergence result for ¢ > 5V v, we will
use the next lemma. This, combined with using the Markov property and our previous Theorem A.10,
already extends the convergence to all processes such that ¢ € R, §V v > 0 and the terminal time T
satisfies condition (A.5)

inf Vy)+ )V (c+at) > 0.
8 (BV7) 4 M)V (e + an
Lemma A.12. Let 0 < SV~ < c. Then for all 0 < & < gz and all @ > |A| V |al|, the convergence
hm I[D(‘Xz-:logK +Y10gK S [KC o KC—HIE]) =1

holds true.

Proof. Let € > 0. Then we see from Lemma A.7 that for K sufficiently large
C*_lKC_(l/\‘WaD < E(X log K + YslogK) < Cs log(K)Kc+(‘)\|V|al)€

€

and from Lemma A.9

V(Xz-:logK + Y, logK) (V(XslogK) + V( slogK)) < C* IOgQ(K)KCJr@Mlv'al)E
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for a suitable constant C', > 0. Hence, using Markov’s inequality for K large enough, we see that

K K a K K _
P('XalogK + elog K < Kc+a€) =1- ]P)(XEIOgK + clog K > KC+CL€)

K K
>1 E(XslogK + sz—:logK) K—oo 1
=" [ ctas :

For the lower bound we can use Chebyshev’s inequality to obtain
P(X g i + Yo < K%)
SP(Xog i + Yoa 6 — (@8og 1 + o ) < K% — C; e (Mvlahe)
<P(|X g 1 + Yoy ie — (@hioq i + Ul sc)| = CLE T IVIEDS)
V(X g + Yoe &)
K 2c—2( N[ V]a])e

Sci logQ(K)K—c+4(|)\|v|a\)a K—o0 0

<C!

for some suitable changing constant C?, > 0. O

A.3. Proof of Theorem A.3. Henceforth, thanks to the previous Lemma, we are able to only consider
the case ¢ < fV~ for the remainder of this section. In order to extend the convergence result Theorem
A.10 to times T that do not satisfy the condition (A.5), we need another series of Lemmata.

Lemma A.13. Let 8V v = 0 (that is, initially there are no individuals) and ¢ < 0. Then, for all
T > 0 with ¢+ aT < 0 we have

Jim P(XE +YSX =0 forallt <TlogK) = 1.
—00

Proof. This proof is identical to the one of [CMT21, Lemma B.7|. O

Lemma A.14. Let Vv =0 and ¢ = —¢ for some ¢ > 0 and let a > 0. Then for alln > (1V %)6,
the convergence

. £ K K —
dim PRS —1<xl, 4 VE, < KT-1)=1

holds.

Proof. We consider the one-dimensional branching process )Z'tK with birth rate b1, death rate dy + o1,
immigration at rate K% and starting condition Xg( = K8 —1=0. Then, from the proof of Lemma
B.8 from [CMT21], we have the convergence

. £ SK i
Jim P(RE 1< XK, ) =1,

Using a suitable coupling, we also have that )NQK < XK 4+ VX for all t > 0. Hence, it holds
. £ K K —
I(lgnoo]P)(KQ—1SX%.;10gK+Y%;IOgK)—1.

For the upper bound, we know from Lemma A.7 with x¢g = yg = 0, that

C.K*, if a> A
E(XE i+ YE ) < §CKlog K, ifa=2)
C K%, ifa < A

With our choice of n > (1V %)6 and Markov’s inequality, we have
lim P(XQ—ElogK + Y. log K > K" < lim K "E(X2 log K + Yo logK) =0.

K—oco T K—oo

Thus the lemma is proven. O
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Lemma A.15. There exists a constant ¢ = ¢(by,be,dy,ds,01,02,a), such that for all e > 0 we have
the convergence

lim P(KPVI=¢ _1 < XK 4+ v K < KB+ for gl t € [0,elog K]) =

K—o0
Proof. This result is very similar to [CMT21, Lemma B.9| and can be proven analogously. O
Lemma A.16. Suppose A < 0, where X is taken from (A.3).

(i) In addition, let ¢ <0 and ¢+ aﬁlxﬁ < 0. Then, for all sufficiently small n > 0 it holds

lim P(Vte pv ry—i—n log K, pv ry—|—277 log K :XtK+YtK:0 =
K ) R

ii) If in addition (independent of (i)) a < 0 and ¢+ PEALIEN 0, then for alln > 0 and all T > 7,
[Al

we have

lim P(vte |[= +n)logk, logK|: XK +vK =0) =
Koo a] Ia| y

Proof. This result is the bi-type analogue of [CMT21, Lemma B.10]. We start by proving part (i). Let
7 be small enough such that ¢ + a(% + 2n) < 0. Define T; := Bl)\‘v +nand Ty :== T1 +n. Then the
probability of a migrant arriving during the interval [0, Tz log K] converges to 0 as K — oo. This can
be seen from the probability of immigration being bounded by K¢V(¢+aT2)T, Jog K, which converges to
0 as K — oo (cf. Lemma A.13). Hence, it suffices to show that, assuming no immigration occurs, the
extinction time Ty = inf{t > 0| XX + V;X = 0} is asymptotically almost surely less than T} log K,
that is, our population itself is extinct before time 77 log K, and since no migrant arrives during the
time interval [Tuyxt, 75 log K], which would potentially resurrect the population, the claim follows.

Denote the event that a migrant arrives in the population during the time interval [0, 7} log K] by
I'. Then, on the complement, the process ZK = (XtK 7Y ) behaves as a bi-type branching process
ZK (XK YK) with birth rates b1, bo, death rates dj, da, switching rates o1, 09, starting condition
ZO = Z0 and no immigration. Hence, we obtain using Markov’s inequality

P(Texe > T1log K,T¢) = P(XE 10 i + Y 106 > 1)

SK SK
<E(X70gx t Y7 10g i)
< C*ex\Tl log KK,BV'\/

= C KBV +ATL (A.13)

where we can find the bound on the expected value for some constant C, > 0 from the homogeneous
solution to (A.1). Therefore, by our choice of T3, we obtain

P(Toes > T log K) < P(T) + C, KBV K200,

For part (ii) we may assume without loss of generality, that ¢ < gV vy < %. To justify this, we

apply Theorem A.10 until time 7" > binv which satisfies 7 == ((BV ) + AT) V (c+aT) < %. This
allows us to consider the process ZX ~ BBPI(by,bo,dy,do, 01,02, a,c+aT,r,r) instead by using the
Markov property at time 7', which satisfies our assumption. Indeed, by definition of 7" and r, we have
c+al =r.

Under the assumption ¢ < Vv < 77"\‘ , the condition ¢ + ay |>\\ > 0 implies a > A. Now, let > 0 and
T > n be arbitrary. As in case (i), we can prove that as K — oo there is almost surely no immigrant
arriving in the population on the time interval [(5 B + 3)log K, (‘)\| + T log K]. Denote the event of a
migrant arriving during this time by I'. From now on, we only consider the event I'>. Then we only
need to show that on I'°, the process becomes extinct before time (‘—§\| +n)log K. Note that the number
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of total families initially present in the population and those families started due to an immigration
event up to time (ﬁ + 4)log K is given by K BV (representing the families initially present) plus a
Poisson random variable whose parameter is bounded from above by
L—i—% log K K¢
/Ia K ds < —,
0 |al
which represents the number of families coming from immigration. In particular, the total number of
families is less than K/3 with probability converging to 1. _The size of such a family at time ¢ is
bounded from above by the size of a bi-type branching process Z = (X,Y") with birth rates by, bo, death
rates dy, dg, switching rates o1, 02, no immigration and starting population Zp = (1,1). As in part (i),
we see that the probability of such a process surviving for a time longer than 7 log K is dominated by
~ ~ ~ ~ A
P(Xg log K + Yg log K > 1) < ]E(Xg log K + Yg logK) < C*e/\glogK = C*K%?v
where we get the bound on the expectation from solving the homogeneous equation of (A.1) with initial
condition (Xg,Yy) = (1,1). Therefore, the probability of having one family alive at time (\ch +n)log K
is given by the probability of at least one family alive at time (ITC\ + #)log K surviving for longer than
4 log K, which is dominated by
nA
3

K—o0
—_—

(1-C.K3)K 0.
Therefore, the overall probability of having an individual alive at time ( ﬁ +n)log K is dominated by
nA
P(D) + (1 — C.K 3K K22,

Since the process is extinct at time (ﬁ + 1) log K with probability converging to 1 and also with high
probability there is no migrant arriving in the population after this time, the lemma is proven. O

To end this section, we can now prove the general convergence from Theorem A.3 which we were
looking for.

Proof of Theorem A.3. This proof is taken from [CMT21, Theorem B.5] and adapted to our case.

(iii) This is a direct consequence of Lemma A.13.
= ld

(ii) Let € > 0. We can apply Lemma A.13 up to time 7} = ' — . This shows

a
i lOg(l + thl{ogK + Y;llggK)
Koo log K

=0 forall t € [0,71] almost surely.

Applying the Markov property at time 77 log K, we can apply Lemma A.14 and Lemma A.15
to see that

K K
log (1 * X(TI +de) log K + }/(T1+58) log K)
log K

€ (ce,ce)

and

K K
) log(l—i_thogK—i_Y;logK)
limsup  sup

< e,

K—oo te[Ty,Ti+0¢] log K
where d,¢c > 0 and ¢ < ¢ < oco. Now, applying Theorem A.10 to a coupling from time
(Th + de)log K with a lower bounding process BBPIk(b1,be,dy,ds,01,092,a,ce,ce,ce) and

an upper bounding process BBPIk(by,be,dy,ds,01,092,a,ce,ce,ce) shows that for times ¢ €
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[T} + de, T it holds

K K
10g<1 + thogK + }/tlogK)

ce+ (AVa)(t —t1 —de) < liminf
K—o0

log K
. 10g<1 +XgogK+}/;Il2gK)
< lim sup
K—o0 IOg K

<ce+ (AVa)(t—t1 — d¢).
Now letting € — 0 proves the claim.

