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The hyperbolic paraboloid shell bounded by four generatrices subjected at one of" 
its edges to bending m om ents is investigated  w ith  the aid o f the elastic bending theory of 
shallow  shells. Inside the shell the decreasing curve of the bending m om ent is determ ined. 
The result is compared on the one hand w ith  th at o f the B leich-Salvadori solution , and on 
the other, w ith  the decreasing curve of the bending m om ent of the plain plate.

1. In tro d u c tio n

T h e  d o ub ly  cu rv ed  shell s tru c tu re s  b e a r th e  d is tr ib u te d  loads b y  m em ­
b ra n e  forces, p ro v id ed  th e  su p p o rts  a re  able to  re s is t th e  m em b ran e  forces 
a rising  a t  th e  edges. T hus, th e  b e n d in g  m o m en ts  ac tin g  in  these  ty p e s  o f 
shells a re  n o t necessary  fo r ensu ring  th e  eq u ilib riu m . T hey  arise from  th e  
d e fo rm a tio n  in co m p atib ilitie s  occu rring  a t  th e  edges, an d  a re  ra p id ly  dy in g  
o u t w ith  an  increasing  d istance  from  th e  edges.

T h is decrease of th e  edge d is tu rb an ces  h a s  been  in v estig a ted  for b a rre l-  
v a u lts , ellip tic  p a rab o lo id  and  sad d le -sh ap ed  hy p erb o lic  p a rab o lo id  shells 
( tra n s la tio n a l surfaces) [2], [5], [4]. H ow ever, th e  decrease of th e  edge d is tu r ­
bances o f  th e  h yperbo lic  p arabo lo id  shells b o u n d ed  b y  fo u r genera trices is n o t 
y e t c larified . As fa r  as th e  a u th o r’s know ledge goes, up  to  th e  p re sen t i t  w as 
on ly  D u d d e c k  [3] w ho tre a te d  a s im ila r p ro b lem : he  d e te rm in ed  th e  s tress 
p a t te rn  o f a h yperbo lic  parabo lo id  s im p ly  su p p o rte d  a t  th e  s tra ig h t edges an d  
su b jec ted  to  an  un ifo rm ly  d is tr ib u te d  load . T he edge d is tu rb an ces th em selv es  
h a v e  b een  ana ly sed  b y  B leic h  an d  Sa lv a d o ri [1] on th e  basis of a p p ro x im a te  
assu m p tio n s. T h e ir resu lts  will be co m p ared  w ith  th o se  of th e  p resen t so lu tion .

T h e  aim  of th is  p a p e r  is to  es tab lish  th e  decreasing  bend ing  m o m en t 
d iag ram  o f a hy p erb o lic  p arabo lo id  (h y p a r) , load ed  b y  b en d in g  m om en ts a long  
a s tra ig h t edge, an d  to  de te rm ine  th e  d is tan ce  b ey o n d  w hich  i t  m ay  p ra c tic a lly  
be  ta k e n  to  be equal to  zero. N am ely , th is  ty p e  o f lo ad  m ay  be considered  
as a basic  case, on th e  base  of w hich one can  fo rm  a n o tio n  of th e  decrease  
o f o th e r  ty p e s  of edge d is tu rb an ces an d  can  e s tim a te  th e  w id th  o f th e  s tr ip  
to  b e  reinforced .
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2. Notations

(See also Fig. 1)

i , y  
2 (*• У) 
r, s, t
ПХ"> ny-> n xy
ЯхтЯу
Pz
mx, TYiy, mxv
M , V

w
E , G  =  £ /[2 (1
V

h
. a, b
f  .„ =  П71 a œn I

orthogonal coordinetes; 
ordinate o f the shell surface;
second order partial derivatives o f  the shell surface; 
m em brane forces; 
flexural shearing forces; 
load com ponent parallel to z; 
bending and tw isting m om ents; 
displacem ents parallel to x  and y , respectively; 
displacem ent normal to the surface; 

f  !>)] m oduli o f  elasticity  in tension and shear, respectively;
P oisson’s ratio (in the deductions: v =  0); 
thickness o f the shell;
side lengths of the plan projection o f the hyperbolic paraboloid; 
height o f  the corner of the hypar above the xy  plane;
(re =  1, 2, 3, . . .)•

D ifferentiation  w ith respect to x is denoted b y  prim e, differentiation w ith  respect to y  is 
denoted b y  dot.

3. Deduction of the governing equations

T h e  in v es tig a tio n s  will be m ade on th e  base  of th e  th e o ry  o f shallow  
shells [4], [7], th e  ca lcu la tio n s th u s  b e ing  sim p le r an d  th e  d iffe ren tia l eq u a tio n s 
h a v e  c o n s ta n t coefficients.

