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Abstract

We investigate the effect of the well-known Mycielski construction on the Shannon ca-
pacity of graphs and on one of its most prominent upper bounds, the (complementary)
Lovasz theta number. We prove that if the Shannon capacity of a graph, the distinguisha-
bility graph of a noisy channel, is attained by some finite power, then its Mycielskian has
strictly larger Shannon capacity than the graph itself. For the complementary Lovasz
theta function we show that its value on the Mycielskian of a graph is completely de-
termined by its value on the original graph, a phenomenon similar to the one discovered
for the fractional chromatic number by Larsen, Propp and Ullman. We also consider the
possibility of generalizing our results on the Sperner capacity of directed graphs and on
the generalized Mycielsky construction. Possible connections with what Zuiddam calls
the asymptotic spectrum of graphs are discussed as well.
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1 Introduction

The zero-error capacity of a noisy channel was introduced by Shannon [26] who showed
that it can be expressed as an asymptotic parameter of a graph G. If G is the distin-
guishability graph of a noisy channel, that is, its vertex set is the input alphabet of the
channel and two letters form an edge if they cannot result in the same output letter, then
the maximum number of pairwise ditinguishable input letters is equal to w(G), the clique
number of graph GG. The distinguishability relation is extended to sequences of letters by
the OR-product of graphs which is defined as follows.

Definition 1. For two graphs F' and G their OR-product F - G is defined by
V(F-G)=V(F)xV(Q)

and

E(F : G) = {{(fag)a (f/ag/)} : f?f/ € V(F)ag7gl € V(G)7
{f./'} € E(F) or {g,9'} € E(G)}.
The t" OR-power Gt of a graph G is the t-fold OR-product of G with itself.

Since two sequences of length ¢ consisting of the input letters cannot result in the same
output sequence exactly if in at least one coordinate they cannot result in the same output
letter, the maximum number of pairwise distinguishable sequences of length ¢ is given by
w(G"). Thus the (logarithmic) zero-error capacity of the channel with distinguishability
graph G is cor(G) := limy_,o 7 log, w(G"). Tt is somewhat more convenient for our dis-
cussion if we do not have to normalize all our bounds by taking the logarithm, so we will
use the non-logarithmic version.

Definition 2. The (non-logarithmic) Shannon OR-capacity of graph G is defined by

Cor(G) := lim v/w(G?).

’ t—o0

It is easy to see that for every graph G and any fixed k we have {/w(GF) < Cor(G). This
relation already implies the well-known fact that the above limit always exists by Fekete’s
Lemma. We remark that Shannon [26] used a complementary language when defining
graph capacity, modelling the channel by its confusability graph which is just the com-
plement of the distinguishability graph. The above definition is, however, more adequate
for our discussion, just as it is the case in Chapter 11 of the book [5]. Nevertheless, we
use the “OR” subscript in the above definition to signify this difference.

It is easy to show that Shannon OR-capacity satisfies
w(G) < Cor(G) < X(G),
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where x(G) denotes the chromatic number of the graph.

Thus if x(G) = w(G), then Cor(G) also shares their value. The smallest graph for
which x(G) > w(G) is Cj, the cycle of length 5. Shannon [26] has shown that its capacity
value is at least v/5 by presenting a clique of size 5 in its second OR-power (though in
a complementary language, as remarked above). The matching upper bound was proven
only more than two decades later by Lovasz [18] as a first application of his ¥-number
introduced in [I§]. The value of Shannon OR-capacity is still unkonwn for longer odd
cycles and their complements.

It is well-known that the gap between x(G) and w(G) can be arbitrarily large and one
of the best-known constructions producing a sequence of graphs with that gap going to
infinity is due to Myecielski [20]. This construction works iteratively. For any graph G it
produces a graph M (G), called its Mycielskian, with the property that w(M(G)) = w(G)
while x(M(G)) = x(G) + 1.

Definition 3. Let G be a simple graph. Its Mycielskian M(G) is defined on the vertex
set

V(M(G)) =V(G) x {0,1} U {zme }
with edge set

B(M(G)) = {{(v,0)(w,1)} : {v.w} € E(G),i € {0,1}} U{{zara (v, )} : v € V(G)}.

Note that Cs is isomorphic to M (K3), where K, is the complete graph on n vertices.

In this paper we investigate the effect of the Mycielski construction on the value of Shan-
non OR-capacity and on one of its most prominent upper bounds, the complementary
Lovasz theta number. For the former we will prove the following theorem.

Theorem 1. If G is a graph that attains its Shannon capacity in finite length, i.e., there
exists some positive integer k for which Cor(G) = /w(GF), then

OOR(M(G)) > OOR(G)

Larsen, Propp and Ullman [I6] proved the notable fact that the fractional chromatic
number x (M (G)) of the Mycielskian of a graph G is determined by the value of the
fractional chromatic number of the original graph. In fact, they showed the validity of

the neat formula ]

Xr(M(G)) = xs(G) + @)

For the definition and basic properties of the fractional chromatic number we refer to
[24]. Here we only note that x;(G) is also an upper bound of Cogr(G) that satisfies
X7(G) < x(G), similarly to the complementary Lovasz theta number J(G) (which actually

also satisfies ¥(G) < x(G) for every graph G as proven by Lovész [18]) that we will
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introduce in the next section. Our main result on the latter will be that J(M(G)) is also
determined by the value of J(G). Although more complicated than in case of the fractional
chromatic number, we also provide a formula giving this dependence. In particular, we
will prove the following statement.

Theorem 2. For every nonempty graph G

9 (M(G)) = %5(6’) cos (%arccos (1 — 452(;) + 4@3(7(;))) — éE(G) + 1.

Remark 1. [t is worth noting the case V(G) = 3 which gives us a simple expression, for
example, for G = K3 we get

I(M(K3)) = 4cos <2§)

The paper is organized as follows. In the next two sections we give the proof of Theorem
and Theorem [2| respectively. In Section [4] we discuss some further related problems, in
particular about Sperner capacity and about the so-called generalized Mycielski construc-
tion. We also elaborate on the question whether our Theorem [2l may have anything to do
with the complementary Lovasz theta number belonging to what Zuiddam [36] calls the
asymptotic spectrum of graphs. The paper is concluded with some open problems.

2 Shannon capacity of the Mycielskian

The main observation needed for proving Theorem [1] is the following Lemma.

Lemma 3. There is a clique of size n™ in [M(K,) \ {zmk,)}]" every vertex of which
has a coordinate belonging to the set V(K ) {1}.

Proof. Let the vertices of K, be 0,1,...,n — 1. Consider the set B, :=
{(0,0), (1,0),...,(n—1,0)}", that is the set of all sequences of length n formed by vertices

of the V(K,) x {O} part in our graph M(K,). Clearly, these sequences form a complete
subgraph in [M (K,)]"™.

Define BY’ C B, for all j € {0,...,n — 1} as follows:
BY = {(x1,0)(22,0) ... (z,,0) € B, sz =j (mod n)}.

Then let BY) = {(x1,1)(%2,0) ... (2,,0) : (z1,0) ... (zn,0) € B} and in general

BY = {(21,0) ... (2;,0) (211, 1)(2;42,0) ... (2,,,0) : (21,0) ... (x,,0) € BY}.
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Furthermore, we let
B, =BYu...uBrb.

We claim that B, induces a clique of size n" in [M (Kn)]" Indeed, if
(£1,0) ... (i1, 1) oo (20, 0) € BY (41,0) .. (grg11) ... (yn,0) € B for h # r (that
is, the coordinates where we “lifted” the corresponding entry of two sequences from
V( n) x {0} to V(K,) x {1} are different), then the two new sequences are adjacent in
the same coordinate where they were adjacent before the “lifting”. If, on the other hand,
we consider two sequences from the same subset BY’ like (21,0) ... (xj41,1) ... (z4,0)
and (y1,0)...(yj+1,1) ... (yn,0), then there must be some i # j + 1 where z; # y; and
therefore these two sequences are also adjacent in [M(K,)]"™. The latter is true because
the sequences (21,0) ... (2j11,0) ... (21,0), (41,0) ... (4j+1,0) ... (yn, 0) € BY must have
at least two coordinates where they differ, otherwise we could not have Y ", z; = > " | y;
(mod n). So even if one of these two coordinates was the (j+1)™ (and thus (z;41,1) and
(yj+1,1) are not adjacent any more), the two sequences will still be adjacent because of
the other coordinate where they differed.