(i) Note that this part follows immediately from Theorem A.10 in the case where A > 0 or if A < 0,
a >0 and c+ aﬁxr > (0. The remaining cases are as follows.

Case(a): A <0 and a < 0.: Assume for now that c+aﬁ‘x|7 < 0. Then, we can apply Theorem

A.10 on the interval [0 ,% —¢] for ¢ > 0. Using Lemma A.16 (i), we also see that the
process converges on the interval [’8|\A/‘7 +e, ﬂ‘xﬁ +2¢]. Using Lemma A.15 together with the
coupling argument from (ii) and letting ¢ — 0 shows the convergence of the process on the
interval [0, T1] for T} > B\E\/V sufficiently small against 3. Using the Markov property at time

T1 we can apply Lemma A.13 to obtain convergence on the entire interval [0, T] towards 3.

If ¢+ aﬁ‘\;r > 0, we obtain convergence on the interval [07\764 — ¢] from Theorem
A.10 and use Lemma A.16 (ii) instead. The remainder of the argument is still valid.
In the case where ¢ + aﬁ‘X? = 0, we can use a coupling argument where ZK =

(XK,YK) is a BBPIk(b1,by,dy,d2,01,02,a,¢c — &,[3,v) and 7K = ()?K,}A/K) is a
BBPIk(b1,be,dy1,do,01,02,a,¢c+¢€,3,7) such that

XE+YE < xE+vX < XK+ YK,
and let € — 0.

Case(b): A <0, a =0 and ¢ < 0.: This case can be argued as in the first paragraph of the
proof of Case (a).

Case(c): A< 0,a>0, c<0 and B‘XV < |C| : In this case, the population becomes extinct at
first and is then revived due to 1mm1grat10n Hence we apply Theorem A.10 up to time
ﬁ\/(? ¢ and Lemma A.16 (i) on the interval [5%Y P\I + ¢, B‘KIV + 2¢] for ¢ > 0. As in Case

(a), using Lemma A.15 and letting ¢ — 0 gives again convergence on the interval [0, 7}]

for 177 > % sufficiently small. Then, using the Markov property allows the application

of Lemma A.13 until time 1o = lel | Again, we can use the Markov property and Lemma
A.15 to apply Lemma A.14 on a sufﬁ(nently small interval [Ty, T3]. Then, using the Markov
property again and using another coupling argument as in Case (a), letting 73 — 15, we
can apply Theorem A.10 to obtain convergence towards 3 on the entire interval [0, T7.

Case(d): A< 0,a >0, c<0and ﬁlM = ‘ L : Here, we can couple as before with a lower
bound process BBPIK(bl,bQ,dl,dg,al,ag,a,c e, 3,7), for which we can apply Case
(¢), and the upper bound process BBPIf (b1,be,dy1,d2,01,02,a,¢c+¢, 3 +¢e,v+¢), which
satisfies ¢+ ¢ + a% > 0 and thus has already been treated as one of the trivial cases
above. Letting € — 0 yields the claim.

Case(e): A <0, c=a=0.: Here, we use a similar coupling argument as in Case (d).
The lower bound process has distribution BBPIk (b1, bs,d1,ds2,01,09,0,—¢, 3,7), which
satisfies the assumption of Case (b), and the upper bound process has distribution
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BBPIk(b1,be,dy,ds,01,09,0,,8V e,vV e), which satisfies ¢ + 0 - ’B\Tz‘vs > 0, so this
case is treated as the second trivial case above. The claim follows by letting ¢ — 0.

O

APPENDIX B. RESULTS ON LOGISTIC PROCESSES

In this section, we consider the bi-type logistic birth and death process Z/ = (X, V) where the
transitions are given through

((n+1,m) at rate nbf (w, ) + % (w, 1)
(n—1,m) at rate n(df (w, t) + L2)
(n,m) = ¢ (n,m—1) at rate md¥ (w,t)
(n—1,m+1) at rate ’}gnQ
\(n+17m_ 1) at rate mooy

with predictable, non-negative functions bt @<, dX ¥ : Q x [0,00) — R and constants C,02 > 0,
€ (0,1).

Lemma B.1. Suppose that there are constants by,dy,ds > 0 such that

sup B (0) = ]| + () | + a5 — | + || 25
0<t<s

o} H Ko (B.1)

K
in probability for some s > 0. If we have 270 — (e1,e2) as K — oo for fized e1,e9 > 0, then the

K
process % converges uniformly on compact intervals in probability towards the solution (z(t),y(t)) of
the ordinary differential equation

i(t) = (by — di)x(t) — Cx®(t) + o2y(t)

) ) (B.2)
§(t) = —(da + o2)y(t) + pCa™(t)

with initial condition (x(0),y(0)) = (e1,e2) as K — oo.

Proof. This is similar to [EK86, Theorem 11.2.1]. O

Notation B.2. We denote processes ZX as introduced above by LBBIK(bf7 df, dg, o2,p,C, ’yf) In
the case where the functions bf, d{{ and dg( are all constant and 'yf( = 0, we may refer to the process
as a LBBIk(b1,dy,da, 09,p,C).

We are interested in calculating a coordinatewise positive equilibrium of the system (B.2). Assume
that the equilibrium (Z,y) is positive, such that we can divide both sides of (B.2) by x to obtain
b —d1 — Cz . pC'T
09 dy+ oo

SRS

Hence, we see that

_ (bl —dy)(d2 + 02) -~ p(by —dl)z(dz—l-ag)
T = and gy= 5 -
C(dg—l— (1 —p)UQ) C(d2+(1—p)02)
Thus, the assumption by > dj is sufficient for obtaining a coordinatewise positive equilibrium. As is
shown in [BT20, Section 2.2|, this equilibrium is the only stable equilibrium and in fact the system

converges towards this equilibrium for any initial condition (e1,e2) € (0,00)2. This can be seen from
Lemma 4.6 in [BT20].

(B.3)
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B.1. Problem of Exit and Entry of a Domain. We will now concern ourselves with estimating
the length of time until a logistic bi-type branching process exits a neighbourhood of its equilibrium
population size; and with the existence of a time such that the process enters for the first time a
neighbourhood of its equilibrium. The important results in this section are Lemma B.5 for the entry
into a domain around the equilibrium and Corollary B.8 for the exit of such a domain. Our first step
is to generalize Lemma B.1.

Lemma B.3. Let T > 0 and by,ba,d1,dy > 0, 09 > 0. Further let C > 0, p € (0,1) and let C be a
compact subset of (0,00)2. Denote the solution of the differential equation
¢1 = (b1 — d1 — Cop1)p1 + 02002

B.4
¢ = (by — da — 02)p2 + Cp(ip1)? (B-4)

with initial condition (z1,22) € C by ¢z, 2. Then for any T > 0,
r = inf mf ||ng1 L) >0 and R:=sup sup [|¢s ()| < oc.

zeC'te T ZeétG[O,T]

Denote the distribution of the Markov process with transition rates

(n-i—l’ ?) at rate 7’Lb1
(£, ) at rate mby
_ e
(2, m) (nTl, %) at rate n(dy + %n)
o (%’mT_) at rate mds
(TLT_la mT—H) at rate %nZ
\(RTH? _1) at rate maoo

by PK. Then for any 0 < § < r, we have

lim supPX [ sup oy — gayp(8)] >8] =0
K00 ZGC tE[O,T]

where wy is the canonical process on D([0,00),R?), the space of cadlag paths from [0,00) to R2.

Remark B.4. Note that this result holds also for processes where by > 0. The rescaled process ZX
mentioned in the beginning of this section is a special case with by = 0.

Proof. We use the techniques from [Cha06, Theorem 3|. Let T" > 0. To show the boundedness
properties, we first show that s is strictly larger than 0 for any positive initial condition. Indeed, we
easily see that

$a > (b2 — d2 — 02)p2
which we can integrate directly to obtain

t
o) 2 a0 exp ([ (0= o= 02)) d5) = a0) exp (02— da — )0,
0
which is positive for all times ¢ as soon as 2(0) > 0. In particular, the solution (¢, ,)1 is bounded
from below by the solution @ of the differential equation
p=(br—d1—CQ)p

The function ¢ is bounded from above by some constant R for any positive initial condition, since
® < 0 as soon as ¢ > (by —dy)/C. Hence, by integrating the differential equation, we obtain for any
positive initial condition ¢(0) > 0 the inequality

o(t) = p(0) exp </Ot(bl —di — Cp(s)) d8> > 2(0) exp ((bl —dy — Cé)t) >0
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Thus far we have shown (¢z, 2,)1(t), (¢2,2,)2(t) > 0 for any time ¢ > 0 and any initial condition
(z1,22) € C. In particular, due to the continuity of (z1, 22) — ¢, ., we have

i inf[los 1 (0)] > 0
C t€(0,1]

For the upper bound, adding the two equatlons in (B.4) yields
P14 @2 = (b1 — di)@1 + (b — d2)pa — C(1 = p) (1) < 2max(by — di, by — da) (01 + 2),
where we used 1, g2 > 0 for any initial condition (21, 22) € C. Thus, Gronwall’s inequality implies

SUP SUP [[0zy,2 (¢) ||} = Sup sup (9z,20)1(t) + (021,2,)2(t)
2€C t€[0,T] 2€C t€[0,T]

T
< sup(z1 + 22) exp (/ 2max(by — dy, by — da) dt> < 00
zeC 0

By equivalence of norms on R?, for any given norm, these bounds on the infimum and supremum can
be chosen to hold.