T h e  .general equ ilib rium  eq u a tio n s  o f th e  shallow  shells co nsist o f th re e  
p ro je c tio n  an d  tw o m o m en t eq u a tio n s [4]:

n x~\~ n xy =  o , ( la )

n 'x y + T ly =  0 , ( lb )

rn xE  2 sn x y A t n y - \ ~ q ' x E Цу~\~P z  =  0  , ( le l

m 'x +  m xy X II О (Id )

т 'х у + т п у Чу =  0  ■ ( le )

(T he th ird  m o m en t e q u a tio n  becom es m eaningless for th e  case o f shallow  
shells; th e  reason  fo r i t  is exp la ined  in  [4].)

In  th ese  eq u a tio n s  it  is im plied  t h a t  th e  load  has only a v e rtic a l com po­
n e n t, p z, p ara lle l to  th e  z-axis.

T h e  in te rn a l forces are  connected  to  th e  d isp lacem ent co m p o n en ts  b y  
H o o k e ’s latv as follow s:

nx =  E h(u  - rw )

n v =  E h(v 4 - tw ) ,

E h
(u ’ +  v ' — 2sw) ,

/
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m X
E h *

12
(2d)

m y —
EE ..

— ---------w
12

(2e)

m x y
E E
12

w 1' . (2f)

S u b s titu tin g  th e  se t o f e q u a tio n s  (2) in to  (1), a n d  e lim in a tin g  tn e  shear 
forces qx, qy from  (lc ) w ith  th e  a id  of (Id ) and  ( le ) , we a rr iv e  a t  th re e  d ifferen­
tia l  equ a tio n s of th e  d isp lacem en t com ponen ts u, v, w:

2 u' '-j-ы" 4 - ю - 2 гм/ — 2 sw ’ =  0 ,  (3a)

и '- \ - v " - \ - 2 v - 2 tw — 2 sw ' — 0 , (3b)

ru '+ s (w - j-v  ) +  tv' - ( r 2-(-2 s2 +  t2) ic 

h- ..
-------(icIV +  2 iv"' -j-tc::)-(- p z =  0 .

These th ree  equ a tio n s to g e th e r  w ith  th e  b o u n d a ry  co n d itio n s fu lly  d e te r­
m ine  th e  th re e  d isp lacem en t fu n c tio n s  u, v and  w.

W e can  also arrive  to  a d iffe re n t set o f equ a tio n s e q u iv a le n t to  th e  group 
o f E q . (3) in  such a w ay  th a t  w e consider th e  in te rn a l forces nx, n y, n xy as 
second derivatives of a stress fu n c tio n  F (x ,y ) :

w h ereb y  th e  equilib rium  e q u a tio n s  ( la ,  lb )  are a u to m a tic a lly  sa tisfied . T here  
s till rem ains E q . (lc ) w hich  a f te r  su b s titu tin g  E qs ( Id ,  le )  an d  (2d to  2f) 
co n ta in s  only  tw o un k n o w n  fu n c tio n s , F (x , y )  an d  w ( x , y ) ‘.

E E
-------(icIV +  2 — (tjF* — 2 s F r +  rF ")  =  p z . (5a)

H ow ever, we m ust s till ded u ce  from  Eqs (2a to  2c) a compatibility  
equation  s ta r tin g  o u t from  th e  e q u a lity  of th e  m ixed  second de riv a tiv es , 
exp ressing  th a t  th e  th ree  d isp lacem en ts  (u, v, w) a re  c o n tin u o u s  fu n c tio n s, 
t h a t  is, th e  shell surface gets n e ith e r  to rn , nor c ru m p led :

( F l v + 2 F " “ +  F ::)+ E h { tw "  2 sw '’ +  rw") =  0 . (5b)
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T h u s  w e ob ta ined  for F  a n d  w  tw o  p a r tia l  d iffe ren tia l e q u a tio n s  o f th e  fo u rth  
o rd e r [4], [7].

A d v an tag e  of th e  se t o f E q s  (5a, 5b) is t h a t  i t  co n ta in s  o n ly  tw o  unknow n 
fu n c tio n s . I t  has th e  d isa d v a n ta g e , how ever, t h a t  on ly  th e  s ta t ic a l  b o u n d a ry  
co n d itio n s  and  th e  d isp lacem en t b o u n d a ry  co n d itio n s in  te rm s  o f tv m ay  be 
easily  app lied  in  co n n ec tio n  w ith  th em . I f  th e  d isp lacem en t b o u n d a ry  cond i­
tio n s  also include c o n s tra in ts  in  te rm s  o f th e  d isp lacem en ts  и  o r v, th e n  i t  is 
co m m o n ly  p refarab le  to  u se  th e  set o f E qs (3a to  3c). I n  th is  p ap e r i t  will 
also h e  s ta r te d  from  th e  se t o f E q s (3), and  th e  th re e  d isp lacem en t functions 
u , V, w  should  be d e te rm in e d .

I n  th e  follow ing, th e  lo ad  com ponen t p z w ill be  o m itte d  from  th e  eq u a ­
tio n s  because  for th e  case o f  th e  edge d is tu rb an ce  a t  h a n d  th e  shell is regarded  
as un lo ad ed .

