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Abstract

A family F on ground set [n] := {1, 2, ..., n} is maximal k-wise intersecting if every
collection of at most k sets in F has non-empty intersection, and no other set can be
added to F while maintaining this property. In 1974, Erd6s and Kleitman asked for the
minimum size of a maximal k-wise intersecting family. We answer their question for
k = 3 and sufficiently large n. We show that the unique minimum family is obtained
by partitioning the ground set [n] into two sets A and B with almost equal sizes and
taking the family consisting of all the proper supersets of A and of B.

Keywords Intersecting - Set-system - Maximal - Saturation

Mathematics Subject Classification 05D05 - Extremal set theory

1 Introduction

A central topic in extremal set theory is intersection properties of families of finite
sets. This topic began with classical results of Erd6s, Ko and Rado [14] determining
the maximum size of an intersecting family of subsets of an n-element set, for both
arbitrary subsets and for subsets of a given size.

A family F of sets is maximal (or saturated) with respect to some property if it satisfies
the property, but no family properly containing JF satisfies the property. The problem
of finding the smallest object which is maximal with respect to some property has an
extensive literature. In the setting of graphs the topic was initiated by Erd6s, Hajnal
and Moon [15], who determined the minimum number of edges in a maximal n-vertex
graph not containing a clique of size k (see [16] for an extensive survey on graph
saturation). For set systems consisting of sets of a fixed size r, Erd6s and Lovasz [12]
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suggested the problem of finding a maximal intersecting family of minimum size. For
this problem, the best known lower bound of 3r was proved by Dow, Drake, Fiiredi
and Larson [7], and the best known upper bound of r2 /24 5r 4+o(r) (whenr —lisa
prime power) is due to Boros, Fiiredi and Kahn [5]. Kahn [22] conjectured that O () is
an upper bound. Other properties for which saturation results have been obtained for
set systems include the k-Sperner [18], equal disjoint union free [8], VC-dimension
at most k [17] and k-matching free [6] properties.

In this paper we study a natural saturation problem concerning an intersection
property. To state the problem we need to introduce some notation. For a positive
integer n, denote by [n] the set {1, 2, ..., n}. Given a set S, we write 25 for the power
set of S, which is the family of all subsets of S. For F C 2] et F = {FC¢:F eF}
where F¢ denotes [n] \ F. We use the notation FAG for the symmetric difference
(F\G)U (G \ F) of two set families F and G.

We say that a family F C 20" is maximal k-wise intersecting if the intersection
of every collection of at most k sets in F is non-empty, and no set from 2! \ F can
be added to F while preserving this property. In the case k = 2, it is well-known that
every maximal 2-wise intersecting family has the same size, namely 2" ~!. For k > 3,
an old question of Erdés and Kleitman [13] from 1974 asks for the size of the smallest
maximal k-wise intersecting family. We answer this question for the case k = 3 and
n sufficiently large.

We now present our construction, which we call a balanced pair of linked cubes. A
balanced pair of linked cubes is a set family of the form {A : S C A C [n]}U{B : §¢ C
B C [n]} for some S C [n] with |S| = |n/2]. It is not hard to check that a balanced
pair of linked cubes is a maximal 3-wise intersecting family of size 21/2) 4-217/21 _3,

Our main result is that for sufficiently large n, the smallest maximal 3-wise
intersecting families are balanced pairs of linked cubes.

Theorem 1.1 If F is a maximal 3-wise intersecting family of minimum size on ground
set [n], where n is sufficiently large, then F is a balanced pair of linked cubes.

Remark The even case of Theorem 1.1 was first proved by the third, fourth, sixth and
seventh authors [20]. In [4], the first, second and fifth authors used the method of [20]
together with some new ideas to establish the odd case. The present paper provides a
unified treatment of both cases.

A key ingredient in the proof of Theorem 1.1 is the following stability result, which
shows that a maximal 3-wise intersecting family of size at most (1 + o(1) (22 +
217/21) must be close in structure to a balanced pair of linked cubes.

Theorem 1.2 For every ¢ > 0 there exists § > 0 such that, if F is a maximal 3-wise
intersecting family on [n] of size | F| < (148)(2U/ +21/21) \vhere n is sufficiently
large, then there exists a balanced pair of linked cubes Fo such that | FAFy| < e21/2],

Organization and Notation The rest of the paper is organized as follows. In Sect.2
we prove Theorem 1.2, in Sect.3 we deduce Theorem 1.1 from Theorem 1.2 using a
perturbation argument, and in Sect. 4 we discuss maximal k-wise intersecting families
when k > 4.
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We use standard asymptotic notation throughout. For functions f = f(n) and
g =g(m) wewrite f =o0(g), f < g,org> ftomean f/g — 0asn — oo. All
asymptotics are as n — 00.

2 Proof of Theorem 1.2
2.1 Proof Overview

In the proof of Theorem 1.2, we find it more convenient to work with F.

Definition A balanced pair of cubes on [n] is a set system of the form {A: A C
SYU{B: B C S¢}, where S C [n] with |S| = L%J. More generally, a balanced series
of k cubes on [n], denoted by F;, , is a set system of the form Ule {A: A C Si},
where Sy, ..., S is a partition of [n] with | 7| < |S;| <[] for eachi € [k].

We also need the following key concepts, whose relevance will be revealed in
Lemma 2.1 below.

Definition A set system H C 2" is a (1 — &)-k-generator for [n] if all but at most
€2" subsets of [n] can be expressed as a union of at most & disjoint sets of H.

Definition Given a set system H C 21, denote by dp(7{) the number of disjoint pairs
in H,ie.,dp(H) = |{{A,B}: A,BeH, ANB ={}|.

The following lemma is central to the proof of Theorem 1.2.

Lemma 2.1 If F is a maximal 3-wise intersecting family on [n], then
dp(F) = 2" — | 7.

Moreover; if | F| < €2, then F is a (1 — &)-2-generator for [n].