Now, we can define a family of Markov processes with transitions

(%7%)7 at rate Kp (4 L 7%)
(&, %) at rate Kpa(4 L 7%)
@ L) . (%7%) at rate qu( L a%)
'K (%7%) at rate qu(2 ,%)
(%7 %) at rate Kri(# . )
(G5 atrate Kra(4, ),

where p1,p2,q1,¢2,71,72: R? = R are positive, bounded and Lipschitz functions. We denote the law
of such a process by QX when the initial condition is given by z € %Ng. This choice of transition
rates corresponds (using the notation from [DE97] in equation (10.1)) to the choice of e = + and the
measure v, being given by

V(%%)({(l 0)}) = (%)7 V(%,%)({(O 1)}) = (%)7 V(%%)({(_LO)}) ZQI(%)a
v {0 D) = @), v LD =nG) v {0 -D) =)

The extension of v, , for any vector (z,y) € R? is straightforward by replacing either % by = or % by
y respectively. In addition, we choose the functions by = p;1 —q1 —r1 +r2, bo = pa — g2 — 1o + 11 and
a=0.

Since the functions involved are all bounded and continuous, Condition 10.2.2 from [DE97] is satis-
fied. In order to apply Theorem 10.2.6 of [DE97|, we do not need any additional conditions. However,
we only obtain the upper bound of the Laplace principle as can be seen from the remark preced-
ing the Theorem. The good rate function I appearing in the Laplace principle writes for functions
©:[0,T] — R? as

In(p) = fOT L(p(t),o(t)) dt if ¢ is absolutely continuous
e = otherwise,

where for y, z € R? we define the function L(y,2) = sup,ep2 ({a, 2) — H(y, ) with

H(.0) = [ (exp(lo,a)) = 1w, (da),

Hence, calculating the gradient of the function in the supremum with respect to a shows that L(y, z) =
0 if and only if 21 = p1(y) — q1(y) — 1 (y) + r2(y) and 2o = pa(y) — q2(y) — r2(y) + r1(y). Therefore,
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our rate function Ir satisfies

1 pi(e) —ai(e) —rie) + m(so))
I =0 L) = . B.5

() <s02> (m(tp) — q2() = r2(p) + 71(e0) (B5)
Since the upper bound of the Laplace principle is by [DE97, Corollary 1.2.5] equivalent to the upper
bound in the large deviation principle, we obtain

1
limsup — log | supQE(F) | < —  inf  Ip(®)
Koo K 2eC VEF(0)eC

for any compact set C C R? and any closed set F' C D([0,T],R?), that is the set of cadlag functions
on [0, 7] into R2.

We define the cut-off function x as the orthogonal projection from R? onto [r — &, R+ §]? with respect
to the Euclidean norm. Then, we can define our functions

pi(z) =bixi1(2), p2(2) =baxa(2), @(z) =dixi(z) + C(1—p)xi(2),
@2(2) = daxa(2), 71(2) =pOxXi(2), r2(z) = oaxa(2).

Now, the laws PX and QX coincide as long as w; and w? are still inside the interval [r — 6, R + 6].
Thus, we have

. 1
lim sup — log sup PX ( sup ||we — @z 2 (8)]| > 5)
K—o0 2eC te[0,T]

. 1 .
=limsup — logsup QF | sup [lwy — ¢z, 2 (t)]| =6 | < — inf Ip(e),

K=oo K76 \tep) ber
where

F = {y € D(0,T,R?) | ¢(0) € C and 3t € [0,7] : [1:(t) — pyo)|| = 6}

Note that due to the continuity of ¢, the set F' is closed with respect to the supremum norm, which
allows us to use the large deviation principle. Furthermore, it is easy to see that absolutely continuous
functions ¥ € F' cannot satisfy (B.5), as otherwise the distance between ¢ and v cannot become large.
Since I7 is a good rate function, the infimum is attained for some function ¢ € F and thus by (B.5)
is non-zero. U

This lemma has put us in a good position to show that the considered logistic bi-type branching
process converges in finite time into a neighbourhood of its equilibrium.

Lemma B.5. Let ZX be a LBBIy (b, d¥,dX, 09,p,C,v&) and assume that the convergence (B.1)
holds with by > dy. Then, for all e1,e9,€},5 > 0 there exists a finite time T(e1,€2,€},€5) such that

. ) . A zK XK yK
for all initial starting conditions (2z,2y) > & = (071(0)

i
Hm P £1,62,61,85) o

> (e1,e2), we have

<e+ aé) =1,

where (Z,7) is given in (B.3).

Proof. For the proof of this claim, we use for K large enough the following coordinatewise coupling
ARSARS A

where ZX is a LBBIk(by—¢,di+¢,da+¢,09,p,C) and the distribution of ZK is given by LBBIf (b;+
g,(dy — €)4,(d2 — €)+,02,p,C), and the initial conditions are Z& = ZI = ZI with e > 0. We need
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to justify the coupling, specifically why we can increase the birth rate and at this cost neglect the
immigration from outside in the upper bounding process. For this purpose, we need to show that Z%
is bounded component-wise from below in probability by Ke for some € > 0. Indeed, this can already
be seen from the lower bounding process: Firstly there exists 6 > 0 and a time T > 0 such that the
corresponding solutions ¢ and @ to the differential equation for the processes ZK and ZK satisfy

|B(T) = (@,9)g]| <& and  [|B(T) = (z,9)5] <4,
where (z,y), denotes the unique coordinatewise positive stable equilibrium of the differential equation
corresponding to . Note that we can use the same times, as we have convergence towards the equilibria
as T — oo from any starting condition and hence we can choose T sufficiently large so that both systems
are close to their equilibrium. For this, we again refer the reader to [BT20, Lemma 4.6]. Now, Lemma
B.3 implies that with C = [e1,2Z] X [e2,2y] and Z({{ =zc€ 5, we have for any § > 0 small enough

ZK
supP | sup |5 — 3(t)
cec \teby || K

Note, that

inf 1nf Hgo( )| >0 and mf inf Hgol( )| >0,
ZEC G[ tG[O

where the second inequality is due to the positive sw1tch1ng between components which can be seen

: . . ZK .
from the proof of Lemma B.3. In particular, for £ > 0 small enough it holds infc[g 7 ’%‘ > € with
probability converging to 1 as K — oo. Thus for K large enough, we have

E ~
inf — - (ZE)1 > sup +¥(w,t)
tefo,r]2 ! t€[0,7) ’
with probability converging to 1. Hence, we may dismiss the immigration component in the coupling
and replace it by an increase in the birth rate as done above. Now, choosing € small enough, we can
achieve for any given § > 0 that
which can be seen from computing the equilibria similarly to (2.3). Hence, by Lemma B.3 we have
with high probability, that
7K _ 7K
K

7K
2T _ (T
% o(T)

ZK
* D
< |B(T) = G(T) | + 6 < 46.
Because of Lemma B.3 for any starting condition the inequality
Zf Zf

L @p)| < |55 - 8|+ 1B - @ w5 + @) — @ 9)] <35

+ 18(T) — (1)l +

is satisfied with probability converging to 1 as K — oo, and thus we obtain from the component-wise
coupling that

7K zK 75| | 2K 7K 7K
T (zy)| < || P20 T _ (70 <
(w,y)H e +| 7 — @) < e +35 <76
with high probability. Letting & > 0 small enough yields the claim. O

Thus far, we have been considering the behaviour of our process when it is initially not close to
its equilibrium size. We now turn to the question, how long it takes for a logistic process to exit a
neighbourhood of its equilibrium. For this we first consider a process with constant rates.
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Lemma B.6. In the situation of Lemma B.8 let by > di. Then, the unique asymptotically stable
equilibrium of the system
1= (b1 —di — Cp1)p1 + 0292
p2 = (—da — 02)p2 + Op(p1)*
is given by (¢1,p2) = (Z,y) in (B.3). Let ni,m2 > 0 and set
TH =inf {t > 0w} ¢ [z —n,Z+m] or w] ¢ [J—n2,7+m]},

where wy = (w,w?) is the canonical process on D(]0,00),R?). Then there exists a constant V > 0
such that for all compact subsets C' of [z — 5,z + L] x [§ — B, 5+ T] we have
lim sup PX(TH < &V) =o.
K—oo =
zeC

Proof. As in the proof of Lemma B.3 and similarly to [Cha06| we define the cut-off function y as the
orthogonal projection onto C = [Z — 11, Z +m] X [§ — 2,y + 12]. Also, we can similarly construct the
functions p1, q1, g2, 71,72, by which we obtain a family of laws QX which coincide with PX on the time
interval [0, TX]. Furthermore, we obtain in a similar manner the good rate function I7(¢), where now

$1 pi(p) — q1(p) — i) + Tz(@))
I =0 <<= )= . B.6
(%) (802) ( —q2(p) — r2(p) + r1(p) (B.6)

Now, [FW98, p.157] and Theorem 4.4.2 therein imply, that there exists a constant V' > 0, such that
for any § > 0 it holds ) )

lim inf QX (eK(V=0) « 7K < KVH0y — 1,

K—00 40
Hence, proving that V' > 0 shows our claim. For this purpose, we note that V is defined in [FW9S,
Theorem 4.4.1] by

V:: inf V £.777 x? - min V f’77 1-7 ,
o B V@D, (@) = min V(#35) (@)

where

V ) ) b :: i f I )
(@r,@2)s 2) = o oomuam P

that is V' ((x1,x2), (y1,y2)) is the infimum of our rate function over all possible paths connecting (z1, x2)
and (y1,y2). Since the function (z,y) — V((z,7), (z,y)) is continuous and the set 9C} is compact, we
can indeed replace the infimum by a minimum. In particular, there exists some (xg,yo) € dCy where
the infimum is attained. Theorem 5.4.3 from [FW98| shows that there exists an absolutely continuous
function ¢, which attains the infimum for V((z,9), (zo,yo)) over the rate function in the sense that
for some T' > 0 the function ¢: [0,T] — R? satisfies the conditions »(0) = (z,7), ©(T) = (o0, vo)
and V ((Z,%), (z0,v0)) = Ir(¢) or that for some T > —oc the function ¢: (—oo,T] — R? satisfies

limy— oo (8) = (2,9), 9(T) = (20, y0) and V((,9), (w0, 30)) = [, L (1), (1)) dt.