4. Application of the equations to the hypar shell

The boundary conditions to be considered

T h e equation  o f th e  shell su rface i llu s tra te d  in  F ig . 1 is:

2  =  — —  X X  .

ab

T h e  second de riv a tiv es  o f th e  surface are:

r  =  0,

t =  0

w h ereb y  th e  set o f E q s  (3) w ill h av e  th e  fo llow ing sim p ler fo rm : 

2 u"-\-u"
ab

(6)

(6a)

(6b)

(6c)

(7a)
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и'  -\-v" -\-2 v"--------—  w' =  0  ,
ab

u ' + t / --- —  w  — ^  (wiv + 2 mj"‘ = 0 .
ab 12/

(7b)

(7c)

W e assum e a  sim ple su p p o rt a t  e v e ry  edge w hich  allow s free ro ta tio n  
an d  p rec ludes la te ra l  th ru s t.  The edge у  =  0 will be  su b jec ted  to  th e  e ffec t 
o f a bend in g  m o m e n t w ith  a law  o f d is tr ib u tio n  m y =  M 1 sin л х /а  =  
=  M i  • sin x xx. T herefo re , deflection , b en d in g  m o m en t n o rm a l to  th e  edge, 
a n d  la te ra l  th ru s t  m u s t he equal to  zero a long  all edges. T his involves th e  
follow ing b o u n d a ry  cond itions:

A t th e  edge у  =  0:

w  =  0 , (8 a)

12 . л  . . .  .
w  =  ------ М г sin  —  %, (8b)

E h 3 a

ny — 0 , t h a t  is , v  == 0 . (8 c)

A t th e  edges x  =  0 an d  x  =  a  :

w — 0 (8d)

m x — 0 , t h a t  is , w" — 0  , (8e)

nx =  0 , t h a t  is , u' =  0 . (8f)

W e do n o t con sid er th e  co n d itions o f  th e  edge oppo site  th e  e x te rn a l 
b en d in g  m o m en t because  we assum e th a t  th e  d is tu rb a n c e  dies ou t befo re  
reach in g  th e  o th e r edge. This a ssu m p tio n  is su b seq u en tly  ju s tif ie d  b y  th e  
m o m en t d iagram s o b ta in e d  as so lu tions, see F ig . 2.

5. Solution of the set of equations

T he eq u a tio n s w ill be solved w ith  th e  a id  o f th e  u su a l m eth o d  o f th e  
th e o ry  o f edge d is tu rb a n c e s : we estab lish  p ro d u c t fu n c tio n s fo r u , v, w in  such  
a w ay  th a t  fo r th e  te rm s  depending  on  x  we choose tr ig o n o m etric  fu n c tio n s 
w hich, a f te r  su b s ti tu tin g  th em  in to  E q s  (7), all y ie ld  sine or cosine. T hese 
trig o n o m etric  te rm s  can  th u s  be o m itte d , w hereby  we o b ta in  fo r th e  te rm s  
d epend ing  on у  a com m on set o f d iffe ren tia l eq u a tio n s . T h e  tr ig o n o m etric  
fu n c tio n s depend ing  on  x  should  be se lec ted  in  such a w ay  as to  sa tisfy  —  as 
fa r  as possible —  th e  b o u n d a ry  cond itions along  th e  edges x  =  0 an d  x  =  a.
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In  com parison  w ith  th e  b en d in g  th e o ry  of cy lindrica l shells [4] th e  ca l­
c u la tio n  now  becom es m ore in tr ic a te , fo r, c o n tra ry  to  th e  cy lind rica l shell, 
now  w e c an n o t find  trig o n o m e tric  fu n c tio n s  w hich, besides th e  equ ilib rium  
e q u a tio n s , also a u to m a tic a lly  sa tis fy  e v e ry  b o u n d a ry  co n d itio n  along x =  0  

a n d  x  =  a. Some o f th e se  b o u n d a ry  co n d itio n s  can on ly  be sa tis fied  — a p p ro x i­
m a te ly  —  b y  collocation  (equaliz ing  in  selected  po in ts), th e  m ore co rrec tly , 
th e  g re a te r  th e  n u m b er o f te rm s  (an d  edge poin ts) considered .

T h e  th re e  p ro d u c t fu n c tio n s w ill h e  chosen as follow s:

In  th e se  expressions

U =  Un(y)  sin  ocn д :, (9a)
n

V =  Vn(y)  COS <Xn X , (9b)
n

w =  m>n(y)  sin  a  x .
n

(9c)

%n — nnja (10)

a n d  in  th e  F ourie r series we consider as m an y  te rm s as are  needed  fo r th e  
deg ree  o f accu racy  req u ired .