Proof Let F¢ := 21\ F, then |F¢| = 2" — |F|. For every A € F¢, there exist
B,C € Fsuchthat BN C C A€, since F is a maximal 3-wise intersecting family.
Notice that F is upward closed, i.e.,if F € Fand F C F’ C [n], then F' € F. Thus,
we may select these sets B, C € F sothat A = BNC and BUC = [n], which means
B¢ N C¢ = @. This (not necessarily unique) choice of B and C defines an injective
map from F¢ into disjoint pairs of sets in F (where ¢ is mapped to {@, #}). Therefore,

dp(F) = |F| =2" — | F].
Now assume that | F| < ¢2". Since |F¢| = 2" — |F| > (1 — £)2" and every setin F*¢
can be expressed as a union of at most two disjoint sets of 7, F is a (1 — ¢)-2-generator

for [n]. O

The following result together with Lemma 2.1 immediately implies Theorem 1.2.
We will prove it in Sect.2.3.
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Theorem 2.2 For every &' > 0, there exists § = §(¢') > 0 such that for sufficiently
largen, if H C 2[5 q (1—05)-2-generator for [n]with |H| < (1 +8)(2ln/21 4 2[n/21y,
then there exists a balanced pair of cubes F,, 5 such that |HAF, 2| < g21n/2],

Remark Theorem 2.2 for n even was first proved by Ellis and Sudakov [9, Proposition
9]. Our proof of Theorem 2.2 uses their method.

Proof of Theorem 1.2 assuming Theorem 2.2 Let ¢ > 0 and n be a sufficiently large
integer. Let § = §(¢) > 0 be obtained from Theorem 2.2. Let F be a maximal 3-wise
intersecting family on [n] of size |F| < (1 + 8)(2U*/2 4 2["/21) then |F| < 827,
when 7 is sufficiently large. Since | F| = |F| < 82", F is a (1 — 8)-2-generator for
[#] by Lemma 2.1.

Applying Theorem 2.2 to H := F, we conclude that there exists a balanced pair of
cubes F; 2 with |]:" AFn2l < e2n/2l, Taking the complements of the sets in F and
Fn,2 yields the desired result. O

Lemma 2.1 also leads to another classic question posed by Erdés [11]: How many
disjoint pairs of sets can there be in a set system of given size? A lower bound comes
from F;, x, a balanced series of k cubes, ie. Fpp = U;i_{A : A C §;}, where
S1, ..., Sk is a partition of [n] with L%J < |§;| < {;{—11 for each i € [k]. With the
additional assumption that k divides n, it is easy to see that | F;, | = k2"/% — 2k + 1
and dp(Fnx) > (1 — 1/k)(‘}-5~"|). Solving a conjecture of Daykin and Erdés [19],
Alon and Frankl [1] proved that 7, x has asymptotically the maximum number of
disjoint pairs, given its size.

Theorem 2.3 (Alon—Frankl) For every positive integer k, there exists 8 = B(k) > 0
such that, if H is a set system on [n] of size m := |H| > 20/¢+D+&n sypere & > 0,

then
1 m 2—/382
dP(H)S(l—%><2)+O<m ).

We strengthen Theorem 2.3 by proving a stability result, showing families with
close to (1 — 1) () disjoint pairs must resemble a balanced series of k cubes.

Theorem 2.4 For every ¢ > 0 and integer k > 2, there exists an n > 0 such that for
every sufficiently large n, if a set system H on [n] of size m := |H| > (1 — n)k2"/k
has at least (1 — % —n) ’”72 disjoint pairs, then k divides n, and there exists a balanced
series of k cubes Fy ; with |HAF, ;| < e2l/k,

The proof of Theorem 2.4, given in Sect. 2.2, borrows some ideas of Alon and Frankl
[1], and Alon, Das, Glebov and Sudakov [2]. The even case of Theorem 2.2 can be
deduced from Theorem 2.4 as follows.

Proof of Theorem 2.2 for even n assuming Theorem 2.4 Let n be as given by Theo-
rem 2.4 for k = 2 and ¢ > 0, and let § = n2. Let ' O 'H such that |H/| =
(1 + 8)2*2/2 | and every element of H’ \ H has size greater than n/2. This is
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possible because n is large and the number of sets of size greater than n/2 is nearly
2"=1 Since H' © H and H is a (1 — §)-2-generator for [n], we have

|H'| +dp(H) > |H| 4 dp(H) = (1 — 8)2".

Hence dp(H') > (1 — 8)2" — (1 4 8)27+2/2 > (1 — 28)2" for n sufficiently large.
On the other hand,

1 |H/|2 1 2An+1 2 3\~n n
E—n > < E—n 1+n)2 =(1-=3n"=2n")2" < (1 =36)2".

It follows that dp(H’) > (1/2 — n)|H’|?/2, and the hypotheses of Theorem 2.4 are
satisfied for H’. Theorem 2.4 gives a balanced pair of cubes F, » with |H'AF, »| <
£2"/2. By the second property of H’, H’\ H is disjoint from F,, ». Hence, |HAF, 2| <
|H AF 0| < 212,

Before starting the proofs of Theorems 2.2 and 2.4, we introduce the so-called
disjointness graph, which is the main object that we analyze in Sects.2.2 and 2.3.

Definition For a set system H, the disjointness graph Gy is the graph with vertex
set H and edge set {{A, B} € H: AN B = {}}. For two (not necessarily disjoint) set
families H1, H>, the disjointness bipartite graph G, 14, is the bipartite graph with
classes (H1, H2), where there is an edge between A € H; and B € H; if and only if
ANB=4.

2.2 Proof of Theorem 2.4

The heart of the proof of Theorem 2.4 is the following lemma, which shows that the
disjointness graph of a large family has only few cliques of size k 4+ 1. This lemma
essentially appears in [1]. For completeness, we include its proof here.

Lemma 2.5 For every ¢ > 0, y > 0 and integer k > 2, and sufficiently large integer
n, if H is a set system on [n] of size m = |H| > 2/&+tD+em pop G contains at
most y (k'jl) copies of Ky11.

We denote by K, () the complete r-partite graph with parts of size t. The following
proposition is standard and follows from a result of Erdés [10] by a simple averaging
argument (see for instance [2, Proposition 3.2]).