As long as ¢ satisfies the differential equation in (B.6) with initial condition ¢(0) = (z,¥), we have
o(t) = (Z,y) # (x0,y0). Thus, for the case where ¢ is defined on [0,7], we have I7(p) # 0, as the
differential equation in (B.6) must be violated at some time in order to leave the equilibrium state.
For the second case, we already know that any solution to (B.6) started close to (Z,7) stays close,
since the equilibrium is asymptotically stable. Hence, choosing 0 < € < 11 A 12 small enough and
Ty :=sup{t < T | |¢t) - (z,9)] < 5}, for all t > T1 we have ||¢(t) — (Z,9)|| < . Therefore in this
case connecting (z,¥) to (xo,yo) requires violating (B.6). Hence we have V' > 0. O

Using our usual coupling arguments to make the leap from fixed rates to some non-fixed rates, we
can formulate and prove a very similar result for logistic processes with non-constant rates.
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Lemma B.7. Let ZX be a LBBIk (b, d d2 ,02,0,C,vE) and assume that the convergence (B.1)
holds with by > dy. Let m,mp >0, Z§ € [z — L. 2+ L] x [j— 2,5+ 2] and set

. zE zk
T :=mf{t20 ] (tK)1¢ (& =, +m] or“f%[y—m,wm]}-

Then there exists a constant V> 0 such that
lim P(TX < &V) =o0.

K—co

Proof. As in the proof of Lemma B.5, we couple our process with
where ZK is given as a LBBIk (b —¢,d; +¢,da+¢,09,p,C) and the law of 7 is LBBIk(by+¢,(d —

&)+, (do — €)4,092,p,C), where the initial conditions are Z[f( =7 = 2({{ and £ > 0. Choosing ¢ small
enough and applying Lemma B.6 to ZX and Z¥ yields the claim. U

A very simple consequence is now the result that our process remains at least a time of order log K
in a neighbourhood of its equilibrium.

Corollary B.8. Under the assumptions of Lemma B.7 it holds

zZK 7K
lim P <Vt € [O,TlogK],(tK)1 €[z —m,z+m] and (tK)2

K—o0

for any T > 0.

€ [9—772,y+772]> =1L

B.2. Competition Between two Bi-Type Processes with Transfer. Now, we consider a four-
dimensional logistic branching process, which we will interpret as competition between two bi-type
logistic branching processes each with active (‘a’) individuals and dormant (‘d’) individuals. Our main
results in this section will be Propositions B.15 and B.17, where we show under suitable assumptions
that the initially resident process declines below a small threshold, while the invading process reaches
a neighbourhood of its equilibrium. The transfer rates of this process (X, f , X f , YaK , YdK ) are
((i+1,7,k,0) at rate ial (w,t) + v (w, 1)
i,7,k+1,0) at rate kb (w,t) + 74 (w, )
i—1,5,k,0) at rate i(d (w, t)—i—(l p)C (i+k))
i j, - 1,0) at rate k(d(w,t) + (1-9¢ q) (i+k))
—1,k,0) at rate jd& (w,t)
1)

(4,9, k,0) = < (3,7, k, £ — at rate Edé((w t)

(i
(i
(i
(4,J
(i
(
(i
(
(
(i

i—1,j+1,k,¢) atrate iZ= (2—|—k‘)
i,5,k—1,0+1) at rate k%(z—i—k)
i+1,7—1,k,¢) atrate joo
i,j,k+1,0—1) at rate los
i—1,5,k+1,0) atrate 75 (w, t)z—i-k’

with predictable, non-negative functions aj ,bK dK dK K Vi ,'yf : 2 x [0,00) — R and constants
C,o9 > 0, p,q € (0,1). For now, we assume that the transition rates are constant with a{{ = ay,

W = by, dif = dy, df = dy, 78 = 7 and v = 4 = 0 and that a;,b; > di. Then the process
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%(X D¢ 5{ YK YdK ) converges towards the unique solution of the differential equation

. X
Bq = wa(ar — di — O(2q + Ya)) + T402 — T ‘fza
Zq = pCae(Ta 4+ Ya) — (do 4+ 02)xg
a(Ta + Ya) — ( ) - (B.7)
o = Ya(bs —d1 — C
Yo = Ya(br — d1 (xa+ya))+yd02+7xa+ya

Ud = qCYa(a + Ya) — (d2 + 02)y4.

We are now interested in finding a suitable criterion for invasion of the process (Y.X,Y.S) into the
K K
initially resident population (X, X ). More specifically, we assume that initially the size of ()% , X7d)
is close to its equilibrium (Z,, Z4) with
(a1 — dl)(dz + (72) B p(a1 — dl)z(dQ -+ 0'2)

a = d ==
T Cla+ (L=p)oa) 0 T Cdy + (1— p)oa)?

and the total size of the invasive species is Y, + YdK = |eK|. Note that for such small population
sizes we may approximate the transfer rate between XX and Y, by
Ky K Ky K
Xa Ya ~ Xa Ya — YK
XK 4+ YK XK @
Further, we assume that the mean matrix
7 (b1+7—d1 —Cz, qCz, )

(B.8)

09 —dy — 09 (B.9)

of the approximating process (?a, ?d) of (YE,YK) given by the transitions

(n+1,m) at rate n(by + 1)
n—1,m) at rate n(dy + (1 — q)Cz,)
(n,m) — < (n,m—1) at rate mds

(
(
(n—1,m+1) at rate ngCz,
(
\

n+1,m—1) at rate moy

has a positive eigenvalue A, which means that the invasion fitness is positive and the process is su-
percritical. For one eigenvalue to be positive, the determinant must be negative, which in our case is
equivalent to the inequality

09qCT,
do + 0o’

In addition, we will assume that in a population, where (Y., YdK ) is resident and (XX, X f ) is invasive,

—(b1 +7—dy — Ci‘a) < (B.l())

the approximating process ()?a, )A(d) given by the transitions

(n+1,m) at rate na;
n—1,m) at rate n(dy + 7+ (1 — p)Cy,)
(n,m)— < (n,m—1) at rate mds

n—1,m+1) at rate npCy,

(
(
(
(n+1,m—1) at rate mos

is sub-critical. This is the case if and only if both eigenvalues of the mean-matrix

j: <CL1 _T_dl _Cga pcga > (Bll)
09 —dy — 09
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are strictly negative. In particular, we must have a positive determinant, which is equivalent to
O'ZPCga
dy+ 02’
Our first result is concerned with finding the equilibria of the dynamical system (B.7).

—(al —T7—dy — C’ga) > (B.12)

Lemma B.9. Consider the system (B.7) and assume the matriz J has a positive eigenvalue and the
matriz J only has negative eigenvalues. Then the systems only non-negative equilibria are (0,0,0,0),
(Za,Z4,0,0) and (0,0, Yq, Ya), the latter of which is asymptotically stable, where

. (b1 —dy)(d2 + 02) and T — q(by — d1)2(d2 + 02)
Vo= Cldy + (1 — q)oa) Y7 0(ds + (1 q)2)?

and (Zq,Tq) are as in (B.8).

Proof. 1t is easy to verify that the claimed vectors are indeed equilibria of the system. Also a quick
calculation for all cases shows that any non-negative equilibrium with a zero component must coincide
with one of the vectors above. Hence, it remains to show that there is no coordinatewise strictly positive
equilibrium in this system. Towards a contradiction, let (4, z4, Ya, yq) be such an equilibrium. Then,
rearranging the second line in (B.7) yields

_ pCa:a(wa + ya)
da + o9

Tq

Hence, the first line in (B.7) gives

C(l a a aJa
0= woar — dy — Claq + ya)) + LC%e\Ta t Ya)o2 | Tay

da + 02 Ta+Ya
Since we assumed z, > 0, we may divide by z, to give
PC(%a + Ya)o2 Ya
0=a; —di —C(zq +ya) + -7
1 1 ( a ya) dy + 09 Ta + Y
_ ya(dQ + 02)
= TuFYs =Tq — T . B.13
e e T T 2 + ya) (da + (1 — p)oa) (B.13)
Similarly, we obtain
qCYa(Ta + Ya) TalYa
=—"——"< and 0=yu(by —di —C(z,+ +ooyg + T————
dy + 09 ya( 1 1 ( a ya)) 2Yd T+ Ya
as well as
_ ZTo(do + o
TatYo=Ta+T ald2 + 02) (B.14)

C(:L'a + ya)(d2 + (1 - Q)U2) .
Furthermore, this shows

% _ bl — dl — C(J;a + ya) + Tﬁﬁaajﬁya _ qC(l'a -+ ya)

Ya 02 do + o9
and substituting the expression (B.13) for z, + y, shows that
b —di —Czg <ya(d2+02)+33a(d2+(1—p)0’2)> _ €% QYa
P 02(%q + Ya)(d2 + (1 — p)o2) dy+02 (24 +ya)(da+ (1 —ploz)’

which can be rearranged to read

(4T —di—CF) — 7 (Mdz +09) + alda + (1= p)oa) 1)