S u b s titu tin g  th e  reth te rm  of th e  expressions (9) in to  th e  se t o f E q s (7), 
a n d  sim plify ing  w ith  th e  tr ig o n o m etric  expressions, we a rriv e  a t  th e  follow ing 
th re e  d iffe ren tia l eq u a tio n s:

2 f
2 <xln u n +  u"n — x n vn -------w n =  0 ,

ab

9 2 fx n u n ocn vn +  2 vn --------- a„ tvn =  0 ,
ab

(11а)

( l i b )

2 /  h2 ab . ,  .. ... .  . . .  ,
u„ - xn ur, —  wn . —  К  wn ~ 2x~n +w'r,) =  0 • Í1 ic )ab 12/

T h e solution  of th is  se t of hom ogeneous, lin ea r eq u a tio n s m ay  be 
w r it te n  as

un(y) =  U n е№,  (12a)

vn(y) =  Vn e ^ ,  (12b)

w„(y) =  К  eß"y , (12c)

w h ere  Un, V n an d  W n a re , fo r th e  m o m en t, unknow n  co n stan ts .
P lac ing  th e  fu n c tio n s (12) in to  th e  group of eq u a tio n s  (11) y ields th e  

fo llow ing  set o f hom ogeneous, lin ea r eq u a tio n s for th e  u nknow ns Un, V n 
a n d  W n:

( 2 a?n+ ß l ) U n x n ß nVn 2{- ß n Wn =  0 ,
ab
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* n ß n  U n +  { — a?„ +  2 ß l ) V n - - - - y O c n W n =  0 ,
ab

ß n  U n --acn Vn -
2f  h 'a b  , 2 „2.2
a b 12/

2 /
ab

K - ß l f w n =  о .

(13b)

(13c)

T his se t of equ a tio n s has a sy s tem  of no n triv ia l so lu tio n s only  in  case 
w hen  its  d e te rm in a n t equals zero . T h u s  ßn, h ith e r to  u n k n o w n , should  be 
defined  b y  th is  cond ition  (from  th e  so-called c h a ra c te r is tic  eq u a tio n ). T h is 
d e te rm in a n t rep resen ts  an  eq u a tio n  o f th e  fo u rth  o rd e r in  resp ec t to  (fn, 
th e re fo re , each n  is assoc ia ted  w ith  fo u r  ß® • values ( j  =  1, 2, 3, 4). F rom  th ese  
we only  consider th o se  fo u r ßnj -s w hich  give decreasing  cu rv es w ith  an  in ­
creasing  d istance  from  th e  edge у  =  0 , th a t  is only  th o se , th e  rea l p a r t  of 
w hich  are  negative. Tw o o f th ese  fo u r ro o ts  (ßnl and  ßn2) a re  rea l, an d  tw o of 
th e m  are co n ju g a ted  com plex  v a lu es:

ßn3 ^ У п  +  i-à n  (1 4 .)

ßm  — У n  t  . (14b)

W e ta k e  over th e  values o f ß n l , ß n2, y n and  ö n re fe rr in g  to  a h yperbo lic  
parab o lo id  of a square base (a =  b) an d  to  tw o c h a ra c te r is tic  ra tio s  o f f / h  
from  [3]. In  T able I  th e  values o f  th e se  four q u a n titie s , m u ltip lied  b y  th e  
side-leng th  a ( th u s  becom ing  nond im ensional) are g iven  fo r  fo u r or five  n 
te rm s , respective ly .

Table I

//Л  =  12,5

n = 1 3 5 7

a ’ ßn\ — — 7,400 — 13,99 — 20,30 — 26,62

a ' ßri2 = — 0,349 -  5,00 — 11,12 — 17,35

a ■ Vn = — 3,875 -  9,50 — 15,71 — 21.99
a ' S„ = + 4 ,7 6 5 +  4,76 +  4,69 +  4,63

f / h  =  50

n 1 3 5 7 9

a * ßni — — 10,90 — 18,23 — 24,77 — 31,17 — 37,50

a * ßm ~ —  0,0892 —  2,165 —  7,09 — 12,98 — 19,15

a ■ Vn = —  5,495 — 10,20 — 15,93 — 22,08 — 28,32

a ' ôn = +  8,36 +  9,78 +  9,61 +  9,51 +  9,45
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I t  is w orth  w hile  to  observe t h a t  in  case of re =  1, ßn2 <  1 w hich 
m ean s th a t  th e  s tre sses  d im in ish  b u t  slow ly w ith  th e  increasin g  d istance 
fro m  th e  edge, an d  th e  m o re  slowly, th e  g rea te r  th e  ra t io  f / h  is, th a t  is, th e  
g re a te r  is th e  m em b ran e  stiffness in  com parison  to  its  b e n d in g  rig id ity . (H ad  
th e  b en d in g  rig id ity  b e e n  eq u a l to  zero, so i t  w ould also b e  ßn2, an d  we shou ld  
a rr iv e  a t  th e  case o f th e  m em b ran e  forces p ro p a g a tin g  u n d im in ish e d  along th e  
s tra ig h t  generatrices.)

As a m a tte r  o f  co u rse , every  ßnj is associa ted  w ith  d iffe ren t Unj, V nj 
a n d  W nj. T hus, b ecau se  o f  j  =  1 ,2 ,3 , 4 , we shall h av e  4 • Зге =  12re unknow n 
c o n s ta n ts  if  we co n sid e r re n u m b e r o f te rm s  in  th e  F o u r ie r  series (9) in  th e  
^ -d irec tio n .