Proposition 2.6 For integers r > 2, t > 1 and any real y > 0, there exists 5y ¢ =
8 6, t,y) > 0, such that if m is sufficiently large and G is a graph on m vertices
with at least y (') copies of Ky, then G contains at least 8y (") copies of K. (1).

We will use a probabilistic argument to derive Lemma 2.5 from Proposition 2.6.
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Proofof Lemma 2.5 Let t = {%] + k. Select t sets Ay, ..., Ay € H independently
uniformly at random, with repetitions allowed. The probability that |A; U Ao U --- U

Al < k"? is bounded above by

Y Pr[AicSi=1....]<2" (2”/<’<+1>/m)t <m*,

S<(n]
[S|=Ln/(k+1)]

since m > 2/ +D+en where 2 estimates the number of choices of S, and S has
2ln/tk+1)] many subsets, each could be chosen as A;, if they are in H.

Let A = (Ay, Az, ..., Ax+1);) be a random sample (chosen independently uni-
formly at random, allowing repetition) of (k 4 1)t vertices of G1y. It follows from the
discussion above that the probability that [A;_1),41 U A—1yr42 U--- U Ay < k"?
for some i € [k + 1]is at most (k + 1)m~¥. On the other hand, if our random sample
A gives a copy of K41)(¢) with {Ai—1);+1, ..., A;;} being the i-th vertex class for
everyi € [k+1],then AjU---UA;, ..., Ags41U- - -UA 1) are k41 disjoint subsets
of [n]. Hence, in this case, we must have |A;_1)41 U A1y U - U A;| < k"?
for some i € [k + 1]. Moreover, the probability that our random sample gives such a
copy of Kj1(t) is precisely

m~ Dk 4+ D) # copies of Kiy1 () in Gy

Therefore, the number of copies of Ky1(t) in G is at most

mk+Di—k m

————— <5 gk + 1,1,

ki = 0260 V)((k + 1)t>
for m sufficiently large. Hence, by Proposition 2.6, G4 has at most y (kﬁl) copies of
Ki+1. This completes the proof of Lemma 2.5. O

We will make use of the following theorem of Balogh, Bushaw, Collares, Liu,
Morris and Sharifzadeh [3, Theorem1.2].

Theorem 2.7 For every m, k,t € N, the following holds. Suppose G is graph on m
vertices with at most % (e(G) +t— (1 - %) m72> copies of Kiy1. Then there is a

partition of the vertex set of G as V(G) = ViU Vo U - - U Vi with Zle e(Vy) <t

We also use the following well-known estimate on the size of a set system in terms
of the binary entropy function.

Lemma 2.8 Let F be a set system on [n]. Denote by p; the fraction of sets in F that
contain i. Then

|F| < 2Xi=1hpi)
where h(p) = —plog, p — (1 — p)log, (1 — p) is the binary entropy function.
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We are now ready to prove Theorem 2.4. The proof closely follows the approach
from [2].

Proof of Theorem 2.4 Let H be a family of subsets of [n] such that m := |H| > (1 —
o(1)k2"* and dp(H) > (1 — 1/k — o(1)) ’%2 By Lemma 2.5, G3; contains at most
o(m**1y copies of Ky 1. Thus, applying Theorem 2.7 with r = o(m?), we conclude
that Gy has a k-partite subgraph with (1 — 1/k — 0(1))’”72 edges. In order to contain
this many edges, it is clear that the vertex classes must all have size (1 — o(1))m/k >
(1 = o(1))2"/ k. Furthermore, again by the edge density, all but at most o(m) vertices
must have atleast (1 —1/k —o(1))m neighbors. Thus, we may take a k-partite subgraph
G of Gy consisting of parts of size at least (1 — 0(1))2"/% such that each vertex has
at least (1 — 1/k — o(1))k2"/* neighbors, and thus at least (1 — 0(1))2"/ neighbors
in every other class.

Let ¢ > 0 be a sufficiently small constant with respect to k. Let H, Ho, ..., Hi be
the sets from H corresponding to the k color classes of G, respectively. By the above
discussion,

IHi| > (1 — &)2"* forall i € [k]. (1)

We will construct a balanced series of k cubes containing Ule ‘H,;. To do this we begin
with a partition of the ground set [n] into 2k + 1 disjoint sets: Ay, By, ..., A, B, R.
For i € [k], let A; and B; be the set of those elements of [n] \ U’J-;ll(Aj U B))
occurring in more than ¢|H;| members of H; and between 1 and ¢|H;| members of
H;, respectively. Let R be the set of remaining elements of [n].

By the definition of the partition, if for some i € [k] we have x € B;, then there is
aset F € H; such that x € F. It follows from the density properties of G discussed
above that for j # i, x is not contained in at least (1 — &)|H ;| members of H;. If
x € A;, then for j # i, x does not appear in any member of H ;, since each member
of H; is disjoint from at least (1 — &)|’H; | members of H;.

It follows thatno set F' € H; has vertices from U’j_:ll A j. Furthermore, each element

x € Uj‘:l Bj is contained in at most |’H; | sets in ;. Using Lemma 2.8 we have
IH;| < 2|AI|+h(5)(Z_,’5i \B_j\)'

We thus get

k
2)’!7% < (1 _ 8)/{2}1 < 1_[ |H[| < zzie[k](‘Ai|+h(8)(k—i+l)\B,‘D
i=1

— = IRI= ey (I=h(e) =i+ DBl . < pn=IRI=3 Ticp 1Bil

where in the first equality we used the fact that n = |R| + Zie[k](|Ai| + | B;]), and
the last inequality holds since 1 — h(g)k > 3/4 for ¢ sufficiently small with respect
to k. This implies that R = B; = --- = By = ¥. As H; € 24iYBi by the definition
of A; and B;, we have that |H;| < 2!4il¥1Bil = 2l4il Together with the lower bound
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|Hi| = (1 — &)2"/% from (1), we must have |A;| > (n — 1)/k, and so |A;| > n/k.
Since Zie[k] |Ai| = n, we in fact have |A;| = n/k for all i € [k]. It follows that the
family Ule ‘H; is contained in the balanced series of k cubes Ay, ..., Ax. Since H
contains at most £|’H| members not in Uf:l 'H;, the proof is complete. O

2.3 Proof of Theorem 2.2

Before stating the proof of Theorem 2.2, we need some preparation.