So B, induces a clique of size n™ in [M(K,)]" and the sequences forming the vertices in
it all have a “lifted” coordinate, that is one representing a vertex in the V((K,) x {1}
part of the vertex set of M(K,,). This completes the proof of the Lemma. [

Note that the above lemma has the following immediate consequence, a special case of

Theorem [I, which may be of some interest on its own right.

Corollary 4. For the complete graph K, on n vertices we have
Cor(M(K,)) > Vn"+1>n.

Proof. Consider the clique of size n™ in [M(K,) \ {zm(x,)}|" whose existence is shown
in Lemma |3, Since all the sequences that are vertices of this clique contain a coordinate
from V(K ) {1} = N(2m(k,)) (where N(v) stands for the neighborhood of vertex v),
the all-zj1(k,) sequence of length n is adjacent to all vertices of this clique in [M (K,)]".
So adding this sequence to our clique of size n™ we obtain a clique with n™ + 1 vertices,
thus showing w([M (K,)]") > n™+1. This implies Cor(M(K,)) > /n" + 1 as stated. O

We remark that for n = 2 this gives Cor(Cs) = Cor(M(K>)) > /5, which is exactly
Shannon’s lower bound for the capacity of the 5-cycle that Lovasz [I8] proved to be tight.

To complete the proof of Theorem [I| the following simple lemma will be useful.
Lemma 5. For every graph G and positive integer t we have
M(G') C [M(G)]".

Proof. Using the notation v = vjvy...v; € V(G") the following function ¢ is an embed-
ding of M(G") into [M(G)]*:



@ : (v, h) = (v, h)(ve, h) ... (v, h) for h € {0,1},
while zy(r) is mapped to the sequence of length ¢ given by zuq) - - . 2m(e) € [V(M(G))]*.

It is straightforward to check that the image ¢(V(M(G"))) of V(M(G")) induces a sub-
graph isomorphic to M(G') in [M(G)]*. O

Proof of Theorem . Let G be a graph with Cor(G) = {/w(GF) = /N where k > 1 is
a positive integer and N = w(G*). Since Ky C G*, we also have M (Ky) C M(G*) C
[M(G)]*, where the last relation is by Lemma |5l This further implies

[M(EN)Y C [M(GM)]Y € [M(G)]*,
so by the proof of Corollary 4] we can write
NY +1 < w([M(EN)]Y) < w([M(GO)Y) < w([M(G)]M).
The latter implies
Cor(M(G)) > "N/w([M(G)]FN) > "Y/NN +1 > VN = Cor(G)

completing the proof. [

Remark 2. We note that although the above lower bound is tight for M(Ks) = Cs, we
have no reason to believe that it would be tight in general. In fact, for Cor(M(Cs)) it
gives the lower bound N/5° + 1 ~ 2.23614, and for this specific graph the somewhat larger
lower bound /28 ~ 2.30036 is proven in [28].

3 Complementary Lovasz ¥-number of the Myciel-
skian

Definition 4. An orthonormal representation of a simple graph G on vertex set V =
{1,...,n} assigns to each i € V a unit vector u; € R? (for some appropriate positive
integer d) such that (u;,u;) = 0, whenever ij ¢ E(G). An orthonormal representation of
the complementary graph s called a dual orthonormal representation.

Definition 5. The complementary Lovdsz ¥-number of a graph G is
— 1
H(G) := mi —_—
(6) = minmax s,

where the minimum is taken over all dual orthonormal representations {u; : i € V} C R?
of G and all unit vectors ¢ € R%. (The dimension d is also chosen so that the minimal
value could be attained.)



In the proof of Theorem [2{ we will use some equivalent definitons of ¥J. First we recall
the definition of the invariant called strict vector chromatic number that was defined and
shown to be equivalent to the complementary Lovasz ¥-number in [14]EL for the proof of
equivalence see also [19].

Definition 6. ([I4]) A strict vector t-coloring of graph G in R? assigns to eachi € V(G)
a unit vector u; € R? such that (u;,u;) = whenever ij € E(G). The strict vector
chromatic number of a graph G is

__1
=1
Xo(G) :=min{t € R : G admits a strict vector ¢-coloring for some positive integer d}.

Theorem 6. ([14])

J(G) = x.(G)
for every graph G.

To give another known expression of J(G) we need the following notions.

Definition 7. Let A € R"*™ and let Sp(A) denote the set of eigenvalues of the matriz A.
Furthermore, let Amax(A) and Amin(A) be the mazimal and minimal elements in Sp(A),
respectively.

The following formula for J(G) is given as Theorem 6 in [I8], see also in Proposition 11.9
of [19].

Theorem 7. (Lovész [18]) For every graph G

)\max (T)

J(G) =1 + max —= 2
©) B ()]

where T € R™" ranges over all symmetric nonzero matrices with T;; = 0 for ij ¢ E(G).

Note that since we deal with simple graphs only, we will always have T;; = 0 for the
matrices feasible for Theorem[7] This implies that the trace, that is the sum of eigenvalues
of these matrices is equal to 0. This implies that the smallest eigenvalue )\, of the matrix
attaining the maximum above is always negative.

We will need the following well-known theorem from linear algebra (cf. e.g. Section 6.2
in [25]).

1Ihe authors of [14] mention in their paper that the equality of the strict vector chromatic number
and J(G) was proven “with the help of Eva Tardos and David Williamson”.



Theorem 8. Let A be a real symmetric matrixz. Then A is orthogonally diagonalizable,
that is, A = PAPT, where A = diag(\1,...,\,) is a real diagonal matriz having the
eigenvalues of A in its main diagonal and the ith coulumn of P is a unit length eigenvector
corresponding to the eigenvalue \;. In this case the eigenvectors give an orthonormal basis

of R™.

In the proof of Theorem [2| we will have to find the solutions of a cubic equation, therefore
the following well-known formula will be useful for us (see e.g. in [34]).

Theorem 9. Given the cubic equation ax® + bx? + cx +d = 0 let

B 3ac — b?

p: 322

2b3 — 9abce + 27ad
27a3
Then the solutions of the equation can be written as

/ 1 2rk b
T =2 —gcos (garccos <;>_]q) —;) — %) ~ 3. where k= 0,1, 2.

Proof of Theorem[J. First we show the upper bound, i.e. the inequality

q:=

<

4 1 27 27 1—
M <= = 1—-—= - = 1. 1
(M(@)) < 319(G) cos <3arccos ( e + 4@2(6*))) 319(G) + (1)
Let V(G) ={1,....,n} , t := x»(G) and let {v; : i € V} C R? be an optimal strict vector

t-coloring of GG, where v; = (vm v(d)). Now we construct a strict vector coloring of

i 0 Y

M(G) in R*!. Let the axis of the last coordinate be the z-axis.

In our strict vector coloring of M(G) let us assign to each (¢,0) € V(M(G)) the vector

(1) (d)

vf = (aw; /..., an;” x) € R where the appropriate non-negative real values of o and

x are to be chosen later. Similarly, we assign to each “twin” vertex (i,1) the vector
uf = (BUZO), ...,51}2@, —y) € R where the appropriate non-negative real values of j3
and y are also to be chosen later. Finally, the vector e := (0,0, ...,0,1) € R¥*! is assigned
to zumq) € V(M(G)). (See Figure (1 for an illustration.)

We have to verify that z,y,a, can be chosen so that the system of the vectors
{vf, .., vk ul, .. ul e} gives a strict vector coloring for M(G). This means that these
vectors should satisfy the following conditions for some parameter ¢:

1. For every i, |[vf| = |uf| = 1.

2. If ij € E(G), then (v}, v;) = — 7

i Y] -1



3. If ij € E(G), then (v}, u}) = —=L.
4. For all i, (u},e) = —ﬁ-

If these conditions are satisfied then the given system of vectors forms a strict vector
t-coloring.

Figure 1: The location of the vectors of our strict vector i-coloring of M (G) in R4+, Tt
may be instructive to think about the special case of G = K, with the optimal strict vector
coloring consisting of the two vectors being 1-dimensional with their unique coordinate
being equal to —1 and 1, respectively. Then the five vectors on the picture are in R2
giving an optimal strict vector coloring of M(Ks) = C5 if the values of «, (5, x,y are
chosen appropriately. In the more general case when G has several vertices, we can think
about this picture so, that the two dotted lines represent d-dimensional hyperplanes. The
one defined by z = x contains all the vectors assigned to vertices (i,0) and the one defined
by z = —y contains all the vectors assigned to the “twin” vertices (i,1). (Note that y is
considered to be a non-negative value, so in the picture it means the distance from the
origin.)