T h e  d isp lacem en t fu n c tio n s  (9a to  9c) o b ta in  th e n  th e  follow ing fo rm s:

«  =  £  1 ̂  U nj eM 'j sin <xn X ,
n  j = l  I

V =  У  I _>’ Vnj е^У  I cos x n X, 
n Vj= 1

w  =  J £ \J P W nje ß'iy
n l; = i

sin  a,, X .

(15a)

(15b)

(15c)

T he unknow n v a lu e s , 12re in  n u m b er, are  re la te d  to  each  o ther b y  th e  
equ ilib riu m  E qs (13) in  such  a w ay  th a t  from  ev e ry  th r e e  values Uni, V ni 
a n d  W ni only one re m a in s  free. T herefo re , on ly  4re of th e  b o u n d a ry  conditions 
m a y  be  satisfied .

F rom  th e  b o u n d a ry  cond itions (8a to  8f) given in  sec tio n  4 th e  assum ed 
fu n c tio n s  (9) a u to m a tic a lly  sa tisfy  th e  cond itions (8 d) a n d  (8e). T herefore, 
th e  rem ain ing  fou r b o u n d a ry  cond itions are ju s t  enough  fo r  th e  d e te rm in a tio n  
o f  th e  four unk n o w n s assoc ia ted  w ith  ev e ry  re.

H ad  th e  b o u n d a ry  cond itio n  (8f) n o t ex isted , we cou ld  sa tis fy  th e  b o u n d ­
a ry  conditions s e p a ra te ly  for every  re, t h a t  is, th e  d is tr ib u tio n  o f  th e  e x te rn a l 
m o m en t (8b) co nsidered  (F ig . 1) w ould on ly  req u ire  th e  con sid era tio n  of th e  
te rm  re =  1. T he b o u n d a ry  cond ition  (8f), how ever, c a n  on ly  “ fo rced ly” , 
in sep a ra te  po in ts , b e  im posed  upon  th e  u ri-functions h a v in g  th e  form  o f (9a), 
an d  only  in  case if  w e consider severa l re te rm s. T h is is w h y  four or fiv e  re 
te rm s  should be co n sid e red , th o u g h  th e  h ig h e r re te rm s  y ie ld  bend ing  m om en ts 
w hich  are  dying o u t  m o re  rap id ly .

In  th e  fo llow ing, th e  func tions (12) w ill be re w r it te n  in  pu re  real form s 
w here in  th e  Un3, Un i; V n3, Vn4 an d  W n3, JFn4 are  c o n ju g a te d  com plex c o n s ta n t 
va lues. On th e  b as is  o f  th e  know n com plex  re la tio n

e'2 =  cos z-f-i sin z (16)
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(i =  y — l )  we can , for exam ple, w rite  dow n th a t

U na • eß"  +  U ni е^У  =

=  eVny[(U n i+- u m) cos 0ny + ( U n3— U n4) i s i n  <5„y] =  (17)

=  U n5еУяУ cos U n6 ev*y sin  ôn y .

T herefore, th e  new  re a l co n stan ts  are:

an d  in  th e  sam e w ay

U ns — U n3-\-U n4, (18a)

U n6 =  i(U n3- U ni) (18b)

K 15 =  Un3-\- Vn i , (18c)

V„B =  i(Vn 3 - v j , (18d)

Wns =  Wn3 -\-Wn i , (18e)

• (18f)

F rom  th e  se t o f th e  hom ogeneous eq u ilib riu m  eq u a tio n s  (13a to  13c) 
we use th e  f irs t  tw o  equa tions because th e y  h a v e  a sim p ler form . F o r  th e  
cases j  =  3 a n d  7 =  4 also th ese  h av e  to  be  re w ritte n  in to  rea l fo rm . F o r  
exam ple  fo r j  =  3, su b s titu tin g  th e  new  re a l c o n s ta n ts  b y  m aking  use  o f 
(18a to  18f) a n d  w ritin g  dow n also th e  ro o t ßn3 acco rd ing  to  (14a), E q . (13) 
ta k e s  th e  form

{- 2 ^ + f n+ 2 i y n ôn-ô % ) U " > - iU r* _

*n(Y n +i*n) (19a)

Ц -lYn +  iàn) W” - - iWr*~ =  0 .
ab 2

T he eq u a tio n s  associa ted  w ith  7' =  4 m a y  be  re w ritte n  in  th e  sam e w a y , 
an d  once ad d in g  a n d  once su b trac tin g  th e m , we a rriv e  a t  tw o  real eq u a tio n s . 

F in a lly  we sh a ll h av e  four b o u n d a ry  co n d itio n s:

(8a): ^ n + ^ 2+ ^ n 3+ ^ n 4 =  8 1

th a t  is, in  a re a l fo rm , m aking  use of (18e):

=  8 . (20a)
(8b):

if n =  1: &  Wu +ß(2 W22+ßfs W13+ß*u Wu =  ^ ~ M ,
hihr
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T h a t  is, in a rea l fo rm :

Я Л + / Р Л а  +  ( г ! + 2 » У1 ~ á f)

+  (rí  2 i y ,  á l - á f )

í r  _  í r
2\  " 1 5  " 1 0

S2\ ^ 5 + I ^ l c

2

12
E V

M ,.