(xa + ya)(d2 + (1 - p)UZ)
B 02qCZTy 024Ya

= T .
do + o9 (xa+ya)(d2+ (1 —p)02)
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If 7 = 0, this violates condition (B.10), and thus there is no such equilibrium. Assuming 7 > 0 and
(B.10) the previous equality implies the inequality

Ya(d2 +02) + 2a(d2 + (1 —p)oz) < 02qYa
(Za + Ya)(d2 + (1 — p)o2) (Ta + Ya)(d2 + (1 — p)o2)

< 02PYa < 02QYq-

Hence, in the case p > ¢ such a coordinatewise positive equilibrium cannot exist.
Now, consider the case ¢ > p. We find in a similar manner

L d1 — C(%a + Ya) — Txayfya ~ pC(x4 + Ya)

T, 09  dy+oo
and, substituting z, + y, with the right hand side of (B.14), we obtain

_ Ta(d2 + 02) + Ya(d2 + (1 — Q)02)> 02PCa 02PZq
a1 —dy — Ca) 7 ( - r .
(o1 == Co) (vt )l + (L-q)o2) )~ dator ' (atyallda+ (1—q)os)
In particular, condition (B.12) implies that
xa(dQ + 0'2) + ya(dQ + (1 - Q)JZ) 1< 02PTq
(-Ta + ya)(d2 + (1 - Q)UQ) (l‘a + ya)(dQ + (1 - Q)UQ)

<~ 029Tq < 092PXq.

This contradicts the assumption ¢ > p. Hence, there cannot be a coordinatewise positive equilibrium.

Now we turn towards the stability claim. For this we consider the Jacobian at (0,0, ¥4, ¥4), which is
given by

ar—dy —Cyg — 7 02 0 0
A PCYa —dy — 09 0 0
—CYg+ 71 0 b1 — di — 2CY, 09

qCYa 0 2qCy, —d — 02

It remains to show that all eigenvalues have negative real part. Notice that we recover the matrix JT in
the upper left corner. Since the matrix A is a block matrix, the eigenvalues of J7 are also eigenvalues
of A. In particular, it suffices to show that

B by —di — 2CYy, o2
- 2qCy, —dy — 02

has only negative eigenvalues. By the same argument as for the matrix J in (B.10) it suffices to
show that the determinant is positive. Using the definition of gy, we compute the determinant to be
det(B) = (d2 4 02)(b1 — dy) (cf. [BT20, Section 2.2]), which is strictly positive by the assumption
by > dy. Hence all eigenvalues of A are negative and thus (0,0, 7,4, %4) is an asymptotically stable
equilibrium. O

The next goal is to find a sufficient criterion for the convergence of our dynamical system towards
the equilibrium of the process (YaK , YdK ). For this purpose, we need a suitable initial condition for the
system (B.7). Indeed, the following lemmata give a first step towards this direction.

Lemma B.10. Consider the system (B.7) and assume that the matriz J from (B.9) has a posi-
tive eigenvalue and the matriz J from (B.11) only has negative eigenvalues. If the initial condition
((L'ay‘rdvyaayd) = (xa(o)awd(0)7ya(0)7yd(0)) satisﬁes
qC(zq + Ya) SV di = b1+ C(xa + ya) — T35
ds + o2 Ya o2

: (B.15)



A STOCHASTIC ADAPTIVE DYNAMICS MODEL WITH MUTATION, DORMANCY AND TRANSFER 57

then
tlig’)lo(xa(t)’ xd(t)u ya(t)u yd(t)) = (07 05 Ya, gd)
Proof. The proof of this claim can be easily adapted from [BT20, Lemma 4.7]. O

Now, we are interested in finding a suitable condition such that the inequality (B.15) is satisfied.

For this purpose, observe that the approximating process (?a,}/;d) is supercritical and hence by the
Kesten-Stigum Theorem [GB03, Theorem 2.1] we have

Ya,t Yd,t t—00 (7‘(‘ 7Td)
= =~ = = as )
Ya7t + Yd,t Ya,t + Yd,t

where (74, 74) is the unique left eigenvector of the matrix J from (B.9) for the principal eigenvalue A
with w, + g = 1.

Lemma B.11. Suppose that the initial condition (zq, T4, Ya,yq) of the dynamical system (B.7) satisfies
Tq € [Ta— AVE, T+ AVE], 24 € [Tq— AVE, Tg+ AVE] for some constant A > 0 and y, +yq € (0,/2)
with Z—Z = :—Z, Then for e sufficiently small, (4, Tq, Ya,yq) satisfies (B.15).
Proof. The proof follows the proof of [BT20, Lemma 4.8]. Since (mq,7q) is an eigenvector for J, we
easily see that

_ Td _ Ta

by +7—di —CZg+ 03— == qC%q— — (da + 02).
Ta d

Since A > 0, we obtain for £ > 0 small enough from the first of the two equalities that

E_)\—bl—T—f-dl-f-Ci‘a

Tq 09
—by +d1 + C(Tq + 2(A+ 1)/E) — T%
> .
Ta
> dl _ bl i C(wa + ya) — Txa‘i‘ya
02
and similarly from the second equality we see
Td qCZ, qC (e —2(A+1)e)  qC(xa+ ya)
— = < < .
Ta A+ do + o9 ds + o9 ds + o9

g

The next series of lemmata shows that this initial condition is satisfied with high probability as
K — oo and € — 0. In order to show this, we need a couple of preparatory results on the hitting times
of a certain population size.

Lemma B.12. Assume that the matriz J from (B.9) has a positive eigenvalue. Let K +— (mi, m&)
be a function from (0,00) to [0,00) such that (mf,m&) € FN and Klim (mE mi) = (z4,74). Define
—00

TK =inf{t>0|YS+V],=[zK]}.

1] there exist some positive constants A,eqg > 0 such that for all 0 < & < g9

the stopping times

K
a,t

K
_ X,t _
— Xg| > € or — Zq

RE = inf{tZO

and

1
2

K K
and any starting condition %(XvaXmea{%?Yd{%) = (mf, m&, %, %) with nf and n& such that

Then for any & € |
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0 < nf +n < K&, the convergence
: K K K
I(lgIlooP(RQAEE S ng A TO ) =0
holds.

Proof. The proof of [BT20, Lemma 4.2] can be modified to encompass our situation in a straightforward
manner. ]

Our next goal is to show that for any given initial population size Y o+ YdI% = [eK| of (YE, V),
we have the limit
lim P(T% < TJ) = 1.
K—o0
Lemma B.13. Under the assumptions of Lemma B.12, for the initial population size given by X5< =
(X0 X350, Yo, Y0, it holds that

K—oo

lim IP><TK<TO ARE, ¢

K K K K _K
Xy = K(my ,my €7, 65 )) =1,
where E{(—>€1 and@?%ag such that €1 + €9 = € with €,e1,e9 > 0.

Proof. The proof follows the ideas of [BT20, Proposition 4.1] and [CCL"21, Proposition 3.1]. We
will consider the process on the event that the invading population is extinct or reaches a sufficient
population size before the resident population exits a neighbourhood of its equilibrium, that is

={I0" AT < Ry},
whose probability converges to 1 for € > 0 small enough as K — oo by Lemma B.12. Thus, it suffices
to show Tg < TOK with probability converging to 1 on the event E.. On this event, we can couple the
process (YK, YE) up to the time t. = T A ng A Rﬁag such that

Yom <Y,
— K
i <Y,

where v € {a,d} by defining the transition rates as follows: For the process (Y5~ ,Y;"" ) we choose the
transition rates

(n +1,m) at rate n (bl + T%)
(n—1,m) at rate n(dy + (1 — q)C(Tq + 24° + €%) + qC (44 + £%))
(n,m) = ¢ (n,m—1) at rate mda
(n—1,m+1) at rate ngC(Z, — 2A4e%)
((n+1,m—1) at rate mos.

Intuitively, the coupling is correct due to switching from active to dormant being more favourable over
death, but not being better than not experiencing any competition at all. The precise reasoning for this
coupling is identical to the one in the proof of [BT20, Proposition 4.1|. Also, we obtain the inequality
¢a < go~ < 1 for the extinction probabilities of each individual family started at an active individual
in a similar manner. When starting the populations from one dormant individual, we obtain the
extinction probabilities g4 < ¢~ < 1. Note that ¢~ is indeed strictly less than 1 for o € {a, d}, since
the process (Yg '™, ng '") is supercritical for £ > 0 sufficiently small. Since the extinction probabilities
are continuous in the transition rates — see [CCL"21, Lemma A.3| — we obtain

0 < lim inf ‘qa’_ — q‘ < lim sup |q5’_ — q’ =0.
E\LO 5~L0
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Next, we define the corresponding hitting time for the coupled process. More specifically, for x > 0,
let
Ty~ =mf{t >0|Y,, +Y;, =|Kz}.
Then, due to the coupling on E., we see that
P(TS™ < Ty~ ,E.) <P(TE < Ty, E.).
Note that since P(E.) — 1 as K — oo, for any £ > 0 sufficiently small, we have for ¢ small enough

liminf P(T; < Ty, E2) > h[?i}&fP(TsE{ <Ty )—0> 1}?_335 P(T5™ =o0) — 6

K—oco
> lim inf (1 - (qs,f)K(e{wsg)) L

K—o0
.. _\K(e=6)
> liminf (1 - (¢° )-o
> liminf (1 - (¢°7)
—1-62%1,
where ¢=7 :=¢gg~ V ¢ . Also due to P(E.) — 1 as K — 00, it therefore follows that

Jim P(TE < T§°, Be) = lim P(T <Tg°) = 1.
U

Finally, we are able to show that with high probability as ¢ | 0, the assumptions of Lemma B.11 are
satisfied.
Lemma B.14. Assume that the matriz J from (B.9) has a positive eigenvalue and that the initial
condition of the process satisfies %(Xfo, Xfl(O?Ya{%,YdKO) = (mE mi g1, e9) with e1 + 2 < € for some
€,€1,62 >0 and m{(,mg as in Lemma B.12. Then for any 6 > 0 with 7, £ € (0,1), it holds that

K
liminfP | 3t € [TX TK]:ﬂ'a—5<#<7Ta+5 >1—o0.(1)
K—oc = UVE YE+vE - ’

where 0:(1) — 0 as e — 0. In fact, the bounds on the frequency process YKYiKYK will be satisfied by the
a d

time TX + loglog(1/e) with probability converging to 1 as K — 0o.