Definition Given set systems H1, H> and a bipartite subgraph B € G1, with bipar-
tition (&X', ), we say B (and sometimes we say E(B)) generates H, if every H € Hj
can be expressed as a disjoint union of some X € X and Y € ), i.e.,every H € H»
corresponds to an edge of B.

Definition For a set system H and i € [n], let H; := {H € H : i ¢ H} be the
subfamily of H, consisting of sets not containing i and Hlf" ={H\{i}:i € H € H}.
Note that |1, | + [H; | = [HI.

We will use the following result by Ellis and Sudakov [9].

Lemma 2.9 ( [9, Proposition 18]) Let ¢ > 0. Then, for every set family H C 2" with
|H| > c2"/?, the disjointness graph Gy can be made bipartite by deleting at most
o(IH|?) edges.

We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. We have already proved the even case of Theorem 2.2, hence
from now on we assume that n = 2¢ 4 1 is a sufficiently large odd integer. O

Let & > & > & > 0 be sufficiently small. Suppose that H < 2"l is a (1 — 6)-2-
generator for [n] with |H| < (14 8)(2U/2 42M"/21) = 3(1 4 §)2¢. Then, the number
of ways to choose at most two disjoint sets (whose unions are all different) from H is
at least (1 — 8§)2", by the definition of a (1 — 8)-2-generator. Hence, |H|> > (1 —§)2",
implying

IHl = V1—6-2"2,
Moreover, let G be the disjointness graph of H, then
L+ |H| + e(Go) = (1 —8)2",
which implies that
e(Go) > (1 —8)2*F1 301 +8)2¢ — 1.
We conclude that G has edge-density

e(Go) _ (1=8)2%*H -3 +8)2°—1 455
(IEKI) - 9(1 + §)222t-1 =91 +6)2
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where the last inequality comes from 3(1 +8)2¢ + 1 < §22¢~!. Applying Lemma 2.9
to H with ¢ = +/1 — §, we conclude that one can delete at most

o(IH|?) = 0(2*T)

edges from G and obtain a bipartite graph G = (X, )) with X U Y = H. Note that
G generates all but at most

822 1 1 | H| 4 02T
subsets of [n].
Since |H| < 3(1 +8)2° = 0(2***!) and § <« ¢, G generates all but at most £2¢+!
subsets of [n]. In particular,
e(G) > (1 — )22t+1, )
Let o := |X'|/2¢ and B := |V|/2%. Since |X| + || = |H| < 3(1 + 8)2¢, we have

a+ B <3(1+9). 3)

Therefore, we have
9 2
aﬂsz(1+5) . 4)

Since 2%t = |X||Y| = e(G) > (1—¢)2**! wealsohave af > 2—2¢. Combining
with (3), we get

1-3e<a,B <2+ 3¢, 5)

where we use € > §.
Let

Xijzi={i €n]:|1X| = 1X1/3)  and Vijz:={i €[n]: |1V = [VI/3).
(6)

Letting A := &7/3 and B := )3, we will show that A, B forms an equipartition of
[n], and that X and ) are not too far from 24 and 28, respectively, thereby proving
Theorem 2.2. We will achieve this goal step by step via the following lemma and a
series of claims.

Lemma 2.10 It cannot happen that all the following equations hold at the same time:

1X], 1V = 3/2—o(1))2°, X1, 1V = (1 —o(1))2" and
X711V, = (1 —o(1))2¢ 7
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Proof Suppose for a contradiction that (7) holds. Since all but at most £2" = 2¢ - 2"~!
sets in [n] can be expressed as a union of at most two disjoint sets in H, we have
H,, = &, UY, is a (1 — 2¢)-2-generator for [n — 1]. By the assumption that (7)
holds, |H, | = 2 — o(1))2¢ = 2 — 0(1))20"=D/2 As | F_y o = 2-200=D/2 1,
we can apply the even case of Theorem 2.2 to H,, and conclude that there exists an
equipartition S1 US> = [n— 1] such thateach of X", ), contains at least (1 — o(1))2¢
sets in 251,252 . Defined :={F e X : FNS =W,V :={(FeY:FNS =0
Note that i, = X, N 25 and V; = Y, N 252, We have [U, |, |V, | = (1 —o(1))2¢,
implying

X\ Uy |1V \ V=029 ®)
Now we prove that

XA\ US Y\ VT =02,
In fact, forevery X € X,;F\U,", wehave XNS, # ¢ by the definition of I/, thus X U{n}
is disjoint from at most 2¢~! subsets of S5. Since Vi \ 2% = Vo \V, | = 0(29),
the set X U {n} is disjoint from at most 2¢~! 4 0(2°) sets in ). Similarly, for every
Y € Y7\ V}, the set Y U {n} is disjoint from at most 2°~! + 0(2°) sets in X Let e,
be the number of edges XY € E(G) suchthatn € X UY. Since G generates all but at

most £2" subsets of [n], at least 226 — 2" = (1 — 2£)22¢ sets containing n correspond
to edges of G, which implies that

en > (1 —26)2% = (1 —0(1))2%.

Let ¢ := |UF|/| X, ] and 6 := [V,}|/|V,F|, then ¢, 6 € [0, 1]. Combining with (7),
we have

en = IV T+ 16\ U 1 (2571 4+0@5) + VI T+ 19\ v (257! +029)
=1 —o())2* 1 + (1 - $)(1 — 0(1))2%2
+0(1—0(1)227 4+ (1 - 6)(1 - 0(1))2272
=Q2+4¢+6—o(1)2%72,

Hence,
(1—0(1)2% <, <2+ ¢ +6 —o(1)) 2272,
which implies that ¢, 8 = 1 — o(1). Therefore, | X" \ U} | = o(|X;]|) = 0(2°), and
VE\ V| =0V = 0(2%), as desired.
Now we have

XU+ VAV =13\ Uy T+ 18N\ U T+ 1Y\ Y T+ 1D\ V=009,
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For a set F € H, notice that F € (X \ YY) U (Y \ V) if and only if F € X satisfies
FNS, # @or F € YVsatisfies FNS| # #.For S € S,if SU{n} € X,then S € X} by
definition. Hence, there are atleast 2!51 — | X F| = 26 —(1—0(1))2¢7! = (1+0(1))2¢!
sets S C S satisfying S U {n} ¢ X. Similarly, there are at least (1 + 0(1))2¢~! sets
S’ C S, satisfying S’"U{n} ¢ ). Thus, there are at least (1 +0(1))2%-2 sets of the form
SUS U{n} C [n] satisfying S C S1, SU{n} ¢ X and S’ C S, §'U{n} ¢ V. Denote
the family of sets of this form by S. Since G generates all but at most 2" subsets of
[n], atleast (1 +0(1))2%72 — 22+ = (1 —0(1))2%¢~2 sets in S correspond to edges
of G.If F € S can be expressed as a disjoint union of X € X and Y € ), then either
XNS, # BorYNS| # @, implying that either X or Y isin (X' \U)U(YV\V). Hence, the
number of choices for F is at most 0(2%)|H| < 0(2%) -3(1+8)2¢ <« (1 —o0(1))2%2,
a contradiction. O

Claim2.11 AU B = [n].

Proof Suppose for a contradiction that A U B # [n]. We may assume without loss of
generality thatn ¢ A U B.

Let x := |X,7|/|X| and y := |V;}|/|V], then x, y < 1/3 by the definitions of A
and B. Recalling that e, > (1 — 28)22@ is the number of disjoint pairs X € X, Y € Y
suchthatn € X UY, we have

(1=26)2% < ey < [NV |+ 1V F 10X = 151 (101 = 15 + 111X = 14,H)
= xa2t(B2¢ — yp2Y) + yB2t (@2t — xa2%) = (x + y — 2xy)ap2%.
©)

Define the function f(x,y) ;= x +y —2xy.On 0 < x,y < 1/3, the function
f(x, y) attains its maximum value 4/9, when x = y = 1/3. Combining with (9), we
have

1—2¢ < f(x,y)aB < gaﬁ.

Recalling that @ + 8 < 3(1 + §) by (3), we then get

Additionally, @f < 2(1 + 8) by (4), implying that 1 — 2¢ < f(x,y)ap < 2(1 +
82 f(x,y),s0

1
——3¢<x,y<
3 E<x,y=<

[SSAIE

In summary, we have
X1 1Y = G/2— o2, X1 1¥F =1 —o1)2"" and
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12,71 1Y, | = (1= o(1))2",
where ¢ = o(1). Therefore, Claim 2.11 follows from Lemma 2.10. m]
Claim2.12 AN B =4.

Proof Suppose for a contradiction that A N B # ). We may assume without loss of
generality thatn € AN B. Let x := | X |/|X| and y := |V;F|/|V], thenx,y > 1/3
by the definitions of A and B. Notice that

2 —26)2* <e(G) < [X|IYV] = X711V, = (1 = xy)ap2®.
Hence,
8
2—-2e < (1l —xy)ap < §(¥,3.
Recalling that @ 4+ 8 < 3(1 4 §) by (3), we then get
3 3

Additionally, ¢ < %(1 +8)? by (4), implying that 2 — 2e < (1 — xy)af < %(1 +
8)2(1 — xy), so

W | =

In summary, we have

XLV = (3/2 =012, XLV, 1= (1 —o1)2" and
171, 1V 1= (1 —o(1))25,

where again ¢ = o(1). By Lemma 2.10, we have completed the proof of Claim 2.12.
O

By Claims 2.11 and 2.12, we now know that A U B is a partition of [n]. It remains
to show that A U B is in fact an equipartition of [#] and &', ) are close to 24 2B,
respectively. The following observation is simple but will be useful hereafter.

Observation 2.13 IfF € X'\ 24, then F has at most 2|Y)|/3 neighbors in Y. Similarly,
if F € Y\ 28, then F has at most 2|X|/3 neighbors in X.

Proof By symmetry, it suffices to prove the first part. Suppose F € X \ 24, then there
exists i € [n] such that i € F N B. By the definition of B = Y3 (see (6)), there
are at least |))|/3 sets in ) containing i, which therefore have non-empty intersection
with F. By the definition of G, we conclude that F has at most |Y| —|Y|/3 = 2|)Y|/3
neighbors in Y, as desired. O
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Claim 2.14 We have |X N 24| > (2/3 — 3¢)|X| and |Y N 28| > (2/3 — 39)|)).
Additionally, [n] = A U B is an equipartition.

Proof Let 6 := xn2d) and ¢ := M. By Observation 2.13 and (4), we have

[ X VI
2 2+6
2 —26)2% <e(G) < |AN2A - |V + X\ 2] - FVI= Taﬁzze
2
L 2th 9(1+5)222‘5.

= 3 4
Hence 232 . 3(1 + 8)? > 2 — 2¢, which implies that 6 > 2/3 — 3¢, as desired.

Similarly, we can prove ¢ > 2/3 — 3e¢.
If |[A| < £ — 1, then

X N24] |24 261 ¢
= < <= - (1-28)2"
&

A
| X]
0 o6 —2/3-3

a contradiction to (5), so we have |A| > €. Similarly, we have |B| > £. Therefore,
[n] = A U B is an equipartition. O

According to Claim 2.14, we can assume from now on that |A| = £ and |B| = £+ 1.
We claim that

3 3
< — 4 8¢, > — —Te, 10
ot_2+8 /3_2 £ (10)

which are better bounds for «, 8 than (5). Notice that we only need to show 8 >
3/2—Teg,asa+ B < 3(1+6) will then imply ¢ < 3(1+6) — B < 3/2+ 8¢. Suppose
that 8 =3/2 — y withsome y > 0, then o« < 3/2 + 35 4+ y since o + 8 < 3(1 4 §)
by (3). By (2) and Observation 2.13, we have

2
(2 —26)2% < e(G) < X N24| Y|+ X\ 24 - FVI= X N2411Y|

2
+ (121 =10 n24)) - S
2

= 1|2m2f‘|+2|2(| V| < : 20+
T \3 3 - \3 3

E+35+y 2t E—y 2t < 2+38—1y 2%
2 2 = 3 ’

which implies that 2 — 2e < 2 + 3§ — y /3. Therefore, y < 7e.
The final three claims show that X’ and ) are not too far from 24 and 22 respectively.

Claim 2.15 (i) |24\ X| < 24&2°.
(i) 1Y\ 28| < (Ve +3e)2"
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Proof Let
D = min{]28\ Y|, ¥\ 28]},

then D < |V \ 28] < (1/3 + 3¢)|)| < 2|)|/3 by Claim 2.14. Define )’ from ) by
adding D sets in 28 \ ) and deleting D sets in Y\ 28. Thus, || = |V| < (24 3¢)2¢
by (5). Note that X and )’ are not necessarily disjoint. Let G| = Gy y. If D =
128\ Y| < |¥\ 28], then 28 C Y and [V \ 28] = Y| —2F1 < 2204 f
D = |Y\28 <28\ Y|, then )’ € 28 and |)’ \ 28| = 0. In both cases, we have
1V'N28] >y n2%| and

1V \ 28| < 26201, 1)

We now compare e(G1) and e(G). Every deleted Y € ) \ 25 has at most 2|X|/3
neighbors in X by Observation 2.13. On the other hand, every added § € 28 \ ) is
disjoint from every set in 24 N X, thus has at least |24 N X| > (2/3 —3¢)|X| neighbors
in & by Claim 2.14. Therefore, by (3),

e(G) —e(G) = D <§IX| - @ —38> IXI) = %Iyl - 3e|X|

9
= 2eaB2?" < 2¢- riles 8§)22%t < 3221,
which, with (2), implies that
e(G1) > e(G) — 3271 > (1 — )22+ — 3622641 = (1 — 4¢)2%0H,
Similarly, we define another bipartite graph G». Let
C = min{]24 \ X|, |X \ 24]}.

Define &’ from X by adding C sets in 24 \ X and deleting C sets in X’ \ 24. Thus,
|X'| = |X] > (1 —3¢)2¢ by (5). Note that X’ and )’ are not necessarily disjoint. Let
Gy =Gy y . IfC =24\ X| < |X\24|,then24 C X" and |X'N24| = 24| = 2%;
if C =X\ 24 < |24\ X[, then &’ € 24 and |X' N 24| = |X7| = (1 — 3¢)2%.
In both cases, we have |X' N 2A| > (1 — 3¢)2¢. We now compare ¢(G3) and e(G1).
Every deleted X € X \ 24 intersects B, thus has at most 2¢ neighbors in 28. By (11),
X has at most 2e2¢+1 neighbors in )’ \ 2B thus has at most 1+ 48)26 in ). On the

other hand, every added S € 24 \ & is disjoint from every set in 28 N, thus has at
least

2PNV =1V -1V \ 2% = 3/2-7e)2" — 2)2""" = (3/2 — 11¢)2°

neighbors by (10) and (11). Therefore,
e(Gy) > e(G)) + C (% —1le—(1 +4s)> 20 > (1 —4e)2¥t 4 C (% - 158> 2t (12)
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If |X'| < 2¢, then by (3), we have that e(G2) < |X7||V'| < |X'|(3(1 +8)2¢ — |&))
attains its maximum value (1 + 38)2%! when |X’| = 2° If |X’| > 2¢, then let
|X'| = (1 + y)2¢ for some y > 0. Since |X'| + || = |X| + Y| < 3(1 + 8)2¢
by (3), we have |)'| < (2 4 38 — y)2¢. Recalling |Y'| = |Y| = (3/2 — Te)2¢
by (10), we have y < 1/2 + 7¢ + 38. By the definition of X”’, we have X’ D 24, so
|\ 24] = |X7| — |24 = p2% Every X € X'\ 24 intersects B, thus has at most 2¢
neighbors in )’ N 28 50 it has at most 1+ 422)2‘Z neighbors in )’ by (11). Therefore,
e(Gp) < |X\241(1 +4e)2¢ + 12" N2411)| < 281 +4e)2t + 282 + 35 — )2t

3
= (1 +2ey + 55) 226+1 < (1 4 1.016)226H1,

In both cases, we have
e(Go) < (1 +1.01)2% 1, (13)
Combining (2), (12) and (13), we conclude that

e(G1) — e(G) < e(Ga) — e(G) < (1 + 1.01)2%F! — (1 — )22+ < 322041,

(14)
Now we prove (i). By (12) and (13), we have
5.01
< 27F g+l <910t (15)
1/2 — 15¢

soif C = |24\ X/, then we are done. Assume C = |X \ 24|. Then, by (5) and (15),
we have

24\ X =24 - 24 n x| =241 — (x| \ 24)
<20 — (1 —36)2" 4 212" = 242,

as desired.
For (ii), we show that it suffices to prove

D < /&2 (16)

Indeed, if D = |)\ 2B |, then we are done. Assume D = |ZB \ V|. Then, by (5), we
have

VA28 =1y -2 nY| =
VI = (28] = 128\ V) < 2 +36)2" = 22H 4 /62" = (Ve +3¢) 2,

as desired.
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Now suppose for a contradiction that D > /g2¢. We claim that there exists some
Y € Y\2% having at least 2| X'| /3—8./¢2¢ neighbors in X'. Otherwise, recall that every
SeY\YcC 2B \Yhasatleast (2/3 —3¢)|X| neighborsin X and | X'| < (3/2~|—88)2£
by (10). Then,

¢(G1) — e(G) = D ((g - 3e> x| — (@ _ ww))

9
> Je (Sﬁ -6 2452> 226 5 3220+

a contradiction to (14). Fix some ¥ € )\ 28 having at least 2| X'| /3 —8./¢2¢ neighbors
in X. Note that there exists i € [rn] such thati € ¥ N A. We may assume without loss
of generality that i = n. By the definition of G, at most |X| — (2|X|/3 — 8,/e2%) =
(1/340(1))|X| sets in X contain n, i.e., | X;|/|X| < 1/3 4+ 0(1). On the other hand,
since |24 \ X'| < 24¢2¢ by (i), at least 2671 — 24¢2¢ = (1 — 0(1))2¢! subsets of A
containing 7 are contained in X, so |X;F| > (1 — 0(1))2¢~! and hence |X'| > (3/2 —
0(1))2¢. Recalling that | X'| < (3/2 4+ 0(1))2¢ by (10), we have |X| = (3/2 —o0(1))2¢,
which then implies that | X | = (1 — 0(1))2°~! and |Y| = (3/2 — 0(1))2°. By the
definition of B, we have |yn+ /1Y < 1/3,since n € A. Recall (9), where we have
nowx,y <1/34+o(l)and e, B <3/2+ o(1). We gety = 1/3 4+ o(1) and hence
IVF1 = (1 — o(1)2°7!. Therefore, |X,7|, |V, | = (1 — o(1))2¢. Again, by
Lemma 2.10, we obtain a contradiction and complete the proof of Claim 2.15. O

Claim 2.16 |28\ V| < 6,/22°.