(20b)

I t  is to  be seen th a t  th e  im ag in a ry  te rm s  h av e  d ro p p ed  o u t.
F o r  th e  case n <  1, y n an d  dn sh o u ld  be  w ritten  in s te a d  o f yx an d  

a n d  zero  a t  th e  r ig h t-h a n d  side.
( 8 c ) :

ß n l  Kl +  ßn2  ^12 + ̂ лЗ Ki~\~ßni Ki — 8

6!■>

a n d  re w ritte n  to  th e  rea l form :

ß m  K i ~ b ß n 2  ^ 2  +  ( 7 n  +  * á n) Ki 5 пв
+  (Уп~ Mn)

K s + iK , 0 . (20с)

T h e  b o u n d a ry  co n d itio n  (8f) c a n n o t be w ritten  dow n fo r th e  w hole edge 
lin e , o n ly  to  n po in ts  o f it, t h a t  is, to  th e  p o in ts

w h ere

T h u s  the eq u a tio n

Ук = (к 1) —
П

к =  1, 2 , . . . n  .

n
y

n  =  1
У  U nj e ^ A  x n =  0

U=i

( 21 )

( 22)

(22a)

m u s t  be  valid  for every  к. T his, ex p an d ed  an d  rew ritten  in  a rea l fo rm , b e ­
com es fo r every  к :

у
n 1

U ni ■ е^тУк-\- U n2 ■ е^тУк-{-

Ur5 ^  ^ » ^ (c o s  Ôny k +  isin  dny k) + (23)

+
U ns+ iU „ ■ e ^ i c o s  àny k — i  sin ôny k)

from  w hich th e  im ag in a ry  te rm s also fall ou t.

Acta Technica Academiae Scientiarum Hungaricae 69, 1970



E D G E  D IS T U R B A N C E S 7 7

O n th e  basis  o f w h a t has been sa id  above, th e  equ ilib riu m  E qs (13a, 13b) 
m u s t be re w ritte n  fo r all of th e  n -s a n d  j- s  in  th e  rea l form  correspond ing  to  
(19a), as well as th e  b o u n d a ry  co n d itions (20a to  20c) fo r all of th e  n -s, an d  
fin a lly  th e  b o u n d a ry  cond ition  (23) fo r all of th e  к -s. T h u s we o b ta in  e x a c tly  
th e  12n eq u a tio n s  fo r th e  d e te rm in a tio n  of th e  12n u n k n o w n  co n stan ts .

6. N um erica l resu lts

W e can  solve th e  set o f eq u a tio n s  o b ta in ed  in  th e  foregoing sec tio n  b y  
m ak in g  use o f th e  /S-roots given to  th e  h yperbo lic  p a rab o lo id  of a square base 
(a =  b) b y  D u d d e c k  [3], rep roduced  in  T ab le  I  fo r tw o  values of th e  ra tio  
f jh  b y  considering  fo u r or five n  te rm s , resp ec tiv e ly . T his leads to  a se t o f

eq u a tio n s  w ith  48 or 60 unknow ns, respective ly . T h e  num erica l ca lcu la tions 
w ere carried  o u t a t  th e  C entre of C o m p u ta tio n  o f  th e  M inistry  of H e a v y  
In d u s try  w ith  th e  a id  of th e  co m p u te r N a tio n a l E llio t 803 B.

In  th e  eq u a tio n s , besides th e  ra tio  f /h ,  also th e  ra tio  f ja  is in c luded . 
B u t ca rry in g  o u t th e  co m p u ta tio n  w ith  several v a lu es  o f f j a , i t  was fo u n d  
th a t  e v e ry //« - ra t io  associa ted  w ith  th e  sam e v alue  o f  f /h ,  resu lted  in  th e  v e ry  
sam e m om en t d iag ram .

Since we are  in te re s te d  firs t of all in  th e  decrease o f th e  edge m o m en t 
inside th e  shell, we on ly  p lo tted  th e  d iag ram  o f th e  bend ing  m o m en t m y
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v e rsu s  y , a long th e  sec tio n  x  =  a/2 (F ig . 2). T he fo rm ula of th is  m o m en t is

m y =  E ~ w  =  JE Д -  2  { l « i  ' +
XZ X Z n

+  ev"’r[(y* —í S ) ^ i 5 + 2 7 n ^n^ e ]  c o s ő „ j  +  (24)

+  «»«'[(у?;—ó®)JTne - 2 y „ő n JFn.] sin  ôn y} sin x n x .

7. A pprox im ate  ca lcu la tio n  o f th e  edge d istu rbances

A ccord ing  to  th e  suggestion  o f [1], b y  neglecting  th e  d isp lacem en t 
co m p o n en ts  in  th e  p la n e  o f th e  shell (u =  v =  0), we can  o b ta in  a sim ple 
approxim a te  solution  fo r th e  ca lcu la tio n  o f  th e  edge d is tu rb an ces.