Proof. This proof again is a simple adaptation of the proofs from [BT20, Proposition 4.4.] or [CCL*21,
Proposition 3.2]. O

Now, we can show our general result on the competition with non-negative transfer. We do not
assume the transition rates to be constant anymore, but instead assume that there are constants
ai,b1,dy,ds >0, 7 > 0 with a1, b1 > di such that for some s > 0

sup |af () — ar| + |of () — b | + |df (¢) — du |
0<t<slog K

+ a5 ) — do| + |[7F() — 7| +

0 (B.16)

()
lK ‘ +

'yf (t)| K—oo
K

in probability. If 7 = 0, then we assume 7% = 0 for all K.

Proposition B.15. Assume that the conditions (B.10), (B.12) and (B.16) are true. Consider the
process (XK, XK VE YY) with initial condition %(Xfo, XEK) € [Za—e,Zq+e] X [Ta—e,Tq4+¢] and
%(Ya{% + Yd{%) = me for some € > 0 and m > 0 sufficiently small. Then, for any €' > 0 there exists a
finite time T = T'(m,e,€") such that

K YK
lim P X5 + X5 <K, “2L clja—c ga+e], L elgg—e'ga+e]] >1—o0.(1).
K—o0 ’ ’ K K
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Remark B.16. The choice on the initial condition for (YK, VX) can be generalized to hold for an
entire interval of initial conditions. With the proposition as stated, for £,&’,m > 0 sufficiently small,
it holds

Y+ Y > Ko+ 5a — 2¢') > 2meK
at time T = T(m,e,&’) with high probability as ¢ — 0 and K — oco. Thus, with high probability
we have T{fna < T(m,e,e’). Hence, with high probability, for all initial conditions from an interval

Ya{% + Yd{f) € [K;”‘g, Kme], the time TQI;E is bounded, even as K — oo. In particular, we can adapt the

proof of Proposition B.15 such that the claim holds for all initial conditions Ya{(O + Yd{g € [B2e, Kmel,
where the only change is in the application of Lemma B.14, which now yields that with high probability
the good initial condition is satisfied after a time shorter than T4 _ + loglog(1/(2me)). This time

however is finite with high probability by the arguments made above.

Proof. The proof is based on a suitable coupling of the process in combination with the above lemmata.
Let 6 > 0. We want to couple in such a way that coordinatewise both bi-type branching processes are
bounded. That is, we want to find a coupling such that

(XS XL V2L vy < (XK XK v E vE) < (X202, X597, 752 7))

coordinatewise. As in Lemma B.5, this coupling can be achieved by subtracting and adding § to the
birth and death rates for K large enough, which we can do by the convergence criterion above. For
now, we do not alter the horizontal transfer rate 7. Note that indeed we are allowed to neglect the
immigration rate for to the same reason as in Lemma B.5. For § > 0 small enough, the correspond-
ing equilibria (ii’*,fj*) and (gﬁ’*,gg’*) with * € {1,2} are closer than 5/55/ to (Zq,zq) and (Yq, Ya)
respectively. If 7 > 0, then we further couple the processes (Xg’*,Xg’*,Yaé’*,Y;’*) with * € {1,2}
with processes (X;;’*’Q, Xg,*,<>7 Yo, Y;’*’O) where ¢ € {+, —}. In the case © = — we set the horizontal
transfer rate to be 7 — § and for © = + it is set to be 7 4+ §. This definition yields the inequalities

as displayed in Table 1. Now arguments analogous to Lemma B.3 show that for any initial condition

nglv— > ngl > Xg711+ X3721_ > ){'272 > X2727+
5,1,— 5,1 S+ | v6,2— 5,2 5,2+
PSR CUE Gt D P D ¢
YOlm <yt < oyl | ydae o yd2 o yead
5,1,— 5,1 S+ | 62— 5,2 5,2+
P G R R B P SR

TABLE 1. An overview of the almost sure inequalities that we obtain by coupling.

from a compact set, the processes (Xf}*”, Xg’*’o, Ya5’*’°, Yd‘;’*’o) converge in probability to the solutions

of the respective differential equations with K — oo. Furthermore, Lemma B.14 implies that with high

probability in me the criterion for a good initial condition (B.15) is satisfied for each of the coupled

processes after a time shorter than loglog(1/(me)). Indeed, when applying the lemma, notice that

we can substitute 72 by 0 due to our choice of the starting condition. Hence, by Lemma B.10 the

solutions of the differential equations converge towards the equilibria (0,0, gf;*’o, gg’*’o). In particular,

there exists a finite time such that for all ingtial c%)nditions from a compact set as in the proposition,
_0,%,0 —0,%,0

the process is in a neighbourhood of (0,0,7,"", 7, ") with high probability in me. Thus, the claim
follows. O

With a similar proof we also obtain the same result for negative transfer. In this situation we assume
the process (Y5, Y.K) to be initially resident and the process (XX, X) to be invading.
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Proposition B.17. Assume that the reverse inequalities of (B.10) and (B.12) are true that is

UQPCga
ds + 03’

02qCT,

—(b —d; — Cz,
(1+T ! $)>d2+02

and — (a1 —7—dy — Cy,) >

(B.17)

which indicates the approximating process ()Afa,?d) to be subcritical and the approximating process
(Xa, Xq) to be supercritical. Further assume (B.16). Consider the process (XK, XK VE YY) with

initial condition 4 (Y[, Yd{%) € [Ja — &, ¥a + €] X [Ja — &, Ja + €] and (X + Xi(o) = me for some

e > 0 and m > 0 sufficiently small. Then for any €' > 0, there exists a finite time T = T (m, e, ") such
that

XK XK
lim P (Y;} +Y <EK, I?T € [ — €, Zq + ), I‘?T € [g—e, Tg+ 5’]> >1—o.(1).
oo

The proof follows a very similar structure of the previous proposition. We give an outline of the
necessary results.

Lemma B.18. Consider the system (B.7) and assume (B.17). If the initial condition (T4, Td, Ya,Yd)
satsfies

pc(xa -+ ya) S @ S dl — ai + C(l’a + ya) + T:I?a%-lya
do + o9 Za g9

, (B.18)

then
lim (24(t), za(t), ya(t), ya(t)) = (Za, 24, 0,0).

t—o00

Proof. The proof of this lemma is identical with the proof of Lemma B.10 where we reversed the roles of
(T4, 2q) and (Ya,yq). The validity holds due to the fact that we never explicitly use the term involving
T. O

Proceeding in the same manner, we define (74, 74) to be the unique normed left eigenvector of the

matrix
o9 —dy — 09

corresponding to the principal eigenvalue A > 0, which exists due to our assumption (B.17).

Lemma B.19. Suppose that the initial condition (x4, T4, Ya,yaq) of the dynamical system (B.7) satisfies
Ya € [Ja — AVE, Yo + AVE], ya € [Ja — AVE, Ja + AV/E] for some constant A > 0 large enough and
Tq + xq € (0,V/2) with 32 = 7¢. Then, for e sufficiently small, (Tq, Ta, Ya, Ya) satisfies (B.18).

Proof. The proof in the case of positive transfer from Lemma B.11 is easily adapted to this case. [

Next in our series of Lemmata, we had shown bounds on some exit times in Lemma B.12 in order
to show that the assumptions from Lemma B.19 are satisfied with high probability. Here, there will
be a major difference in the proof, as at one point we made use of the positive transfer.

Lemma B.20. Let K — (m{<,mf) be a function from (0,00) to [0,00)? such that (m{,m&) € N3
and limg oo (M, mE) = (Ju, Ja). Define the stopping times

YK

a,t > 6}

K7 _ga

Yi
K

Rf::inf{tEO‘ > € or

and
TK =inf{t>0| X} + X[, =|zK]}.
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K nt ong KKy o K
Then, for any & € [3,1] and startmg condition F(Xadeo’Y YR = (5, 22, mf, mEY) with nf
and n& such that 0 < i< + nlf < Keb, there exist some positive constants A,eo > 0 such that for all
0<e<egg

K K K

Proof. This proof can be adapted from the proof of [BT21, Lemma C.2]. O

From this lemma, we can show that with probability converging to 1, the invasive trait reaches a
critical population size.

Lemma B.21. Under the assumptions of Lemma B.20, denoting XK (Xa 0 Xé(o, Ya 0 Ydff)), it holds

Jim P (Ta < T ARE, .

K K K K K
XO :K(sl €2, My, My )) =1,

where £ € [%, 1] and 5{( — €1, 55( — €9 are such that e1 + €9 = € with €,e1,e9 > 0.