The two equations in 1. give us

d A\ 2 d A\ 2
1= vf]* = Z (avz(])) + 2% = o? Z (v?) + 2% = o® + 27,
: pu

Jj=1

d N\ 2 d N\ 2
1:hm2:§:(&ﬁv +fz#¢§2@$» +y? =B+

J=1 Jj=1

The second condition and the fact that the vectors v; gave a strict vector t-coloring of G
give that for ij € E(G) we have

d
1

) = 3 Y 4 = ) 4ot = Lt
B k=1

Furthermore, for ij € F(G) the third condition gives

d
1 oo k), (k 1
— = (v}, u}) = Zaﬁvg )v]( ) _ay=———aB —ay.
o1 £ t—1
Finally, it is straightforward from the fourth condition that —== = (uj,e) = —y. To

summarize, we have obtained the following system of equations:

;

ol +rt=1
Byt =1
1 1
——a? -2 =
t—=1 t—1 (2)
1 e 1
—Q TY — =
F 1 YT
1

This system of equations provides a solution for ¢ that depends only on t. After calculation
that is presented in Appendix 1, we arrive to the following cubic equation.

Bt =3+ (32—t + (—t* + 52 -3t —1) = 0. (3)

According to the formula presented in Theorem [9] this equation has three solutions that
can be given as

- 4 1 27 27 2mk 1
ty = §t Ccos <§arccos (1 T + 4_t2) - %) - §t +1 fork=0,1,2. (4)



Since ¥ is monotone in the sense that F C F' = J(F) < 9(F'), G C M(G) implies
I(G) < I(M(G)). Hence if for some solution £ of the above equation we have ¢ < 9(G)
then ¢ cannot be an upper bound on J(M(G)) and thus it cannot be the value of a strict
vector coloring of M(G). The case of J(G) = 1 is trivial since w(G) < ¥(G), therefore G
is an empty graph or a graph without edges. If G does not have any edge and it is not an
empty graph, then M (G) is a star graph with isolated vertices so ¥(M(G)) = 2. Hence
we can assume that 2 < 9(G).

We need to show that among the above three solutions of our cubic equation only %,
is relevant for us. We can actually show that for & = 1,2 we have {, < 1 and the
above observations already imply that this fact makes those solutions uninteresting for
us. Details of this calculation are given in Appendix 2. So we are interested only in x
that is what we obtain by substituting k£ = 0.

Substituting £ = 0 we obtain the expression on the right hand side of , thus the claimed
upper bound is proven.

Now we have to show the reverse inequality, that is

4— 1 27 27 1- —_
gﬁ(G) Cos <§arccos (1 — ) + 452(6*))) - gﬁ(G) +1 <9 (M(QA)). (5)

The left hand side here in is a function of ¢+ = YJ(G) that we will denote by m(t).
To prove we will use Theorem . Let ¢ := U(G) and assume that T € R™" is a
matrix obtaining the maximum in said theorem for graph G, that is, T is a symmetric
matrix with 7;; = 0 for ij ¢ E(G) such that t = 1 + Amax(T) - Tot Ap > Ag > . >\,

)‘min(T)|
be the eigenvalues of T" and let the corresponding orthonormal system of eigenvectors

be {v1,..,v,}. We look for the optimizing matrix 7 € R®"+Dx2+1) for M(G) in the
following form. We consider two parameters (that are taken as variables for the moment)
0 and 7 and write the matrix T in the following form (where Ogy, stands for a k x £,
meaning k rows and £ columns, all-0 submatrix).

[T ot Onx
T = ﬁT Onxcn (t —1)/nu
O1xn (L — 1)\/ﬁv1T 0

We can see that this matrix satisfies the conditions in Theorem [7| for M (G), so if we can
choose 0 and 7 so that the right hand side of the formula in Theorem [7] becomes equal to
the left hand side of that proves the required lower bound.
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Now we define some auxiliary matrices, a 3 x 3 one denoted T} and n — 1 smaller, 2 x 2

matrices that will be T, ..., T,,. They are given as
Ty:=| t—1 0 (t—1)yn| and T;:= |l lo"] for 2 <i < n.
0 (t—1)yn 0 An]

The following lemma, which was inspired by the proof of Theorem 3.1 in [3], will be useful.

Lemma 10.

Proof. Since T is a symmetric matrix we can write it in the form A = PAPT according
to Theorem [8) where P = [v]...|v,] and A = diag()\y, ..., A,). Moreover, every v; is a
unit vector and they are pairwise orthogonal. Now we use the main idea of the proof of
Theorem 3.1 in [3] for writing our matrix 7" in the following form.

mT Mln‘T (o o PAPT P |PAPT (I
ﬁT Onscn (t—1)/mui | = MPAPT O (t—1)/mui| =
O1xn  (t—1)y/mv) 0 015 (t —1)/mv) 0

P 00 M‘HA et Onx1 PT 0 0

0 PO MA Onxn (t—1)y/nP v 0 PT 0

0 0 1 O1xn (t—l)\/ﬁvIP 0 0 0 1

Since v, is a unit vector and it is orthogonal to all other eigenvectors, v{ P = (1,0,...,0) "
and PTv; = (1,0,...,0). Hence

[P oo 0] [pyA A Opx1 PT 0 0
T=|0 P 0| |pgA Onxn ((t—1)ym,0,.,0)| | 0 PT 0
0 0 1] [0 ((t—1)y7,0,..,0)7 0 0 0 1
The spectra of
)
. |A1nA WA Onx1
A= A Onsen ((t —1)/7,0, .., 0)

Oren  ((t—1)/7,0,..,0)7

is identical to the spectra of T because P is an orthonormal matrix.

So we need to prove
n

Sp(A) = |Jsp(T).

=1
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We can write A — pl in the following form.

Note that the exchanging of two rows or two columns does not change the 0 value of a
determinant and thus it leaves the roots of the characteristic polynomial unchanged. To
obtain a more convenient version of A for seeing the roots of its characteristic polynomial
we move its (n + 1)™ row to become the second row and move the (n + 1)
become the second column. Similarly, we move the (2n + 1)™ row to become the third
row and the (2n + 1)™ column to become the third column. (We do this so that the "

row /column becomes the (i 4+ 2)"! when i ¢ {1,n +1,2n + 1}.)

The resulting matrix then looks like this:

B — M 0 0 Mln‘)\l 0 0 0
[
0 Az 0 0 \fnﬂ? 0 0
0 0 M‘S—MA” — 0 0 ﬁ)\n 0
M 0 0 — 0 0 |(t-1)ym

0 W 0 0 —p 0 0

0 0 B 0 0 — 0
I 0 0 0 t—1)m O 0 —

th

M‘il)\l L ﬁ)\l 0 0 0
ﬁkl — (t—=1)ym|0 0
0 (t—1)/7n — 0 0
0 0 0
: : : M,
i 0 0 0 |
where
- . )
pple—n 0 O e 0 0
0 m)\g 1% 0 0 |/\n|/\3 0
N 5 . . 12
M, — 10 0 | 0 0 A
T 0 0 — 0 0
0 Mln'Ag 0 0 —1 0
0 0 ﬁxn 0 0 —1

12
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Let

M= | poM —u =1y,

Since the matrix obtained from A — pl with row and column order changes is block
diagonal with blocks M; and M, we have det(A — puI) = (—1)*det(M;)det(My) for some
appropriate positive integer s that has no effect on the equation when both sides are zero.
This already shows Sp(7}) € Sp(A). Now we manipulate further M, to get a similar
product for det(M,). To this end we move the n'™ row of M, (this is the one starting

with ‘)\%')\2) to become the second row and the n'" column (also starting with |/\1—n‘)\2) to

become the second column. This results in the following matrix

. :
mf\g — M ﬁ)\g 0 0
m)\g —u 0 0
0 0 ,
: M,
L0 0 ]
Letting M3 to be the 2 x 2 block in the upper left corner and
[ s — 0 0 +Xx 0 .. 0 ]
s a8
5 1
M4 - 10 0 m)\n — U 0 m)\n
‘/\n|)\3 10 0 — I 0 0
0 |An\)‘4 0 0 — 0
I 0 0 ﬁ)\n 0 0 |

we get det(M,) = (—1)¥det(M;)det(M,) (where again, s’ is irrelevant when both sides
are equal to O) and since det(M,) is just the characteristic polynomial of T3, this shows
Sp(T3) € Sp(A). Continuing in a similar fashion until the last remaining block has also