O u r p resen ted  so lu tio n  p e rm its  to  check  th e  accuracy  o f  th is  a p p ro x im a te  
m e th o d . F ro m  th e  e q u a tio n s  o f eq u ilib riu m  (7a to  7c) we o m it th e  f irs t tw o  
e q u a tio n s  re ta in in g  o n ly  th e  th ird  one, leav in g  ou t th e  te rm s  c o n ta in in g  u 
a n d  V .  T h ereb y  E q . (7c) becom es

24 —— M?-)-njIV4-2 w""-\-ui'' =
ab J h2

0 . (25)

W e ta k e  again  fo r  w  a series o f p ro d u c t functions o f th e  form

eP«y sin  <X„ X. (26)

A fte r  su b s titu tin g  i t  in to  E q . (25) we o b ta in  fo r ßn th e  fo llow ing c h a rac te ris tic  
eq u a tio n

* 4 - (« £ - /£ )*  =  0 .

H ere  we will in tro d u c e  th e  a b b re v ia tio n :

e4 =  24 J T J _
ab h2

F ro m  E q . (27) we o b ta in  fo u r ßnp s  (j  =  1, 2, 3, 4):

ßni =  a n [zh(-^ +  i H ) i M  — iB )]
w here

an d

A  =■

В  =  +

0.5

0.5

И- —  +1 «д

1 +  l à  - 1

(27)

(28)

(29)

(30a)

(30b)
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F ro m  th e  fo u r ßnj -s we o n ly  re ta in  th e  tw o  ro o ts  w hich  give a decreasing  
b en d in g  m o m e n t w ith  increasing  y ,  a n d  rew rite  w  to  th e  rea l form

w  =  ^  (1Vnl е~(А+'в )а"У Wn2 e ~ 64-/ß)*ny) sin  x n x  —
n (31)

=  ^  e- A«*>> (Wn3 cos B x n y-\-W n4 sin  B x n y )  sin  x n x .
П

T he e x p la n a tio n  of th e  new  c o n s ta n ts  W n3 an d  JVn4 is

W ,3 =  W ,1-\-Wri2, (32a)

Wn4 =  i(Wn l- W n2) (32h)

an d  W nl a n d  W n2 a re  th e  com plex c o n s ta n ts  assoc ia ted  w ith  ßnl an d  ßn2, 
respective ly .

To th e  tw o  c o n s ta n ts  (JFn3, W ni) tw o  eq u a tio n s  o f b o u n d a ry  cond itions 
a re  needed . As a m a t te r  o f course, th e y  can  now  be exp ressed  only b y  w. T h u s , 
from  th e  b o u n d a ry  cond itions (8) used ea rlie r, th e  follow ing should  be sa tisfied
(Fig. 1):

у  =  0 ; tv =  0 ,

M i s in  x , x
w =  ----------- i—

E {h3l 12)

Since we do n o t  need  to  ta k e  in to  a c c o u n t th e  b o u n d a ry  conditions x  =  0 
an d  x  =  a , i t  is su ffic ien t to  consider fro m  th e  series o f w  (31) m erely  th e  
te rm  n  =  1, co rresp o n d in g  to  th e  e x te rn a l m o m en t. T herefo re , from  th e  
b o u n d a ry  co n d itio n  (33a) we o b ta in

W13 =  0. (34)

To th e  b o u n d a ry  co n d itio n  (33b) th e  second  d e riv a tiv e  o f w  w ith  resp ec t to  
у  is needed :

w" =  Wu  e~Ax,y [(A 2— B 2) x \  sin B x 4 у —2 A B x f  cos B x 4y] sin x x x . (35)

S u b s titu tin g  th is  in to  (33b) yields

M
Wi, = -------------- ^ 1 ---------- . (36)

2 A B x 2E (h 3ll2 )

(33a)

(33b)

Acta Technica Academiae Scientiarum Hungaricae 69. 1970



80 L . K O L L Á R  u n d  M. SZŐTS

N ow  w e can  w rite  dow n th e  exp ression  o f th e  bend ing  m o m en t in  th e  y -d ire c ­
tio n  w hich  is th e  m o st s ign ifican t from  o u r view point

„  A 3 ..
m,, =  h ,---- w

12
M 1 sin  x x X —  +  —  

2 В  2 A
sin B x xy - j-cos B x xy е - А«'У. (37)

T he v a r ia tio n  o f m y versus у  is also rep resen ted  in  F ig . 2.

8. Decrease of the edge moment of the plain plate

F o r com parison , th e  decrease o f th e  edge m om ent in  a p la te , free ly  
s u p p o r te d  a t th ree  edges and  in fin ite ly  long  in th e  fo u rth  d irec tio n  (F ig . 3)

Fig. 3. P la in  plate

sh o u ld  be  estab lished  on th e  basis o f [6 ]. O m ittin g  th e  d ed u c tio n , here  on ly  th e  
ex p ressio n  of th e  m y should  be g iven :

m y =  M j sin xx X 1 е~*'У . (38)

T he correspond ing  m om en t d iag ram  is also rep resen ted  in Fig. 2.