Proof. The proof now is almost identical with the one of Lemma B.13. The only difference arises in
the coupling, where we now couple such that
Xo~ <X, and X7 < XK

where v € {a,d} by defining the transition rates as follows: For the process (Xz~, X ), we choose
the transition rates

((n+41,m) at rate na;
(n—1,m) at raten<d1+T%+(1—Q)C(EG+2AE§+€5)
(n,m) = +qC(44e¢ + %))
(n,m—1) at rate mds
(n—1,m+1) at rate ngC (7, — 24e%)
(n+1,m—1) at rate mos,

It is only important to note that for ¢ > 0 sufficiently small, the process (XZ’_,XZ’_) is again
supercritical and thus the claim follows as in Lemma B.13 U

Finally, we need to show that with high probability the assumptions of Lemma B.19 are satisfied,
which is the analogous version of Lemma B.14.

Lemma B.22. Assume (B.17) and assume that (XaO,XfO,Y JYERY = (e1,e0,miS, mE) is the

initial condition with €1 +e2 < € for some €,e1,e2 > 0 and my ,mg as in Lemma B.20. Then for any

d > 0 with 7, +6 € (0,1), it holds

K
liminfP | 3t € [TX, T5]: 7, — 6 < ¢<TF +0 ] >1-0(1).
K00 = TvE e XK +xK - :

In fact, the bound on the frequency process 7XKXJ?XK will be satisfied by the time TX +loglog(1/e) with
a d
probability larger than 1 — 0-(1) as K — oo.

Proof. The proof is largely analogous to the one of [BT20, Proposition 4.4], but there are subtle

differences which we discuss here. We assume
XK

a,TK

X a,TK +XdTK

a — 0.
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Then, we introduce the event
mo._ K K K
E. = {T5 < T NRE, 1}
whose probability again converges to 1 as K — oo by the previous lemma. Also, we define the stopping
time
K . K| vK K K
TX, = inf {t>TH | X4+ X3 <5F )

On the event E., we can bound our process from below on the time interval [TX, T\I/(g] by a pure death

process ZX with initial condition ZII,(K = ¢K and death rate (d; + TW) V dy. We are

interested in (¢ — 57)K individuals dying from the process ZK . This takes longer than loglog(1/e)
with probability converging to 1 for M > 1. Therefore, we have

lim P(TX,,, < TX +loglog(1/¢) | T + loglog(1/) < T, E.) = 0.

€,
K—oo ?

Furthermore, the population size of XX + X j( can be bounded from above by a Yule process with
birth rate a;. Hence, [CCLT21, Lemma A.2] implies

: K K 7 o a
Kl1_1>nooIF’(T\/g < TX +loglog(L)|E.) < M/e(log(2))™.

Since the probability of EE converges to 1, we obtain
. K K . K K 1
Khinoo P(T.. ) <T2* +loglog(l/e)) < o-(1) and KlgnOO]P’(T\/E < TX +loglog(1)) < o:(1).
(B.20)

The next step in this proof is the semimartingale decomposition, for which we will satisfy ourselves
with the abstract representation

X5 X
L = e + ME@)+VE®)  fort >TK,
Xaw T Xay  Xogx + Xigx -

where M is a martingale and VX a process of finite variation. The remainder of the proof can be
adapted from [BT20, Proposition 4.4, with the slight exception of now only obtaining

lim ]P’( sup ‘MK(t)‘ > 5)
K00 \TK<s<TK tloglog(1/<)

< tim P( sup ME(1)] 2 &) + P (T, o0 < T +loglog(L))
K=00 MK <s<(TK +loglog(1/) ATz c/ar

.1
< I(h—r>noo ?E[<MK>(T5K+10glog(l/e))/\TE,E/M] + 06(1) = 06(1)?
due to our weaker bound (B.20) and thus afterwards only having
5 K

et > (loglog(1/e) A (15 — T5Y) — &

Ta— 52 vk vk =
2 X(ft—i—Xft 2

with probability 1 — 0.(1) as K — oo for the corresponding time t5, which does not change the claim,
since we are considering only high probabilities for small €. O

We can now discuss the proof of Proposition B.17, where the transition rates are not assumed to be
constant.

Proof of Proposition B.17. We can copy the proof of Proposition B.15 until the point, where we have
found the couplings (X;}*”, Xg’*’O,Y(f’*’Q, Yd(S ™). Now, the only difference is that we need to use our
Lemmata applying to this case. The general argument is not changed. That is, from Lemma B.22 we see
that with high probability in me the convergence condition from Lemma B.19 is satisfied and therefore
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Lemma B.18 implies convergence to the equilibrium (xiw Tt ,0,0). In particular, there exists a
finite time such that for all initial conditions from a compact set we have entered a neighbourhood of
this equilibrium, which as before implies the claim. U

B.3. Competition Between Bi-Type and Single-Type Processes with Transfer. We consider
a three-dimensional branching process very similar to the one from the previous section. The transfer
rates of this process (XX, Xj(, Y &) are
i+1,5,k) at rate iall (w,t) + v (w, 1)
i,7,k+1) at rate kbl (w,t) + v (w, 1)
i—1,5,k) at rate i(df (w,t) + L I?)C(z +k))

1) at rate k(di (w,t) + (i + k))

k) at rate jdg((w t)

i, 7,k —

z—lj—i—lk) at rate 5= (z—i—k)
i+1,7—1,k) atrate joo

(i
(i
(i
(4,7,k) — E
(
(
(i—1,5,k+1) at rate 75 (w, )%

i+k
with predictable, non-negative functions af<, b, dit @t 7K ~K 4.0 x [0,00) — R and constants
C,o9 >0, p € (0,1). As before, we assume for some s > 0 the convergence

sup  |af* (t) —ar| + |bf (8) — by | + |df (t) — di|
0<t<slog K

+|d5 () — da| + |75 () — 7| +

(1)
IK ’ +

in probability, where aq,b1,di,ds > 0, 7 > 0 and aq,b1 > di. If 7 = 0 we again assume 7% = 0.
Then, we can approximate the process Y in a population close to the equilibrium size of the process
(XK, XE) which as in the previous section is given by K(Z,,Z4) by the process Y, which has the
transitions

”5;“)‘ K=o (B.21)

n—1, at rate n(d; + CZ,).
We want the growth rate to be strictly positive, so that we have invasion of this trait. In the case of
one dimensional branching processes, this is equivalent to

b1+ 7 —dy — CZq > 0, (B.22)

{n—i—l, at rate nb; + 7
n +—

which also coincides with (B.10) in the case ¢ = 0. The approximation of the process (XX, XX) in a
population, where YX is close to its equilibrium size K¢ with

by —dy
C )

can be done as before. That is, we approximate using the process ()?a, )?d) with transitions

g:

(n+1,m) at rate na;
n—1,m) at rate n(d; + 7+ (1 — p)Cy)
(n,m) — < (n,m —1) at rate mda

n—1,m+1) atrate npCy

n+1,m—1) at rate mos.
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In order to guarantee a successful invasion, we want this process to be subcritical, which as before
coincides with the criterion (B.12), that is

aapCly
do + oo

—(a1 — T —dy — CF) > (B.23)

We are now in a position to formulate our competition results for this case. Note, that a generalized
form, in the sense that the invading process is initially of size contained in the interval [m‘;K ,meK],
can be proven as indicated in Remark B.16.

Proposition B.23. Assume that conditions (B.21), (B.22) and (B.23) are true. Consider the process
(XE XE YEY with initial condition %(XvaXfo) € [Tq—€,Tq+€] X [Tg—e,Tqg+e] and % = me for
some e > 0 and m > 0 sufficiently small. Then for any &' > 0, there exists a finite time T = T (m, e,&’)
such that

K—o0

YK
lim P <X5T+X§T <eK, L [ge’,y+s’]) =1

For the proof of this proposition, we use arguments from [BT21, Section 5|. The structure of the
proof is as usual: First, we assume the population to satisfy a suitable initial condition and then
approximate the dynamics of the system by a differential equation, whose solutions will converge to
the corresponding fixed points.

Assume that the initial condition of the process %(X AN, ¢ ff , Y& is contained in the set
A2 = [T, — 2465, Ty + 2A68] X [Tg — 2468, T4+ 24e8] X [e, /2]

for fixed € > 0. We want to show that the solution of the dynamical system

. Laly
a — La —di — a -
T = xq(ay 1—C(zg +y)) + xq02 T%er
iq = pCae(Tq +y) — (d2 + 02)T4 (B.24)
. Taly
=y(by —d; — Clzq + +
y=y(br —di — Clzq+y)) Ly

converges towards the equilibrium (0, 0, §) for any starting condition from .A2.

Lemma B.24. Consider the dynamical system (B.24). If the initial condition (x4(0),x4(0),y) is
contained in the set A2 and the inequalities (B.22) and (B.23) are satisfied, then

Jim (a(), 24(1), (1)) = (0,0,7).

Proof. This proof is taken from [BT21, Proposition 5.4] and adapted to our case. Firstly, we notice
that y(t) is strictly increasing as long as

Lq
Tag +Y

By our choice of the starting conditions, we see that

C’(ma—i—y)—r < by —d.

Lq _ ja—QA\/g
a - < ot (2A+1 — 7= <
C(za +y) T$a+y_0($ + (244 1)y/¢) T%—I—(2A—|—1)ﬁ C

where we used (B.22) and C. is a sufficiently large constant. Hence, initially y(¢) is strictly increasing
and will do so until

To— T+ Civ/e < by —di,

Lq

C a+ -
et ) =70

= b, — dy. (B.25)
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We now consider the resident population dynamics (x4, x4) in the case where this equality is true and

then we perform a perturbation argument. Assuming the equality, we easily compute

Yy
=C(xg+y) —T
Ta+ Y (72 +9) Ta+y

La

Clxg+y)+71

+7=bi—di1+71

and similarly

pCSEa(xa + y) = PZq <C($a + ya) - T Ta > < pl‘a(bl —di + 7—)'

a + T
Ta +Y Ta +Y
Hence, we can dominate the dynamics of (x4, z4) under the assumption (B.25) by the solutions to the
system
Tq = zq(a1 — by — T) + 0224
. (B.26)
tq = pre(b1 — dy +7) — (d2 + 02)74.

