LARGE SUBSUMS OF THE MOBIUS FUNCTION
IMRE Z. RUZSA

ABSTRACT. We find large subsums of the Mdbius function for divisors of an integer.

To the memory of Eduard Wirsing.

1. INTRODUCTION

Put

M(n.t)= 3 nu(d),

d|n,d<t
where p is the Mobius function. We shall consider

F(n) = max [ M(n, )

and
g(n) = M(n,v/n)
for suqarefree values of n. The reason of this restriction for f is that clearly M(n,t) =
M (n',t), where n' is the product of prime divisors of n. For squarefree n we have
M(n,t) = —p(n)M(n,n/t),

(unless t|n when there is an extra p(t)), that is, this funcion exhibits a symmetry around
v/n, in particular, g(n) = 0 if u(n) = 1. This makes this turning point relevant and the
estimation of g somewhat more difficult. For not squarefree n there is nothing special
in the stopping point /n.

Clearly

(1.1) lg(n)] < f(n) <2909,
where w denotes the number of prime divisors. Since

mgxw(n) ~ (logx)/loglog x,

we conclude that

(1.2) max [g(n)| < max f(n) < 9(1+0(1))(log z)/loglog

We consider how sharp are these inequalities.

Theorem 1.

max f(n) > 20— osn) loglosz,

Theorem 2.
max |g(n)| < 9(2/3—0(1))(logz)/loglog
n<x

1991 Mathematics Subject Classification. 11P32, 11N99.
Supported by NKFI grants K-129335, K-119528, KKP-133819.
1



2 IMRE Z. RUZSA

Conjecture.

max lg(n)| > 9(1-o(1))(log )/ loglog z_

We give some heuristics to support this conjecture in the next section.
It is worthwhile to recall that the typical values of these functions are very small.
With the notation

d(t) =d{n: M(n,t) #0}
Erdés and Hall[2] proved that
6(t) = O ((logt)~), ¢=0.0579....
Their proof can easily be adapted to show that
d{n:g(n) =0} =1.
Probably the estimate
{n <z:g(n)# 0} <z/(logx)°
also holds with some positive ¢, but I have not checked the details

Maier[4] proved that typically f(n) is between two powers of loglogn. The best
exoponents, due to Maier-Tenenbaum/[5] are that for almost all n

(loglogn)® ¢ < f(n) < (loglogn)®=*e,

c1 = 0.28754..., c; = log 2.
For the square mean, de la Bretéche, Dress, Tenenbaum|[6] proved that

1
=Y [M(n,t)]> =L+ o(1
T DM, = L +of1)
with some constant L uniformly as long as t — oo and t = o(x).

Conjecture.

Z g(n)? = Lx + o(x).

n<x
I can prove the weaker estimate

S g(n)? = O(a).

n<x

2. PROOF OF THEOREM 1

Proof. We use the Dirichlet series of the Mobius function for divisors of n at imaginary
values:

D(a) = Z,u(d)dm = —z'oz/1 M(n, t)t" tdt,
dln

whence

"M
|D(ar)] < |oz|/1 Mdt < |a|f(n)logn.

So to find a large value of f(n) it is sufficient to find a single large value of D for a not
too large a.
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Write D(«) as an Euler product:

D(a) = H (1—pi®) = nio2 H (p=io/2 — pio/?) = pio/2(—gyk H <in alogp

2
pln pln pln

with k£ = w(n), so

ID()] =2"]]

pln

sin
2

alogp‘

For n we shall take the product of primes of an interval (u, 2u) and put a = 7/(log u).
For each prime we have

2< 2 2 2

with ¢ = (log 2)/logu, hence each sinus is > 1 — ¢ and |D(a)| > 2079k,
The product of primes in the interval (u,2u) is

H p < PC0-Uw) _ ullto()

u<p<2u

1 log 2
u aogp<f(1+0g ):ZJF@
log u

)

so we can take u ~ log . The number of primes in this interval is k ~ (log x)/loglog x.
O

Let n be an integer with large f(n) and u(n) =1, and p a prime, p { n. We have
M(pn,t) = M(n,t) — M(n,t/p) = M(n,t) + M(pn/t),
(unless p|t and (t/p)|n), hence

g(pn) = 2M(n, \/pn).