9. Comparison and evaluation

A nalysing  F ig . 2, th e  fo llow ing could  be estab lished .
T he d iagram s clearly  show  t h a t  th e  h ig h er th e  co rner p o in t o f th e  shell ( / )  

lies in  com parison  to  its  th ickness A, th e  m ore rap id ly  th e  edge m o m en t d im in ­
ish es . T he ex trem e  case, f  =  0, is rea lized  b y  th e  p la in  p la te . H ow ever, 
as w as m en tioned  above, th e  ra tio  f /а  is ind ifferen t, th e re fo re , in  a s teep er 
a n d  th ic k e r  shell th e  m om en t can  d im in ish  in th e  sam e w ay  as in  a f la t te r  
a n d  th in n e r  one, p ro v id ed  th e ir  y/A -ratio  should be th e  sam e.

F rom  Fig. 2 we can estab lish  b y  in te rp o la tio n , p ra c tic a lly  for all o f th e  
h y p a rs  of an y  geom etric  ra tio , th e  w id th  of th e  zone o f th e  edge d is tu rb a n c e , 
t h a t  is, th e  w id th  to  he reinforced .
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T he m o m e n t d iag ram s ca lcu la ted  b o th  w ith  f / h  =  12,5 an d  f / h  =  50 
follow  a so m ew h a t irreg u la r tra c e . T h is could  b e  co rrec ted  b y  consid erin g  
som e m ore  te rm s  in  th e  series of th e  d e fo rm a tio n  fu n c tio n s. In  th e  a u th o r ’s 
op in ion , h o w ever, we shou ld  n o t p ro f it a t  all th e re b y , because th e  r a te  o f  th e  
d im in u tio n  o f th e  m o m en t w ould re m a in  th e  sam e, even  in  case of a g re a te r  
n u m b e r o f  te rm s  considered  and , in  tu r n ,  th e  a m o u n t o f th e  c o m p u ta tio n  
w ork  w ould  con sid erab ly  increase.

T h e  m o m e n t d iag ram  gives neg lig ib ly  sm all m o m en t va lues ev en  in  
case o f p la te s  in  a d is tan ce  equal to  a. T h u s  th e  a ssu m p tio n  is ju s tif ie d  t h a t  
th e  effect o f  th e  edge opposite  to  th e  d is tu rb a n c e  on  th e  in te rn a l forces m ig h t 
be  neg lec ted  in  a shell of a square  b ase .

F in a lly , i t  is c learly  to  he  seen t h a t  th e  m o m en t d iag ram  o b ta in a b le  b y  
th e  a p p ro x im a te  assu m p tio n  u =  v =  0 show s a m uch  m ore ra p id  decrease  
th a n  th e  m ore  e x a c t co m p u ta tio n . T he reaso n  for th is  m ig h t be th a t  th e  a s su m p ­
tio n  и =  v =  0 rep resen ts  a m uch s tro n g e r  c o n s tra in t on th e  shell th a n  th e  
rea l b o u n d a ry  cond itions (especially  nx =  0 , being  v a lid  fo r th e  edges x  — 0 
an d  x  =  a). As a re su lt, th e  shell w ill b e , so to  say , m ore  rig id , an d  we o b ta in  
an  u n rea l ra p id  decrease o f th e  m om en t. T herefo re , th e  ap p lica tio n  of th e  ab o v e  
a p p ro x im a tio n  c an n o t be recom m ended .
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Randstörungen der windschiefviereckförm igen flachen hyperbolischen Paraboloidschale.
Es wird die an einem  Rand durch B iegem om ent beanspruchte, w indschiefviereckförm ige  
hyperbolische Paraboloidschale aufgrund der elastischen Biegetheorie der flachen Schalen  
untersucht, und die Abklingungskurve des den R and belastenden M oments erm ittelt. D as 
Ergebnis wird einerseits der B leich-Salvadorischen Näherungslösung, andererseits der M om en- 
tenabklingungskurve der ebenen P latte gegenübergestellt.

Краевые возмущения плоской гиперболической параболоидной оболочки в виде 
искаженного четырехугольника (Л. Коллар, М. Сетч). В работе исследуется нагруженная 
на одном краю изгибающим моментом гиперболическая параболоидная оболочка в виде 
искаженного четырехугольника на основе теории упругого изгиба плоских оболочек. 
Определяется кривая затухания момента, нагружающего край, внутри самой оболочки. 
Полученный результат сравнивается, с одной стороны, с приближенным решением Блейха 
— Сальвадора, а с другой стороны, с кривой затухания момента плоской пластины.

6 Acta Technica Academiae Scientiaruin Hungaricae 69, 1970


	1-2. szám����������������
	Kollár, L.–Szőts, M.: Edge Distrubances of the Shallow Hyperbolic Paraboloidal Shell Bounded by four Generatrices������������������������������������������������������������������������������������������������������������������������

	Oldalszámok������������������
	67���������
	68���������
	69���������
	70���������
	71���������
	72���������
	73���������
	74���������
	75���������
	76���������
	77���������
	78���������
	79���������
	80���������
	81���������


