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The Maximum Number of Cliques in
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Abstract. In this work, we give the sharp upper bound for the number
of cliques in graphs with bounded odd circumferences. This generalized
Turdn-type result is an extension of the celebrated Erdds and Gallai the-
orem and a strengthening of Luo’s recent result. The same bound for
graphs with bounded even circumferences is a trivial application of the
theorem of Li and Ning.

1. Introduction

A central topic of extremal combinatorics is to investigate sufficient conditions
for the appearance of given substructures. In particular, for a given graph H
and a set of graphs F, the generalized Turdn number ex(n, H, F) denotes the
maximum number of copies of H in a graph on n vertices containing no F' as
a subgraph, for every F € F. In 1959, Erdés and Gallai [2] determined the
maximum number of edges in a graph with a small circumference, the length
of a longest cycle. For integers n and k such that n > k > 3, they proved

(k—1)(n—-1)

2 )
where K, denotes the complete graph with k vertices and C>j, denotes the
family of cycles of length at least k. The bound is sharp for every n congruent
to one modulo k£ — 2. Equality is attained by graphs with Z—:; maximal 2-
connected blocks each isomorphic to Kj_;. Recently, Li and Ning [3] proved
that to obtain the same upper bound, it is enough to forbid only long even
cycles

ex(n, K9,C>y) <

2k — 1 -1
ex(n, 16, ey < WO, )
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where C$%" denotes the family of even cycles of length at least 2k, that is

{Cay, 02;+2, ... }. We also denote the family of odd cycles of length at least
2k+1 by ng;fc“ :={Cs;+1,Cokts,...}. For a graph G and a family of graphs
F, we say G is F-free, if for all graphs F € F, G does not contain F as a
subgraph, not necessarily induced. For graphs G and H, let us denote the
number of copies of H in G by H(G).

Note that graphs with bounded odd circumferences might have a qua-
dratic number of edges (as a function of the number of vertices) since the

n-vertex complete balanced bipartite graph is odd cycle-free with {%J edges.

On the other hand, Voss and Zuluga [6] proved that every 2-connected graph
G with minimum degree at least k > 3, with at least 2k 4 1 vertices, contains
an even cycle of length at least 2k. Even more, if G is not bipartite, then it
contains an odd cycle of length at least 2k — 1.

There are numerous papers strengthening, generalizing, and extending
the celebrated Erdds and Gallai theorem. Recently, Luo [4] proved

ex(n, Ky, Csr) < (Z:? (k;1> (2)

for all n > k > 4. Chakraborti and Chen [1] strengthened Luo’s result by ob-
taining a sharp upper bound for every n. This bound is a great tool for obtain-
ing results in hypergraph theory. The bound was consequently reproved with
different methods multiple times [5,7]. In this paper, we strengthen Luo’s the-
orem. In particular, we obtain the same tight bounds for graphs with bounded
odd circumferences. On the other hand, the result for graphs with bounded
even circumference is trivial after applying (1) and a result of Luo [4, Cor.1.7],

n (k
ex(n7KTaPk+l) S k(?"')’

where Py11 denotes the path of length k. Since the graph G does not contain a
cycle of length 2k, the neighborhood of each vertex contains no path of length
2k — 2. In particular, for all » > 3 we have

even 1 d(v) 2]{:72
ex(n, K,,CS5;") < TZ2]€—2<T_ 1>

_ lex(n,Kz, or) (2k2> o n- 1 <2k 1>.

A

-r k—1 r—1) = 2k—2 r

For graphs with small odd circumferences, we have the following theorem.

Theorem 1. For integers n, k,r satisfyingmn > 2k >r >3 and k > 14,

n—1 2k
ex(n, K,,C% 1) < T 1( >

r

Equality holds only for connected n-vertex graphs which consisting of Q”k—_fl
mazimal 2-connected blocks each isomorphic to Kaj,.
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It is interesting to ask for which integers and for which congruence classes
the same phenomenon still holds. In this direction, we would like to raise a
modest conjecture.

Conjecture 2. For an integer k > 2 and a sufficiently large n. Let G be an n
vertex Cspy1-free graph for every integer £ > k. Then for every r, 3k >1r > 2,
the number of cliques of size r in G is at most

n—1 [/3k
3k—1\r )

Equality holds only for connected n-vertex graphs consisting of ;k:ll maximal
2-connected blocks each isomorphic to Ksy,.

Moreover, we would like to propose the following conjecture. Let p be a
prime number and CZ7"™" := {C : £ > p and £ prime}.

Conjecture 3. For integers n, v and a prime p satisfying v < p, we have

; n—1/(p—1
,K’”Cpmme < )
ex(n . )p—2< . )

Equality holds only for connected n-vertex graphs consisting of % maximal
2-connected blocks each isomorphic to K,_;.

2. Proof of the Main Result

Proof. We prove Theorem 1 by induction on the number of vertices of the
graph. The base cases for n < 2k are trivial. Let G be a graph on n vertices

where n > 2k. We assume that every CZ%}  -free graph on m vertices, for

m < n, contains at most %(2:@) copies of K, and that equality is achieved
for the class of graphs described in the statement of the theorem.
If §(G), the minimum degree of G, is at most k + 2, then we are done by

the induction hypothesis

K.(G) < K. (GIV(G) \ {v}]) + (k+ 2) < 272__21 (%) + (k ’ 2)

r—1 r r—1
< n—1 (2k
2k —1\r )’

since k > 14 and r > 3. From here, we may assume G is a graph with §(G) >
k + 2, and each edge of G is in a copy of K.