~

size 2 x 2 we obtain U} ;Sp(7;) = Sp(A), completing the proof of the lemma. [

Observe that T} and 7,, can be written in the simpler forms 7 = (¢ — 1)77, where

o 1

1 0
0 vn

13

0
17 = vl
0



and 5
5 -1
e[ 7]
Our plan is to show that there exist some d,7,~v € R, such that )\maX(T) =7t —1)

and )\min(T) = —’ymt(t;)l_l. If these two conditions are satisfied, then m(t) =1 + &%"((TT))‘

In order to determine the appropriate 9,7, v, we need to calculate the characteristic poly-
nomials of these matrices, however, as we will see that is not quite necessary. It will be
sufficient if we determine the characteristic polynomials of 77 and 73,,

Let pi(u) = det(Ty—pl), pp(p) := det(T,,—pl). We will also use p;(p) := det (77 — ul) as
an auxiliary polynomial. The roots of p}(p) are the solutions of y®—du®—(n+1)u+nd =0
(the left hand side being just —pi(u)). These values and the solutions of p,(u) =
p? 4+ 0 — 1 = 0 will be the eigenvalues of T that we need.

t—1
! V-1

Amax(T) = 7y(t — 1), respectively. This would be enough for completing the proof, since
by Theorem [7] it would give us 9(G) > m(t), while ¥(G) < m(t) we have already shown.

We want the minimum and maximum eigenvalues of T to be Amin(f) = and

We will see that the minimum and maximum eigenvalues will be as chosen above if the
following equations are satisfied.

3. ;m <—7#)1_1> =0 py <—7ﬁ> = 0.

This means that we fix —7#)1_1 to be an eigenvalue of both 7} and T,,, while (¢t — 1)
is also an eigenvalue of 7. On the way it will also be made sure that v > 0 and that no
matrix 7; in our collection has a smaller eigenvalue than —fymt(t;)l_l, that is the absolute
value of Ay, is indeed what this value provides. By this the maximality of the othgr
eigenvalue (¢t — 1) will already be guaranteed, since otherwise we would get 1 + %

larger than m(t), which is impossible by m(t) > J(G) and Theorem .

Assume that 11 and pg are the two roots of p, (1), therefore py s = —1 and —(py4p9) = 0.

Thus fixing 5 to be equal to —7#)171 gives ji; = —=— from which we can calculate J:

m(t)—1

t—1 1

mt) — 1 7=k

0 =7

14



Now we have to make sure that the choice of ¢§ still lets the value ps = —fymt(t’)l_l being
the smallest eigenvalue of T, that is, that no eigenvalue of T; for 2 < i < n — 1 becomes

smaller than p5. So we want to guarantee Sp(7;) C [—’ymt’l

by, 00

Recall that A\ > --- > )\, are the eigenvalues of T'.
Case 1: If \; <0, then using that

i i
pwid w] _ N {—5 —1] _ A
i A n

T, =

7

An]

o

and that A\, < \; < 0 we can write Ay (7}) = )’}—:L)\min(Tn) = fy"\i 2l > yde ]
t_

1
T -1-

Case 2: Assume that \; > 0. Then we have i—n < 0 by A, <0 (for the latter cf. the

discussion after Theorem , so we can write A\pin(77) = —;\—")\maX(Tn) = _Ii_\v%
n Y w1

—&—Hﬁ =—(t— 1)7 . Thus the required inequality Apin(7T3) > Amin(7},) follows
T () —1 m(t)—1

if the following inequality holds.

t—1

—(t=1)—F 2 =1

V-1

The latter inequality will follow from (m(t) — 1)*> < ~%(t — 1) if v > 0 also holds. The
proof of these two inequalities we postpone to the final part of the proof, see Lemma
and its proof in Appendix 3.

We continue by determining the value of  and . Let puq, us, 43 be the solutions of the
p? —6p® — (n+ 1) +nd = 0 equation we obtained from p? = 0. We know that pu; = 7
1

and 3 = V=T Thus by Viete’s formulas describing the relationship of the roots and

coefficients of a polynomial, we get the following system of equations.
pafiofis = =10
pa+ g+ pz =0 (6)
e + paps + pops = —(n + 1).

From the first equation, we have py = %(m(t) — 1)nd, which gives 0 < ps if we also have
0 < nand 0 < ¢ both of which will be shown at the end of the proof. (See Lemma
and its proof in Appendix 3.) Taking this for granted now, we know that s is surely not
the minimal eigenvalue of 7. Now we substitute the above value of 1o into the second
equation and solve it for . That gives us

1 2 3 1 3
T Sm(t) - 1) (”” m<t>—1‘7>'

15



(For the last equation to make sense we will actually need the strict inequality 6 > 0. To
see that this will be satisfied we refer again to Lemma [11| and its proof in Appendix 3.)

Substituting the above expressions for ps and 7 into the third equation we obtain

1 1 1 1
2 22 _ 2 2 _
=1 T T =1 m =1 T T =12 T i =1

1 2 3 1 3
T S(m() - 1) (”” m(t) — 1 ‘”)‘1‘

We have already seen that § = th(t_)l_l -3 L, so this equation depends only on 7,
m(t)—1

and m(t). (Although m(t) is just a function of ¢, here we handle it as a parameter itself.)

The last equation can be transformed into one having a polynomial with variable ~
and coefficients depending solely on ¢t and m(t) on the left had side and 0 on the right
hand side. The details of this calculation can be found in Appendix 4. To give the
resulting equation we use the notation v := ¢ — 1 and w := —L—. What we obtain is

m(t)—1
ay* + by + ¢ = 0, where

a = — v’ + vt — v3wd 4 203wt — VP + vt — vaS,
b =vw? + 20%w? — 20%w? + v — 20w? + vw,
c=—vw—w+ 1.

Let us substitute 4 := 42 to make our equation quadratic:
ay* + by +c=0.

The discriminant D (¢, m(t)) = b* — 4ac of this quadratic equation turns out to be equal
to 0. In fact, the discriminant is equal to

(V3w® + 20*w® — 20%w? + vw® — 20w? + vw)?
—4(—v*w® + vt — P’ + 203wt — vRw? + vt — V) (—ow —w + 1) =.
VOt — 20tw® 4 dotw® — 20t + 40Pw® — 4Pw? + v’ — 20wt + VP =
vw?(vw +w — 1) (0*w® — v*w® + v*w® — vw® + 20w* — vw + w® + w? —w —1).

Hence D(t,m(t)) = 0 will follow if we have v3w? — v2w? 4+ v2w? — vw? + 2vw? — vw +w? +
w?—w—1=0.

Substituting back t—1 for v and ﬁ for w in the last equation, after some manipulation
we get the equation m(t)® + (t — 3)m(t)? + (3 — 2t — t*)m(t) + (—t* + 5> =3t — 1) = 0
which is the same as equation in the first half of the proof if we exchange m(t) to .

Since m(t) was defined as its solution for #, we know that this equation holds, therefore
we indeed have D(t,m(t)) = 0.
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Since D(t, m(t)) was the discriminant of the quadratic equation a%* + by + ¢ = 0, we now
know that this equation has a unique real solution which is the following.
. b v3w? + 20%w? — 20%w? + vw? — 2vw? + vw B
7T T T 2(—vtwd + viwt — vdwd + 203wt — V3w + 2wt — v2wd)
(m(t) = 1)*(t —m(t) + 1)*
2(t — 1)t(mf(t) = 2)(t —mf(t))

Since 4 was defined as 72, we have to check that we obtained a non-negative value for it.
Since t > 2 and m(t) > t, this will follow if we show that the last inequality is a strict
one, that is, m(t) > t. To exclude m(t) =t it is enough to observe that the value of the
left hand side of our cubic equation (3)) for m(t) = ¢ is constant —1. Therefore there does
not exist any ¢ such that t = m(t). So we obtained a meaningful solution for 4. In fact,
we also see from the formula for it, that it is strictly positive. Since we have the right
to choose the positive root of 4 to be 7, the inequality v > 0 we needed earlier is also
settled.

We still owe the proof of some inequalities we have taken for granted on the way postponing
their proof to the end. These are the following.