Proof Forevery e € E(G), call e bad if e has an endpointin )\ 28 and good otherwise.
By Claim 2.15 (ii) and (10), G has at most

Y\ 281X < (Ve +3e) 28 - (3/2 + 8e) 2° < 2/e2* (17)

bad edges.

Fix ' € 28\ )V and choose a set F C [n] of the form F = S U §’, where S C A.

If F corresponds to a good edge of G, assume that F = X UY with X e X, Y €
yn28. xny = g. By the assumption that S’ € 25 \YandY € YN 28 we
have Y # S’ and hence Y C §’. Hence, X N B # §, so X € X\ 24. Furthermore,
XNA=S,

which implies that S is determined by X.

By (10) and Claim 2.15 (i), we have

1A\ 24 = |X] = |x N 24
=X = (124 = 22\ X)) < (3/2 + 88)2¢ — (1 — 246)2° = (1/2 + 32¢)2°.
Hence, for every fixed S’ € 2B \ Y, there are at most (1/2 + 328)2E sets F of the
form F = SUS, where § C A, corresponding to good edges of G. There are

26128\ Y| sets of the form S U S’ with S € A, S’ € 28\ Y in total, so there are at
least [28 \ V|(2¢ — (1/2 4 32¢)2¢) sets of the form SU §’ with S € A, ' € 28\ Y

@ Springer



Combinatorica (2023) 43:1045-1066 1061

that correspond to bad edges of G or do not correspond to edges of G. Recalling that
‘His a (1 — ¢)-2-generator for [n] and using (17), we have

12\ V| (2@ — (1/2 + 32¢) 2‘) <262 + 62" = (2 + 2¢) 2%

Therefore, we get |28 \ V| < 6./£2°. m]
Claim 2.17 |X' \ 24| < 7./e2°.

Proof By Claims 2.15 (i) and 2.16, we have

3(1+8)2° = [H| = [X|+|V|
=12\ 24+ (124 = 22\ 1) 10\ 281 (1271128 \ )
> X\ 24 4+ (1 —246)28 + 2 — 6/2)2¢ =
|X\ 24 4328 — (64/€ + 246)2°,

implying | X \ 24| < 7./e2°%. O

By Claim 2.14, [n] = AU B is an equipartition. By Claims 2.15,2.16 and 2.17, we
have

IHAQ2A U28)| < (14E + 27¢)2¢ < £2°,

completing the proof of Theorem 2.2.

3 Proof of Theorem 1.1

In this section, we will employ a perturbation argument to deduce Theorem 1.1 from
Theorem 1.2. Let n be a sufficiently large integer and F be a maximal 3-wise inter-
secting family on [n] of size at most 21/2) 4-21"/21 _3 LetH := F = {F° : F € F)
and fix some ¢ € (0, 1/4). By Theorem 1.2, there exists S C [n] of size [n/2] such
that 7o := {A: A C S}U{B : B C 5} satisfies |[HAFy| < 27/,

Recall that H is downward closed since F is upward closed, so € H. We first prove
that S ¢ H = F. Suppose for a contradiction that S € F. Since |[HAFy| < e2/2),
among the 2["/21 subsets of S¢, there exists some A C S¢ such that both A and §¢\ A
are contained in H. However, this would imply that S¢, A¢, (S \ A) = SU A are in
F.As SN AN (SUA) = ¢, this contradicts that F is a 3-wise intersecting family.
It can be proved similarly that S¢ ¢ H.

We work with the following partition H = H; U Hy U H3 U {#}, where

Hi={AeH:WCACS), Ho:={BeH:9C BCSY), Hs:=H\F.

Claim 3.1 21"\ (F U Fo)| < [Hi|[Ha| + [Ha| - e217/2),
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Proof If A ¢ F, then as stated in the proof of Lemma 2.1, there exist B, C € H such
that A = B U C with B N C = . There exists a pair {B, C} such that

g({B,C}) :==min{|B\ S| +|C\ S, |B\ SV+[C\ S|}

attains its minimum value over all such choices of B and C. Therefore, we can define
an injection f on 2"\ (F U 25 U 25°) by mapping A to a pair of sets {B, C} in H,
which has minimum g({B, C}) given A = BUC and BN C = {. Since ¥ € H,
S, §¢ ¢ ‘H and H is downward closed, we have that f(A) = {B, C} must be one of
the following two types: |{B,C} N'Hi| = {B,C}NHy| = 1; {B,C} N'H3| = 1.
The number of pairs { B, C} satisfying |{B, C} N'H | = |{B, C} N'Hy| = 1 is at most
|H1||Hz], so it suffices to prove that if f(A) = {B, C} with B € H3, then there are at
most 21"/2) choices for C.

Suppose B =X UY,whered # X C S,0 #Y C S°. Then, g({B, C}) > 0 and
Y € H,since Y € B € H and H is downward closed. There are three possibilities
for C.

(1) C C S: Define B := XUC,C’ := Y,then BUC' = BUC = A. Since
g({B’,C'}) =0 < g({B,C}) and C' = Y € H, we have that B’ ¢ H by the
definition of f. Note that B = X U C is determined by C, so the number of
choices for C C § is at most |25 \ H|.

(2) C C S¢: Similarly, the number of choices for C is at most |25¢ \ H|.

(3) C € 'H \ Fp: The number of choices for such C is at most |H \ Fo].

In summary, the number of choices for C is at most
125\ H|+ 125\ H| + [H\ Fol = [HAF| < 21"/,

as desired. O

Claim 3.2 |H;||Hz| + [H3| - e2/2 < 2n/2) —2)(2["/21 —2). Equality holds if and
onlyif Hy ={A: 0 CACSLH,={B:WC BC S%Vand H3 = 0.

Proof Define the function ¢(x1, x2, x3) := x1x2 + x3 - £217/21 on the domain

D= {(x1,x2,x3) € R : (1 —)2"/2) < xy <22 2 (1 — )22 < xy < 2M/21
=2, x3>0, x1 +xp 4+ x3 <221 4 2[n/21 _ gy

Let (x1, x2, x3) be a point in D, which achieves the maximum value of ¢(x1, x2, x3)
over D. If x3 > 0, then we have 2l"/2 — 2 — x| > x3/2, in which case we let
(x], x5, x5) = (x1 4+ x3/2, x2, x3/2), or 2["/21 —2 — x; > x3/2, in which case we let
(x1, x5, x5) = (x1, x2 + x3/2, x3/2). Then we have (x{, x5, x3) € D, and

o (x}, x5, x5) — @(x1, x2, x3) > % : ((1 — el g 2“”“) >0,
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a contradiction. Hence, x3 = 0. Therefore, the maximum value of ¢(x1, x3, X3) over
D is (221 — 2)(2M/21 — 2), which is achieved only when (x1, x2, x3) = (2*/2 —
2,221 2 0).

Note that min{|H; |, |H2|} = 2/ — | Fo\ H| = 21/2) | Fo AH| > (1 —¢&)2l7/2]
and [Hy|+|Hal +|H3| = [H|—1 < 21%/20 42121 4 thus (|Hy |, |Hal, [H3)) € D.
Therefore, we have

|H1 [ Ha| + [Ha| - 622 < /2 — 2y /21 — 2),

where equality holds if and only if H1 = {A: W C A C S}, Ho ={B: ¥ C B C S}
and H3 = 0. O

By Claims 3.1 and 3.2, we have

o — /2 4 oIn/21 )
—|F| < |2[n] \ (FUFy)| < (an/2J _ 2)(2["/21 - =2"_2. oln/2] o /21 4 g

which implies that | F| > 21%/2] 4 2"/21 _ 3 By our assumption that | F| < 217/2] 4
2Mn/21 _ 3, equality has to hold in Claim 3.2. Hence, we have H = Fy \ {S, S},
which means that F is a balanced pair of linked cubes. This completes our proof of
Theorem 1.1.

4 The Case Whenk > 4

Denote by f (n, k) the minimum possible size of a maximal k-wise intersecting family
on [n]. For the case when k > 4, we remark that our method also gives the following
general bounds for f(n, k).

Proposition 4.1 For every k > 4 there exist positive constants cy and dy, such that for
every positive integer n, we have

Ck * 2”/(k_1) < f(n’ k) < dk . 2"/“{/21

Proof The proof of Lemma 2.1 easily generalizes to give a lower bound for f(n, k).

Indeed, there is an injective map from F° to F’ k=1 such thateachset A € F¢ is sent
toa (k — 1)-tuple (By, B2, ..., Bxy—1) of setsin F with BiN B, N --- N By = A°.

This observation immediately leads to the lower bound.

The linked cubes construction also generalizes. In more detail, suppose that £ divides
n, and let S, S2, ..., S¢ be a partition of [n] such that |S;| = n/€ for each i. Let
Fi={A:[n]\Si € AC[n]},andlet F = F1UF, U---UF,. For any set G of
2¢ — 1 elements of F, there is an i such that |G N F;| < 1. The sets in G — F; all
contain S;, and the set in G N F; contains at least one element of S;, which element
is in every set of G. Hence, G is (2¢ — 1)-wise intersecting. On the other hand, if
A ¢ F, then either A is missing elements from two distinct sets S;, or A is missing
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all of the elements from some S;. In either case, it is easy to find a non-intersecting
(2¢ — 1)-tuple of elements in F U {A}.

For the case when £ is even, let 7’ be the maximal (k — 1)-intersecting family on
[n — 1] constructed as in the previous paragraph. Then the family 7 = {AU{n} : A €
F'}YU {[n — 1]} is a maximal k-wise intersecting family.

These constructions give the upper bound. O

Very recently, Janzer [21] showed that the lower bound in Proposition 4.1 is the
correct order of magnitude of f(n, k), by constructing a maximal k-wise intersecting
family of size 0 (2"/*~D) for every k > 3 and n. Note that in the special case k = 3,
Theorem 1.1 matches Janzer’s [21] construction.

Assume that 7 is sufficiently large. Let 7 be a maximal k-wise intersecting family
on [n] with minimum size. Similarly to the case k = 3, one can show that Fisa
(1 — &)-(k — 1)-generator for [n], where ¢ = o(1). A modification of the method in
this paper could be used to determine the structure of F,if |]:' \ Fn.k—1| was small.
However, Janzer [21] showed that |]:' \ Fn.k—1| cannot be small.

Theorem 4.2 ([21, Lemma 1.2]) For everyk > 4 andd > 0, there existc = c(k,d) >
Oandng = no(k, d) > 0such that the following holds whenn > ng. Let S{U- - -U S _1
be a partition of [n], where "5 —d < |Si| < 5 +d for everyi € [k — 1]. Let
Fo=25U---U2%1 Forevery set system F C 2" with |F \ Fo| < ¢ - 2%/ =D,
F cannot be maximal k-wise intersecting.

Combining our method with Theorem 4.2, we obtain the following result.

Proposition 4.3 For every k > 4, there exists ¢ = c(k) > 0 such that
Fo ) = (1 +0lFaml = (40 (= D277 =k +2),

when n is divisible by k — 1.

Therefore, a maximal k-wise intersecting family of minimum size will necessarily have
amore complex structure when k > 4. It is worth mentioning that the exact value of the
upper bound on Janzer’s construction [21] is (k — 1253/ =) _ (g — 2)(2"’1 -1,
which is about 2873| F;, _1].
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