Let vivgvs - - vy, be a longest path of G such that vy is adjacent to v,
and ¢ is the maximum possible among the longest paths. Consider the family
P of all longest paths of G on the vertex set {vy,va,vs,...,0,} such that

VgUsy1 - - Uy 1S & sub-path with a terminal vertex v,,. Let Ti be the set of
terminal vertices, excluding v,,, of paths from P.

Claim 1. Ift < 2k, then v; is a cut vertex isolating {v1,va,...,v4_1} from the
rest of the graph.
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Proof. If Ty = {v1,v9,...,v;_1}, then by the maximality of ¢, the vertex v; is
a cut vertex isolating {vy,vs,...,v;_1} from the rest of the graph. Hence we
may assume there exists a v;, ¢ <t—1, which is not in 77. Note that v;_; € T
thus we have ¢ < t — 1. Let the path uqug - - - ug—1uve41 - - - Uy, be a path from
P such that w, € T} and w,11 ¢ 77 minimizing r. Note that u; = vy and
{vi,v9, ... v} = {ur,ug, ... up}.

Here, we show that r» + 1 < ¢/2. At first, we assume i < ¢/2, then
V1Vg + Uy, 18 a path in P thus r + 1 < 4, we are done since ¢ < ¢/2. If /2 < 1,
then consider the following path from P v;_qv;_o---v; -+ v10¢ - - - U,y 1S & path
inP,thusr+1<t—1—i+1=1t—14, we are done since t — i < t/2.

The vertex w; is not adjacent to two consecutive vertices from
{trs1,Uprq2,...,us} by the minimality of r. Indeed if u; is adjacent to w;
and u; 41 for r 4+ 1 <7 <t, then

Ul -+ Upllpp 1+ Ul Ui 1+ Uy~ U

forms a path from P that contradicts the minimality of r.

The vertex u; is not adjacent to vertices w,y2,Urt3,..., U241 by the
minimality of r. Indeed, suppose u; is adjacent to u; for r +2 < i < 2r + 1,
then we get a path from P

Ui—1Ui—2 « «  Up41Up o« UTUUG47 - - UgUi41 - - - Uy

which contradicts the minimality of r since u,41 ¢ T7.
Finally, by the two observations from the preceding two paragraphs we
have d(u1) < (r —1) + % = 152 <k, a contradiction. a

Claim 2. We have t < 2k.

Proof. Suppose otherwise let us assume ¢t > 2k. Let C denote the cycle vvs .. .
vv1. Since G is Cg‘é’iﬂ—free t is even and vertices v;_3 and v;_o have no
common neighbors in G[V(G) \ V(C)]. On the other hand, since every edge
is in a K, there is a vertex v; adjacent to both v;_3 and v;_o. Let us denote
c:=t—2k.

In this paragraph, we show that c—1 <[ < 2k —4. Consider the following
two cycles of consecutive lengths vpviq ... vi_3v and vpvpyq ... V_3V_2Up.
One of them has an odd length, thus we have t — 2 — ¢ + 1 < 2k since
G is %% -free. Consider the following two cycles of consecutive lengths
VpUp_1 - . . V1V V1 V—2V—30p and vpUs_q . .. V1004—10p—2ve. One of them has
an odd length, thus we have £ + 4 < 2k since G is C"dfkﬂ—free. Thus, we have
c—1<1<2k—4.

There is no ¢ such that v; is adjacent with v;_; and v;4; is adjacent with
v1. Since otherwise, the following cycle has an odd length greater than 2k,

V1V2 ... 0jV4—10t—2 ... Vij4+10V7.

Note that, since v;_1, v1 € T and from maximality of ¢, we have N (v1), N (vs—1)
C V(C). Since G is C2%1 | ~free and t > 2k +2 we have N (v) NN T (vy—1) =0

where Nt (v;_1) denotes the following set {v;11 : v; € N(vs_1)}.

)
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There is no ¢ such that both [ < i <[+ ¢ — 2 and vyv; is an edge of G.
Since otherwise, one of the following cycles is an odd cycle longer than 2k,

V10V2 ... VV4_2VUt_3...0;V1 O V1V2...VV4_3Vt_4 ...V;V1.
Thus, we have
N(v1) N {viga, ..., Vige—s} = 0.

Similarly, there is no ¢ such that | < i < [+ c and v;_qv; is an edge of G.
Since otherwise, one of the following cycles is an odd cycle longer than 2k,

Vg 1VU1 -« . VU2V 3 - . . VjUp_1 OF Vp_1ViU] - .. VU3V 4 - - . VjV4_1.
Thus, we have
N (v_1) N {viga, - ve3} = 0.
Recall we have N(v1) N Nt (v;—1) = 0, hence, we get
IN(v)] < [({v1, 02,y v204e} \ N (0-1)) \ {vig2, -+ Oe-3}
<2k+c—(k+3)—(c—4) <i(G),
a contradiction. 0

From Claims 1 and 2, GG contains a 2-connected block of size z < 2k.
After contracting the block to a vertex we get a C"‘é‘iﬂ—free graphonn—xz+1

vertices. By the convexity of a binomial function (T) and induction hypothesis,
we see that GG contains at most 2”,;11 (ZTk) cliques of size r and equality is
achieved if and only if G is a connected graph and every maximal 2-connected

component of GG is isomorphic to Koy. O
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