Lemma 11. The following inequalities are true:
1. 0 <y
(m(t)—1)* .
2. — =< v,

3. 0<9.

The proof of this Lemma is given in Appendix 3.

By the above we have completed the proof of Theorem [2| [

4 Further variants

4.1 Sperner capacity of a Mycielskian

Sperner capacity, first defined in [7], generalizes the notion of Shannon capacity to directed
graphs. It also has an operational meaning in terms of information transmission with
zero-error over a compound channel, see [21] for details.

To give the definition of Sperner capacity we have to generalize the OR-product to directed
graphs (often called simply digraphs). This is rather straightforward.
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Definition 8. For two digraphs F and G their OR-product F' - G is defined by
V(F-G)=V(F)xV(QG)
and
E(F-G)={((f,9),(f.9): f,.f €V(F), 9.9 € V(G),
(f. ) € E(F) or (9,9') € E(G)}.
The t'™ OR-power G* of a digraph G is meant to be the t-fold OR-product of G with itself.

It can be seen that the difference between Definition [1| and Definition [§| is only that
unordered pairs of vertices are exchanged to ordered ones. Note that even if both F' and
G are oriented graphs (meaning digraphs that have no cycles of length 2, that is, for no
edge its reversed edge is present), their product may contain 2-cycles. Let T, denote the
transitive tournament on n vertices, that is the oriented complete graph, whose vertices
can be labeled by 1,2,...,n so that (i,7) € E(T,) < i < j. The subdigraph of a digraph
D induced by U C V(D) will be denoted D[U]. A subdigraph isomorphic to the transitive
tournament 7T, is called a transitive clique of size m.

Definition 9. For a digraph D its symmetric clique number is defined as
wy(D) = max{|Q| : Q € V/(D),¥u,v € Q, (u,v), (v, u) € E(D)}.
The transitive clique number of D is defined as

wie D) = max{|Q] : Q € V(D), Tigy < DIQI}.

Note that we have wy(D) < wi, (D) for any digraph D. The straighforward generalization
of Shannon OR-capacity to digraphs is obtained if we consider undirected graphs as
directed ones where all edges are present in both directions, thus exchange w(G) to ws(G)
in Definition 2l This is how Sperner capacity is defined in [7]. It is not hard to see,
however, that the so defined limit remains the same if we change w,(D?) to wi (D) in
the definition. This alternative definition of Sperner capacity appears already, e.g., in [1].
For us this way of defining it is also more convenient.

Definition 10. The (non-logarithmic) Sperner capacity of the digraph D is defined by
Csp(D) := tlim  wir (D).
—00

Like in case of Shannon capacity, it is straightforward to see that {/wi,(DF) < Cgp(D)
holds for any fixed positive integer k and any digraph D, from which the existence of
the limit follows again by Fekete’s Lemma. We say that the Sperner capacity of digraph
D is attained in finite length if there exists some positive integer k for which Cs,(D) =

/w (DF).

Now we define the Mycielskian of a digraph.
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Definition 11. Let D be a digraph. Its Mycielskian M (D) is defined on the vertices
V(M(D)) = V(D) x{0,1} U{zap)}
with edge set
E(M(D)) = {((v,0)(w,i)) : (v,w) € E(G),i € {0,1}}U
{((v, )(w,0)) : (v,w) € E(G)}} U{(2ms(p), (v,1)) : v € V(D)}.

Thus the edges between the “levels” V(D) x {0} and V(D) x {1} inherit the orientation
of the corresponding edges in E(D) while all edges between the vertices in V(D) x {1}
and the vertex zp;(p) are oriented outward from zys(p). (Note that although orienting all
the edges between z);(py and its neighbors towards zj;(py would be equally natural, so
this choice is just a matter of convention, it will not alter essentially anything in what
follows. The reason is the simple observation that if we reverse all the edges of a directed
graph then its Sperner capacity does not change.)

With this definition the following extension of Theorem [I|to Sperner capacity is almost
straightforward.

Theorem 12. If D is a digraph that attains its Sperner capacity in finite length, then
Csp(M(D)) > Csp(D).
The directed generalization of Lemma |3|is the following.

Lemma 13. There is a transitive clique of size n™ in [M(T,) \ {zm(z,)}]" every vertex
of which has a coordinate belonging to the set V(T,,) x {1}.

Proof. Let the vertices of T,, be 0,1,...,n — 1 so that (i,7) € E(T,) if i < j. Define
the set B, the same way as it is done in the proof of Lemma [3} We claim that the
subdigraph induced by B, contains a transitive clique of size n™. For a vertex (x,) :=
(1, 01) (g, 1a) . . . (wn, ) With i € {0,1} Vj let s(e,4) = >0, 2. If for (x,4), (z',4) €
B, we have s(x,7) < s(a’,7') then we have the directed edge (( ,1)(x',1')) present in
(M(T,))"[B,]. This can be seen as follows. Either s(x,) = s(a’,4') (mod n) or not. In
the latter case there must exist a coordinate j where x; < . and at most one of i; and
i’ is equal to 1, therefore ((x;,14;)(27, ])) € E(M(T,)). In the former case there must be
at least two coordinates j where x; < 2/, since s(z’,4’) — s(x,4) > n in this case, while
', —x; can be at most n— 1. But one of these two coordinates will also satisfy i; = i = 0

and so ((xj,1;)(2),17)) € E(M(T,)) follows again.

Ljs
Taking into account the above, it is enough to prove that all vertices (x,%) € B, for

which s(x, %) = k for an arbitrary constant k also induce a subdigraph of [M(T,,)]" which
contains a transitive tournament on all these vertices. Note that s(x,2) = k = s(a’,4’) for
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vertices in B, implies that ¢ = ¢', thus there is a unique coordinate r for which i, = 7. = 1
while i; = i = 0 for all j # 7. The s(x,4) = s(«’,4) relation also implies that = and z’
differs at least at two coordinates, so there is some j # r where z; # 2. Now we define
an ordering of the vertices just considered for which an earlier vertex in this order always
sends an edge to the ones coming later in this order, thus the transitive tournament we
seek for is found. Put (z,%) in front of (x’,4') if for the first j # r where they differ,
x; < . Since for such a j we have i; = i; = 0 we will have ((x, %), (z',4')) € E([M(T,)]")
as we need. Note that by this rule we also do not put any three vertices into cyclic order,
that is, if (@, %) precedes («’,4') and (x’,4') precedes (x”,4") then (z,%) also precedes
(z",4"). The definition of B, also ensures that each vertex (,%) in it has a coordinate j
with 4; = 1. This completes the proof. [

The above lemma implies the following generalization of Corollary [d, which is a special
case of Theorem [12]

Corollary 14. For the transitive tournament T,, on n vertices we have
Csp(M(T,)) > Vn"+1 > n.

Proof. Consider the transitive clique of size n™ in [M(T,) \ {zm(z,)}|" whose existence
is shown in Lemma Since all the sequences that are vertices of this clique contain a
coordinate from V(T},) x {1} = Ny (2am(r,)) (where Ny (v) stands for the outneighborhood
of vertex v), the all-z(z,) sequence of length n sends an edge to all vertices of this clique
in [M(T,)]". So adding this sequence to our transitive clique of size n™ we obtain a
transitive clique with n™ + 1 vertices, thus showing w, ([M (7,,)]") > n™ + 1. This implies

Csp(M(T},)) > /n™ +1 as stated. O

Remark 3. We remark that for n = 2 M(13) is a 5-cycle with exactly one vertex having
outdegree equal to 1 while all the other four vertices have outdegree 2 or 0. This is the
unique orientation of the 5-cycle Cs having Sperner capacity strictly larger than 2 =
Csp(Ty) and, in fact, its Sperner capacity is equal to /5 = Cor(Cs). The latter is shown
in [6], cf. also [23] for a generalization. The fact, that all other orientations have Sperner
capacity 2 is already remarked in [G], for the proof of a more general theorem see [15].

Note that Lemma [5| remains true for directed graphs, so
M(D') € [M(D)]f

for all directed graphs D. (The proof is literally the same, so we omit the details.)

From here it is easy to complete the proof of Theorem [12]analogously to that of Theorem I}
(It is essentially the same argument as that proving Theorem (1| that we repeat only for
the sake of clarity and completeness.)