This system has the unique equilibrium (0,0) if the coefficient matrix of the corresponding linear

system
A— ( a1 —by —1 o9 >
p(by —di+71) —(d2 +02)
has non-zero determinant. Indeed, the determinant is 0 if and only if
po2(Cy+17)
ap =b+17——F——"7-—".
! ! do + 09

However, this choice of a; would imply
. (a1 —di)(d2+02) (i +7—di)(da+02) —poa(bh —di +7)  bi+7—d
© C(d2+(1-p)o2) C(dz + (1 —p)oz) c

SO
bi+7—d —Cz, =0,
which contradicts (B.22) and hence the only equilibrium is (0, 0).

Next, we will show that the system converges towards the equilibrium (0,0). For this, we need to
show that both eigenvalues of the matrix A are negative. Note that for the existence of a positive
eigenvalue we need a positive trace and hence a3 — by — 7 > 0. Then, we obtain

a1 —T7—d1—Cy=a1—7—0b1 >0,
which contradicts the condition (B.23) since now
o2pCy
do + o9
Hence, there cannot be a positive eigenvalue. Moreover, due to the determinant of A being non-zero,

both eigenvalues must be strictly negative. Since the dynamics of the solutions are determined by the
eigenvalues, the solution will converge for any positive starting condition to (0, 0).

0>—(CL1—T—d1—Cﬂ)> > 0.

Now we turn again to the general dynamical system (B.24). We distinguish two cases:

Case 1: Monotonicity. In this case we assume that y(¢) eventually will be a monotone function.
By boundedness of y(t) this implies that lim;_, ¢(¢) = 0 and since y(t) is bounded away from 0, we

must have
74(1)

za(t) +y(t)

Clza(t) +y(t)) — 7 2% by — dy.
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In particular, for any § > 0 we can find a time #1(J) > 0 such that for all starting conditions in A3 we
have

Zq
b1—d1—5<C(.%'a<t)+y(t))—7'my+a<b1—d1+5

for all ¢ > ¢;. Then, we can consider the system (B.26) altered in the corresponding places by £ to
account for the bounds above. We still obtain convergence to (0,0) for both systems and therefore we
must have

tliglo(xa(t)? xd(t)) = (07 O)'

As C(zq(t) +y(t)) — T%ﬁ% — by — dy we have y(t) — g.

Case 2: Non-monotone convergence. It is possible that ¢ — y(¢) is not monotone on any
interval (s,o00) for s > 0. In this case, due to the boundedness of s there must be a countable number
of local extrema of y, for if there were only finitely many, then y would become monotone eventually.
At any local minimum or maximum, since y is bounded away from 0, we must have

T by —dy.
oty
Using our observations from Case 1, we see that at any maximum and at any minimum the population
of (z4,24) is decreasing and converges to (0,0) even monotonically. Since this holds independently of
the size of y(t), we obtain that

Cleaty) -7

lim (z4(t), z4(t)) = (0,0).

t—o00
As before, we derive limy_,o y(t) = 3.

O

Proof of Proposition B.23. As usual, we couple the process (XX, X f , Y& with two processes from
above and below by

(X3, X5, Vo) < (xE XK vE) < (x2F, x0T, voh)

by accordingly increasing or decreasing the birth, death and switching rates by some term involving
0 > 0. We further couple with processes (X:}*”, Xg’*’o, Y%*°) as in Proposition B.15 by increasing or
decreasing the transfer rate 7 by §. For ¢ > 0 sufficiently small, the initial condition from Lemma
B.24 is satisfied and thus after a finite time, the solutions to the differential equations converge towards
their equilibria as time tends to infinity. By arguments similar to Lemma B.3, the processes converge
to the solutions of the corresponding differential equations. In particular, as in Proposition B.15 we
see that for 6 > 0 sufficiently small, the processes are inside a neighbourhood of the equilibrium after

a finite time with probability converging to 1. O

A similar result holds for the inverse invasion.

Proposition B.25. Assume that (B.21) and the inverse inequalities of (B.22) and (B.23) are true,
that s

o2pCy
do + 0o
Consider the process (XX, XX YX) with initial condition %(Xfo—i-X(fo) = me and % €ly—e,y+e
for some € > 0 and m > 0 sufficiently small. Then for any & > 0, there exists a finite time T =
T(m,e,e’) such that

by +7—dp —C%e <0 and —(a1—7—d;—Cp)<

(B.27)

XK XK
lim P (YTK <K, 2L ez, —¢ 2a+¢), —2L

Y / >1_ .
A % € [zq e,a:d+s]>_1 0:(1)
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Proof of Proposition B.25. Here, we are looking at the invasion of a population with dormancy which
does not benefit from horizontal transfer. This is the same situation as in Proposition B.17, where the
difference is only in the dormancy of the initially resident trait. However, since we have never used
this aspect in the proof of Proposition B.17, the chain of arguments remains valid, where of course in
the couplings we need to account for the lack of dormancy in the initially resident trait. O

In addition, we also need the same results, but with inverted horizontal transfer. That is, we now
consider the process (XX, X f , Y& which has the same transitions as in the beginning of the section
except for the transition (i,7,k) — (¢ — 1,7,k + 1) to be replaced with the transition (i,j,k) —
(i+1,j,k—1). Then we can still approximate the processes (XX, XX) and YX as before, but we need
to switch the addition of 7 in the rates from the birth to the death rate and vice versa. In particular,
we want the inequalities

oopCy

by —17—dy —CZ%, >0 and —(a1+T—d1—CQ)>
do + 02

(B.28)

to hold. Then we obtain the same results as above.

Proposition B.26. Assume that (B.21) and (B.28) are true. Consider the process (XE, XK YK)
with initial condition %(Xfo, XEK) € (%o —e,%q + €] X [Tqg — €,%q4 + €] and % = me for some e >0
and m > 0 sufficiently small. Then for any ' > 0, there exists a finite time T = T(m,e,&’) such that

YK
lim P <X§<T+X§<T <K, € [y—s’,y+€’]) =1
K—o0 ’ ’ K

The idea for proving Proposition B.26 is very similar to the one of Proposition B.23. The only
difficulty arises in the preceding lemma, where we have used explicitly that the invading population
is benefiting from horizontal transfer. As before, assume that the initial condition of the process
%(Xf, XK YE) is contained in the set

A3 = [T, — 245, Ty + 2A68] X [Tg — 2468, T4+ 2Ae%] X [e, /2]

for fixed € > 0. We want to show that the solution to the dynamical system

. Tal
a — da —d - C a
T = xq(ar — dy (x +y))+mdag+7xa+y
iq = pCae(Tq +y) — (d2 + 02)T4 (B.29)
. Ty
— y(by —dy — Clzyg _
y=y(br—di — Clza+y)) Ly

converges towards the equilibrium (0,0, %) for any starting condition from A2.

Lemma B.27. Consider the dynamical system (B.29). If the initial condition (x4(0),24(0),y) is
contained in the set A2 and the inequalities (B.28) are satisfied, then

(xa(t)7 xd(wv y(t)) - (07 0, g)

lim
t—o0
Proof. The concept of the proof stays the same. Initially the function y(t) is increasing until eventually

Lq,
=by —d;.
xa_’_y 1 1

Clzg+y)+7

We again consider the system for (z,,z4) under this condition and need to show that this implies
(24(t),24(t)) — 0 as t — co. As before, we calculate

= Cwg+y) +7—2

Clzy,+vy)—1
(@a+y) Ta+y Ta+y

*T:blfdlfT

and
La Lq

-7
Ta+Y Tog+Y

pCro(Tq +y) = px4 (C(xa +Ya)+ T ) < pxe(by —dy).
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Thus, we consider

Tq = xg(a1 — b1 +7) + 0924
. ( ) (B.30)
tq = pra(by — d1) — (d2 + 02)74.

Again, we compute the determinant of the coefficient matrix

A_(al—b1+7' o9 >
A\ p(by —di)  —(d2+ 02)

to be 0 if and only if

ayp = bl — T — p020g
do + oo
From (B.28) we know that
po2Cy _ po2Cy
a1 < — —T4d +Cj=— — 7+ by,
' da + 02 Ly da + 02 !

so (0,0) is again the only equilibrium and the eigenvalues of A are negative, so for any positive initial
condition the solution of the system (B.29) converges to (0,0). The remainder of the proof can be
taken from the proof of Lemma B.24. O

Now, we can prove Proposition B.26.

Proof of Proposition B.26. The proof is identical with the one of Proposition B.23, except for the need
of using Lemma A.7 in this section instead of Lemma B.24. O

Proposition B.28. Assume that (B.21) and the inverse inequalities of (B.28) are true, that is
o2pCy

do + 09

Consider the process (Xf,XC{(,YK) described above before Proposition B.26 with initial condition

%(Xfo + XX)) = me and % € y—e,g+e] for some e >0 and m > 0 sufficiently small. Then for
any €' > 0, there exists a finite time T = T'(m,e,e’) such that

bh—7—d1 —CZq, <0 and —(a1+7—d1—Cy)< (B.31)

X Xor
lim P (YA <K, —%% €Ty — €, Ta+€], —2= € [Tg—€,Ta+€]| >1—0.(1).

Proof of Proposition B.28. In this case, we are looking at the invasion of a population with dormancy
which benefits from horizontal transfer. This is the same situation as in Proposition B.15, where the
difference is only in the dormancy of the initially resident trait. As above, we have never used this
aspect in the proof and hence the chain of arguments is still valid, where again the couplings with the
initially resident population need to be slightly adapted. O
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