So if we could find a prime such that ,/pn is near to the value maximizing M(n,t),
we would have a large value of g. Unfortunately the above argument does not help to
locate the place of maximum.

It is possible to express g(n) by D(«) through a Perron formula, but it is not obvious
how to use this to estimate g(n).

Problem. Let p; be the ¢-th prime, and

Pip2 - -Pr ST < P1P2 ... Pryl-

Then max, <, w(n) = r. From the theorem of Erdds[l] we know that f(n) < ¢2"/+/r.
The proof above gives f(n) > 2r~°/1e" Where lies the truth?

3. PROLEGOMENA TO THEOREM 2

Consider n = pips...pr, k = 2m + 1, with primes p; such that p; < ... < p; and
P1---Pmi1 > Dmi2---Doms1. Then exactly those divisors are < y/n which are composed
of at most m primes. Consequently

m

g(n) =) (-1 (j) = (-1)™ <k7; 1) ~ +c2* V.

j=0
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In terms of k this is best possible. Erdés[1] proved that whenever w(n) = k, we have

1002 (10"

(For even k we have g(n) = 0 but f(n) can be that large.)
Try to use the primes in an interval (u, u+wv). This certainly works if u™* > (u+v)™,

that is,
v m
(1 + —> < Uu.
U

As (1 + %)m ~ ¢™/*_ this is about the same as mv < ulogu.

We need k = 2m + 1 primes. The average distance between primes around u is log u.
This means v ~ 2mlogu, or u > 2m? ~ k?/2. To ensure n < x the condition is
(k?/2)* < x, which yields

1 logx
) loglogz
This simple construction gives Theorem 2 with 1/2 in the place of 2/3.

The improvement, to be detailed in the next section, is based on the observation
that we do not actually need that all divisors composed of at most m primes should be
< y/n, only that most of them be.

4. PROOF OF THEOREM 2

Writen=p1...pp, k=2m+ 1, u=p; < ... <pr=u+v. Our choice will be

(2 ) log x
ko~ (2—c) 28
3 log log x
and u ~ k%?logk. Around u the typical distance between primes is logu, we expect
v ~ klogu. To show that this is indeed the case we recall Heath-Brown’s estimate for
primes in intervals [3] by which 7(v + w) — 7(v) ~ w/logw as long as u™/?7¢ < w < u
and in our case the interval is longer than u?/3.

We estimate the ratio of products of m terms below y/n. Put a = (logn)/k, logp; =
a + b;. Clearly

logu < a < log(u + v).
For d|n, w(d) = j we have
log d = ja+ sum of some b;.
If we can ensure that from the 2¥ sum formed by the numbers b; only o(2¥/v/k) are

> a/2, then
g(n) = (=1)™ (k N 1) +o (2—k) ~ 2" )Vk

m vk
will hold as wanted.
We expect the sum of the b; to have approximately a normal distribution. To make
this exact we use Bernstein’s inequality in the following form. Let &,..., & be inde-
pendent random variables with zero mean and |§;| < M. Then

—t2/2
Prob (Z & > t) < exp STE(E) + Mt/3’

see e.g. https://en.wikipedia.org/wiki/Bernstein _inequalities_(probability_theory). We
apply this for & assuming the values +b;/2 with probability 1/2 each. (Note that
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by =0, hence Y, ., b; = (1/2) (X, bi — D igr b;), so subsums of b; have the same
distribution as ) ¢;). Clearly
u—+v

|b;] < log <v/u,

u
so we can set M = v/(2u). We put t = a/2, and estimate E(&?) by M?.

We claim that with this choice of the arguments (for sufficiently large value of the
parameters) we have

t2/2
DoE(EF) + Mt/3

hence the probability of large values will be < 1/k, that is, the number of subsums with
an unusual large contribution from the b; is O(2*/k).

After substituting ¢t = a/2, and estimating E(£?) by M? we obtain that it is sufficient
to show

(4.1) 8log k (kM? + aM/6) < a®.

To see this we express these quantities asymptotically by k. We have

> log k,

3
un~ k" ?logk, v~ klogu ~ Sk logk,
v 3

. aE

8(log k)kM? ~ glogk = o(a?),

hence

as a > logu > logk, so the first summand in (4.1) is small enough. For the second
observe that

3logk
=o(1),
i (1)

so aM log k = o(a?) as well. This concludes the proof of (4.1).

Mlogk ~
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