Proof of Theorem . Let D be a digraph with Cs,(G) = {/wi(DF) = /N where k > 1
is a positive integer and N = wy,(D¥). Since Ty C DF, we also have M (Ty) C M(D¥) C
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[M(D)]*, where the last relation is by the digraph version of Lemma [5| This further
implies
[M(Tn)]Y € [M(DF)]Y C [M(D)]*™,
so by the proof of Corollary |14 we can write
NY +1 < wee([M(Tn)]Y) < wu((M(DM)]Y) < we([M(D)]*Y).
The latter implies

Csp(M(D)) 2 "W wu([M(D)FN) = "NV 41> VN = Cs,(D)

completing the proof. [

4.2 Generalized Mycielskian

The generalized Myecielski construction was first considered by Stiebitz [30], cf. also
[10, B1] and the book [13]. Below we give the definition to directed graphs that simplifies
for undirected graphs if we disregard the orientation of the edges.

Definition 12. Let D be a digraph. Its r-level generalized Mycielskian M, (D) is defined
on the vertices
V(M(D)) = V(D) X {0, 1, e, T = 1} U {ZM,«(D)}

with edge set
E(M(D)) = {((v,0)(w,0)) : (v,w) € E(D)}U
{((v,9)(w,i+ 1)) : (v,w) € E(D),i €{0,1,...r —2}}U
{((v,i+ 1) (w,q)) : (v,w) € E(D),i€{0,1,...7r =2}} U{(2m,(p), (v, = 1)) s v € V(D)}.

Note that we get back the Mycielskian M (D) for r = 2, while M;(D) can be considered
as a copy of D with all its vertices connected to a new vertex (and all these edges oriented
towards the vertex in V(D) in the directed case). An interesting fact about the generalized
Mycielskian M,.(G) of an undirected graph is that although for several graphs G we have
X(M.(G)) = x(G) + 1 for all » > 1, there are also examples of graphs G for which
X(M,.(G)) = x(G) for large enough r > 2. An example of the latter is the complementary
graph of the 7-cycle already with r = 3, see [31]. (Cf. also [22] or the conference paper
[9] written to popularize a special case of the more general result in the former paper.)
Note that M, (Ks) = Cy.41. This immediatley implies that the chromatic number does
increase for every generalized Mycielskian of a bipartite graph (since it will contain an
odd cycle) and Stiebitz proved that the generalized Mycielskian of any odd cycle will have
chromatic number 4, that is 1 larger than the chromatic number of the odd cycle itself.
(Al this is related to the topological lower bound on the chromatic number introduced
by Lovész [17], cf. [13] for more details.)
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In the light of the above it is quite natural to ask what we can say about the effect
of the generalized Mycielski construction on Shannon OR-capacity and Sperner capac-
ity. Below we give some preliminary observations on this likely to be difficult prob-
lem. Probably the very first question that one should be able to answer is whether
Cor(Cory1) = Cor(M,(Ks3)) > Cor(K3) = 2 for every positive integer r. For this ques-
tion an affirmative answer is already known, but even this was far from trivial: it needed
the ingenious construction of Bohman and Holzman that is the main result of [4] (pre-
sented in the usual complementary language). Their construction generalizes the one by
Shannon [26] proving Cor(Cs) > v/5: for large enough ¢ (in particular, for t = 2% ")
they construct a clique of size 2" in [M,(K>) \ {zum, (k) }]" every vertex of which contains
a coordinate from V/(K3) x {r — 1}. Therefore the all-zy, (k,) sequence of length ¢ can
be added to it to obtain a clique of size 2! 4+ 1 in the t'" OR-power, thereby proving
Cor(M,(K3)) > 2. Note that our proof of Corollary 4| uses a similar idea: we presented a
clique of size n" in [M (K,,)\{znm(k,)}]|" for large enough ¢ (in our case t = n was sufficiently
large) in such a way that all the vertices in it contained a coordinate from V(K,) x {1}
resulting in the same conclusion, that the all-zj/(k,) sequence of length ¢ could be added
to obtain a clique of size n' 4+ 1 thereby proving Cor (M (K,,)) > n = Cor(K,). Our first
observation is that a construction of this type cannot exist for M, (kK,,) if both r > 2 and
n > 2.

Proposition 15. For n,r > 3 there exists no clique of size n* in [M,(K,) \ {2, (&)}
for any positive integer t such that each of its vertices would contain a coordinate from

V(K,) x {r—1}.

Proof. Assume for contradiction that for some n,r > 3 and positive integer t there exists
such a clique @;. For a vertex (x,i,) € [M.(K,) \ {zmx}], ® € V(K" iz €
{0,1,...,7 — 1} let us call & the projection of this vertex to [V (K,)]*. Observe that if
we take the projection of all vertices in Q; to [V (K,)]’, then they must all be different,
therefore give us every sequence of [V (K,)]" exactly once. Consider some (x, i) € Q; and
assume that j is a coordinate where i, ; = r — 1. Since n > 3 there exists two sequences
(y,1y), (Y, 1y) € Q whose projections to [V(K,)]" differ from the projection of (z, %)
(and thus also from the projection of each other) only in the j* coordinate. This means
that for being adjacent in [M,(K,)]" to (x, ;) the j® coordinate of both 4, and %, must
be equal to r — 2. But then r —1 > 2 implies that (y, 4,) and (y’, %,/) cannot be adjacent
to each other. This contradicts the assumption that @), is a clique. [

It is straightforward from the definition of Sperner capacity that if G is a directed version
of graph G, then C’Sp(é) < Cor(G). Therefore it follows from Proposition that
Lemma (13| cannot be generalized to T, in place of K,, if n,r > 3. (Note that this does not
mean that Corollary [14] itself cannot be generalized in a different way.) This leaves the
question of whether such a generalization is possible if » > 3, but n = 2, the case for which
the undirected case is settled by the result of Bohman and Holzman [4]. The situation
here is rather puzzling. It is proven in [I5] that all oriented versions except possibly
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one of an odd cycle (oriented meaning again that every edge is present in exactly one
direction) has Sperner capacity equal to 2 < Cor(Cs-41). The exceptional orientation,
that is called alternating in [15] is just the one that is isomorphic to M,.(T5). (The name
“alternating” refers to the property of this kind of oriented odd cycles that their pairs
of edges meeting at a common vertex are oriented in the opposite direction at as many
vertices as possible, meaning at all vertices but one.) It is already shown in [I5] that
for the alternating 7-cycle M3(T) we do have Cs,(M3(T)) > 2 by just adapting the
Bohman-Holzman construction to the oriented case. (It also works for the alternating Cs
but that belongs to the case r = 2 which we already discussed in Remark ) The puzzling
fact is that (as also discussed in [15]) the same method fails for Cy, that is, for » = 4 and
therefore for all » > 4. (The latter is a consequence of the fact that any alternating odd
cycle maps homomorphically to any shorter alternating odd cycle.) Recently we have put
some more effort into trying to adapt the ideas of Bohman and Holzman for the Cy case
less directly but we still failed. But we also do not have a negative result analogous to
Proposition for the oriented case when n = 2 and r > 4. Let us emphasize that even
if we had that would not imply anything about the question whether Cs, (M, (13)) can be
larger than 2 for r > 4. These questions remain the subject of further research.

Concerning the generalized Mycielski construction we also mention that Tardif [31] proved
a generalization of the Larsen-Propp-Ullman theorem of [I6] and showed that the frac-
tional chromatic number of M, (G) is also determined by the value of the fractional chro-
matic number of G. Whether an analogous generalization of Theorem [2| is possible also
remains an open problem.

4.3 Asymptotic spectrum of graphs

The categorical (also called direct or tensor) product F' x G of two graphs F' and G is
defined as follows.
V(F xG)=V(F)xV(G)

and

E(FxG)={{(f,9),(f.g) [, ['} € E(F) and {g,¢'} € E(G)}.

Let ' — G denote that there exists a homomorphism of graph F' to graph G, which
means an edge-preserving map from V(F) to V(G). It is easy to see that if p(G) is a
graph parameter (a function from graphs to the real numbers) which is homomorphism
monotone increasing, that is, for which F' — G implies p(F) < p(G), then

p(F x G) <min{p(F), p(G)}.

We say that the parameter p satisfies the Hedetniemi-type equality, if the previous in-
equality holds with equality for every pair of graphs I, G. The name refers to Hedetniemi’s
conjecture which stated that the chromatic number is such a parameter. Although this
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was refuted after more than half a century (see [27] for the first and [32] for the strongest
counterexample to date), some interesting graph parameters do satisfy this equality non-
trivially. These include the fractional chromatic number and the complementary Lovasz
theta number by the results in [35] and [§], respectively. Let Creqer denote the family of
all graph parameters that satisfy the Hedetniemi-type equality.

Note that the (generalized) Mycielski construction is closely related to the categorical
product in the sense that M, (G) can be defined (as it is done in fact in [31], for example)
by taking the categorical product of G with an r-length path on vertices 0,1,...,r that
has a loop at vertex 0 and then identify all vertices of the form (v,r) (where v € V(G)).
Let Cyiyc denote the family of graph parameters p for which there exists some function
g : R — R satisfying p(M(G)) = g(p(G)). We can also define similarly Cgenniye as the
family of graph parameters for which there exists a function g, for every r such that
p(M,(G)) = g-(p(G)). Obviously Ceenniye € Cumye directly follows from the definitions.
The already quoted result of Larsen-Propp-Ullman [16] gives that the fractional chromatic
number belongs to Cyye while our Theorem [2| gives that J(@G) also belongs to it. Tardif’s
result in [31] also shows that x¢(G) is also a member of Cgennye, While we do not know
whether the analogous statement is true for J(G).

Using a theory of Strassen developed to investigate the complexity of matrix multiplica-
tion Zuiddam [36] defines (in a complementary language) what he calls the asymptotic
spectrum of graphs that we will denote by AS. A graph parameter p belongs to this
family of functions if it satisfies the following four requirements.

1. Homomorphism monotonicity: G — H = p(G) < p(H);
2. multiplicativity for the OR~product: VG, H : p(G - H) = p(G)p(H);

3. additivity for complete join: VG, H : p(G & H) = p(G) + p(H), where V(G & H)
is the disjoint union of V(G) and V(H) and E(G® H) = E(G) U E(H)U {{g,h} :
geVI(G),heV(H)}

4. normality: p(K;) = 1.

It is straightforward to prove from the above properties that if p € AS then Cor(G) <
p(G) holds for all graphs G. Using Strassen’s theory (for more details on which cf. [33])
Zuiddam [36] proved the surprising fact that

Cor(G) = min p(G)
holds for all graphs G. This would be trivial if Cor(G) itself would belong to AS but by
well-known results of Haemers [I1] and Alon [2] Cor(G) is neither multiplicative under
the OR-product nor additive under the complete join. On the other hand, both xr(G)
and Y(G) do belong to AS.
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Thus Chedet; Cryc and AS are three classes of graph parameters whose intersection contains
both the fractional chromatic number and the complementary Lovéasz theta number. Our
main goal in describing these classes together is to ask whether there could be any stronger
relationship among them. (Zuiddam [36] lists all known members of AS that are of not
too many types.) Note that no two of these classes are equal. It is observed in [29] that
Zuiddam’s result implies that if we had AS C Cyeger then it would imply Cor(G) € Chedet,
too, therefore we must have

AS # Credet-

A more direct example of this non-equality is provided though by the clique number that
belongs to both Ceger and Cyye but not to AS. Since the chromatic number is neither
in AS nor in Cheger (an easy fact for AS, since already x(C2) < 9 = [x(C5)]?, while a
highly nontrivial result refuting a half-century old conjecture in case of Cyeget), but it
does belong to Cyrye, we know that Cypy. is also not contained in Cpeqet. (The situation is
different with Cgennye, however, which does not contain the chromatic number either. At
the same time it does trivially contain the clique number.) It might be a farfetched idea
but since the parameters in AS are somehow “the nice ones”, it would sound us to be
reasonable to believe that perhaps AS C Cypyc, for example. This, however, remains the
subject of further research.

5 Open problems

Here we collect the open questions that (at least implicitly) came up in the above discus-
sions and we find the most interesting.

1. Is it possible that Cor(M(K3)) = 4cos (%’r), that is that ¥ gives a tight upper
bound also in this case as for M (K5)?

2. Is the value of J(M,(G)) determined by J(G) also for r > 27?
3. Do we have Cs, (M, (1)) > 2 also for r > 47

4. Does Cor(M,(G)) > Cor(G) hold for every G and r? In particular, does it hold
for r = 2 and every graph G?

5. Is
AS g CMyc

true? Or any other nontrivial relation among the classes of graph parameters men-

tioned in Subsection [4.37

Finally we also mention the following problem that is known to be equivalent to a
famous open problem of Erdés about Ramsey numbers. To formulate the problem
we use the notation M*(G) to denote the ¢ times iterated Mycielskian of G.
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6. Is the limit lim;_,o Cor(M'(K>)) finite?

The existence of the limit follows immediately from the fact that M~ 1(G) is a
subgraph of M!(G), therefore Cor(M'1(G)) < Cor(M*(G)) for any graph G. For
the equivalence with Erdés’s problem cf. [28] and the references therein.
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Al. Appendix 1
In this Appendix we give the details of the calculation leading to the cubic equation
given in Section 3]

We want to calculate the solutions of the system of nonlinear equations below.

;

ol +rt=1
Byt =1
1 1
——a?—2? =
t-1 b1 (7)
1 - 1
—Q TY = <=
F 1 YT
1

In order to simplify the calculation, we use the v:=¢ —1 and w := i substitutions. So
we have
( O{2 _|_ .TQ — 1
B 4+uw=1
Loy (8)

- =T =w
(%

—af + rzw = w.
\ v

From the first and the second equations we have o = v/1 — 22 and 8 = v/1 — w?. Hence
the third equation becomes

1 1—
—1-aY) -2 =w=1=/ ey
v v+1

Now we need to substitute the known parameters to the fourth equation instead of x in
order to simplify the calculation.

%\/1—x2\/1—w2+wx:w /v, —wx
V1—22V1 —w? =vw (1 — 1) /0)?
(1-2)(1—w) =v*w*(1- z)?

(1—27) (1 —w?) =v*w* (1 -2z +27) / —v*w?, —v?w?s?
(1-2%) (1 —w?) —v*w® — v*w’z® = 20w’z /()

(1- x2)2 (1 —w?)? + v'w* + vtw? (w2)2 — 2% (1 —2%) (1 — w?)

—2(1—2°) (1 — w*)v’w’2? + 2'w'a? = w'uw's?
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l—vw
v+1 °

1 —ovw 24 4 1 —ovw 22 4 1 —ovw 22 9 1—ow)’ 4
viw® — 2 viw” + 2 viw + w
v+1 v+1 v+1 v+1

2 2
_2<1—vw> WP 4 (1—vw) _21—vwv4w4_21—vww4+41—vww2

After the products and squares are calculated, x is substituted with

v+1 v+1 v+ 1 v+ 1 v+ 1
1 —ovw

-2 +vtwt + 20*w?* — 20*w? + wt — 2w? + 1 = 0; /- (v+1)°

v+
(1 —vw)*'w* = 2(1 — vw)?*w* + 2(1 — vw)?v*w? + (1 — vw)?*w* — 2(1 — vw)*w?
+(1 —vw)? = 2(1 +v)(1 — vw)v'*w?* — 2(1 +v)(1 — vw)w? +4(1 +v)(1 — vw)w?
—2(1 4+ v)(1 —vw) + (1 +v)*v*w* +2(1 + v)?v*w* — 2(1 + v)*0*w? + (1 + v)?w*
—2(1 +v)*w? + (1 +v)? = 0;
V0w’ + 205w® 4 V0wt — 20tw® + 4ot — 2vtw? + 4vPw® + dPut — 40P
—4vw? + v*w® + 20*w° — viw?t — 4*w? — v*w? + 207w + v = 0; ) v?
viw® + 20tw® 4+ vt — 202w + 4Pt — 2020 + 4w’ 4 dvw* — dow® — dow?

+wb 4+ 2uw® —wt — 4w —w? + 2w +1=0;
Fortunately, the last polynomial can be factorized as follows
(w+ 1)2(vw + w — 1) (v3w® — v*w® + v*w? — vw® + 20w? —vw + w? + w? —w — 1) = 0.

Hence we have three factor polynomials, thus the roots of the original polynomial are all
the roots of the following polynomials, p;(w) := w+ 1, pa(w,v) = vw +w — 1, p3(v, w) :=

v¥w? — v?w? + v*w? — vw? + 2vw? — vw + w? + w? —w — 1, From the definition of the first
polynomial w = —1, ¢ = 0 so it is not the solution which is expected. And py(v,w) =0
shows that w = ﬁ, therefore t = t 4+ 1. We will see that t 4+ 1 is never smaller than the

maximal root of the third polynomial. (It is in fact not hard to see that the root £ = ¢ + 1
belongs to the “degenerate” strict vector coloring of M (G) in which we have u} = v} for
all 7. It can also be interpreted as an, in that case optimal, strict vector coloring of the
“generalized” Mycielskian M;(G) of G, that is, when only one vertex zy, () is added to
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G that is made adjacent to all original vertices.) Thirdly we have the equation

viw? — v + v*w? —vw® 4 20w? —vw + WP Fw? —w—1=0;
(t—12 (@t-12 (@(t-172% t-1 N t—1 t—1+ 1
t—13 (t—-13 (@(¢-12 (¢E—13 (t-12 t-1 (t—-1)3
1 1 .
+— — = —1=0; (t=1)
(t—1)2 -1 /-E=1

=12 =t -1+t -1 —1)—(t—1)+2(t = 1) —1) = (t —1)(f —1)?
1+ E-1)—(F =12 = (t—-1)>3=0;
3412 — 51—t + 21+ 3t — 2 + 382 =3t + 1 =0;
Bt =3+ (32t — )i+ (—1* + 52 =3t — 1) = 0.

The last equation is already the cubic equation we had as equation in Sextion .

It remains to check that %t COS (%arccos (1 - % + %)) — %t + 1 < t+1 that we stated

on the way. After rearrangement we have cos (garccos (1 — i—: + %)) < 1 and it is a
well-known property.

A2. Appendix 2

In this Appendix we prove that x1,zs < 1, where x1 and x5 are the values obtained from
Equation (4]) when substituting k = 1, 2, respectively.

So we have to see that we indeed have

4 1 27 27 2k 1
gtcos (garccos (1— E+4_162) — %) — gt—l—l <1 fork=12

Subtracting 1 from both sides and then dividing by %t we arrive to the equivalent

inequality
1 ] 27 N 27 21k 1 <0
cos | zarccos (1 ——+— | ——— | — - .
3 At 412 3 4~

27

1z some equivalent

First consider the k = 1 case. Writing simply X in place of 1 — i—: +
manipulations give us

1 2 1
sin (g - garccos(X) + g) ~ 1 <0,

which is further equivalent to
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that is the same as
in ( Zares (X)+ L o
sin | —arcs - =
in | zarcsin T 1=
that is
1 1
— sin (garcsin(X)> —-<0
o (putting back X) we need to verify that

. 1 ) 27 27 1
sin garcsm 1_4_t+4_152 > e

The minimum value of 1 — i—z + 2 2 is —1—6, so the inequality holds for all 1 < ¢.

In case of k = 2 we get to the followmg calculation by equivalent manipulations.

4t 1 1 27+27 4 1t+1< 125_'_1
—tcos | zarccos (1 — —+ — | —— | — = —=
3 3 At 42 3 3

dm

1 27
CcoS (garccos (1 T 4—152)
. T 1 27
sin (5 — §arccos (1 v + 4_152) + > 0

3
sin H—W — 1aurccos 1——
6 3 442

4t
, T 1 ] 27
S —— — —aIrccos - —
AR 4t2

For the above it is enough to have

T 1 27 27
Oﬁg—i—garccos 1_E+E

and since the second term here is at least —%, this inequality holds for any ¢ > 0.

A3. Appendix 3

In this Appendix we prove Lemma [I1] that stated the following inequalities.
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2
Proof. We have <m£t_)1_ 1) < (m(ﬁzl)Q by t > 2. Therefore (m(tt:ly < ~?% implies 72 >

2
<%> which is equivalent to

t—1 1

O<’ym

by m(t) >t and v > 0 and ¢t > 2.

So 0 < ¢ follows if we know (7”(2—11)2 < +? and even strict inequality follows from ¢ > 2.

By the formula we obtained for 1 we need to show

1 2 3 1 3
Sm(t) 1) (”” m(t)—l‘”) >0

We show first that

2 3 3

0 — >0

VoY =TT 20

then the whole inequality will follow if we also show § > 0, since m(t) > 1 is true.

Substituting the formula § = ’ym’zt’)l_l — A1 we have for §, we obtain after rearrangement
m(t)—1

and multiplication with m(¢) — 1 > 0 that the claimed inequality is equivalent to

(m(t) — 1)*
t—1 7

VAt —m(t)+1) >

(9)

Substituting our formula obtained for ~? this turns out to be equivalent to

_ _(m@=-D2t-—m®)+1)°  (mEH)-1)*
2—D)i(m(t)—2)(t—m(t) =  t-1

to
(1+t—m())?
(t(m(t)—t)(m(t)—Q) - 2) (m(t) —1)? -
2(t—1) -

and after multiplying by 2(t — 1) > 0 and dividing by (m(t) — 1)®> > 0 we are left with
the equivalent formula

. After further rearrangement this is seen to be equivalent

1 _ 3
(1+t—m(t)) _9>0.
t(m(t) —t)(m(t) —2)
Some further equivalent manipulations follow to obtain an inequality we can directly see
to be true: We multiply both sides by t(m(t) —t)(m(t)—2) > 0 and simplify the inequality
to obtain

—m(t)* + (t + 3)m(t)® + (—t* = 2t — 3)m(t) + (> —* + 3t + 1) > 0.
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We know that ¢, m(t) satisfy the equation
m(t)® + (t — 3)m(t)* + (3 — 2t — t*)m(t) + (—t* + 5t — 3t — 1) = 0, therefore we can write

—m(t)? + (t+3)mE)? + (—t? =2t —=3)m@#t)+ (-t + 3t +1) =
—[m(t)® + (t = 3)ym(t)* + (3 — 2t — *)m(t) + (—t> + 5t* — 3t — 1)] — 2t>m(t) + 4>+
+2tm(t)? — dtm(t) = —2t(m(t) — 2)(t — m(t)),

since t < m(t), the previous inequality follows as —2t(m(t) — 2)(t —m(t)) > 0 is true.
Thus we, in particular, proved inequality @ above and since t — m(t) + 1 < 1, this also

proves A1y
(m(t )__1 ) < ,)/2' (10)

What is left is to see that § > 0 also holds. Using § = ’ym(t) T~ vtﬁ and multiplying
t—1

by the denominator of the second term (that we know to be positive) here, the required
inequality turns out to be equivalent to

2
The truth of this follows from (%) < W (implied by ¢t > 2) and inequality

above. This completes the proof of Lemma

A4. Appendix 4

In this appendix, we will calculate the simpler form stated in Section [3| of the following
equation.

1 1 1 1
(5 e o 5 A2 2 —
Y =1 T =1 mo =1 "o =1 mp =1
1 9 1
- S 3 - A3 1
=D O =1 T)
Similarly to the calculation in Appendix 1 we use the v :=t—1,w := ﬁ substitutions.

According to these notations we have the following expressions for our parameters:

1
0 =yvw — ——
~yow’

w
n =50’ +7"w—7"),
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hence we need to solve the following equation:

Y6+ 72w — 3 = yw — yow — Y*w? + yw = _%(72(5 w1 /8
707 = %8 — qwd? — Y*w?d + v wd = —7*wd — v’ + P w — 5

70? — %6 — ywé® — Yw?d + Y*wd + Ywd + yw® — yiw + § = 0;

1\’ 1 1\° 1
2 2,2
~y (YUUJ — _> — (VUUJ — _> — qw <va — _) — 7w (7”“’ — _)
Yow Yow yow yow

2 1 2 1 3,2 3 1
+yw | yvw — — | +yw | yow — — | + 7w —yw+ | yow — —— | =0.
Yow YUw YUw

Multiplying both sides by vy?v?*w? we obtain
V(Y 0*w? — 1) = (0w’ — yow) — yw(*ow® — 1) — Y (Vo w® — yow)
72w (VA Pw? — yow) + Y (PP — yow) + 0wt — yPoRe? + (PoPe® — yow) = 0.
Pt 4 APt — PR+ 2Rt — P 4 Pt — ot 4 At
+2730%w? — 2930%w? + YPow? — 293 vw? + Yduw — yow — yw + v = 0; /i
(—v'0® + vt — vPu® + 207wt — v3u® + Pt — vyt

+ (V3 w? + 20*w® — 20%w? 4 vw? — 2vw? + vw)y? —vw —w +1 = 0.

So we have the (in v?) quadratic equation ay*+by2+c = 0 from where the proof continued
in Section [3] of the paper.
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