REMARK ON THE THEORY OF QUASIANALYTIC FUNCTION-CLASSES
PAUL TURAN

.

Investigating the solubility and uniqueness-problems of the heat-
equation
B s
0y? ox

GEVRAY and HapaMARD were led to the following question in 1912:
W hat are the necessary and sufficient conditions for the sequence M, so
that if f,(x) and fy(2) are infinitely often derivable for a < x < b with

(1) max |[fz)| < KM, j=1,2; n=0,1

e B i
(kj = ki(f)) and with an a < x5 <b
(2) 1P (e) = 19(,) 5220, 105,
then for a<x<b
hi(@) = fyl)
follows?
Clearly the functions analytical for ¢ < x < b form such a class, with

M, =mn!

This question was after the first results of DExjoy completely solved only
.in 1926 by CARLEMAN.

The problem of quasianaliticity can be formulated more generally as
follows. We are asking for possibly large classes 4 of functions in [a, b] with
the property that if f,(x) and f,(z) from A4 ,in the neighbourhood of z = @,
(@ < @y < b) identically behave”, then for the whole interval @ < « < b

hi(x) = fy(x)

holds ,,essentially”. In the class of infinitely often derivable functions (2) is
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a possible way of realising the ,identical behaviour in the neighbourhood
of = x,”. The necessity of other interpretation of the phrase ,identical
behaviour in the neighbourhood” emerged from the investigations of S. BERN-
sTEIN and S. MANDELBROJT ; the significance of such classes is indi-
cated by the fact that they contain also nowhere derivable functions. Since
our remarks refer to quasianalyticity in MANDELBROJT’s sense, we shall con-
fine ourselves to that. In his formulation ,,identical behaviour of f;(z) and
fs(2) in the neighbourhood of = x,”” means that with a fixed & > 0

(3) lim inf en J () — oty dt < o0
h—+0
Xo—h

and the phrase ,.f;(z) is essentially identical with fy(x) fora < @ < b means
that f,(x) = fy(x) almost everywhere there. MANDELBROJT proved that the
class of the functions f(z) with the period 27 having the Fourier-expansion

f(x) ~ N (ajcosm;x +b;sinm;x)
=

forms a quasianalytical class in his sense if

Smil? < oo
5

Jj=1

with 8 < a/(a + 1) and this is no longer true (see S. MANDELBROJT and
N. WiexEr [2]), when 6 = ¢/(z + 1). His theorem was extended to func-
tions

(4) f(x)rvS' (ajcos A;x -+ b;sin 4, )
=1

with increasing A-sequence by B. J. Levix [3].

In MaxDELBROJT’s theorem the class was characterized by the
Fourier-exponents of the function. In this case of Bernstein-quasianaliticity
N. LEvinson [4] proved a theorem, which amounts to a characterisation
of the corresponding class by the Fourier-coefficients. So the question arose
whether or not a quasianalytical class in MANDELBROJT’S sense can be
characterized by the Fourier-coefficients of its functions. I solved this problem
(see [5], [6]) which is in a sense dual to that of MANDELBROJT, even among
the functions (4), in the case when we have a little ,,weaker’” quasianaliticity-
definition than ManNDELROJT’s. More exactly, I proved the following
theorem:.

Let a > 0 be fixed and

(%) f(@) = Sajen
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with arbitrary real exponents ¢ so that

g aiwlogw ~
(6) lim sup e - laj] < oo .
A w-— j>m

If for any two functions f,(z) and fy(2) of this class we have for a real z,

(7) lim infeh “ max |fy(x) — fy(@)| < oo
h—+40 Xo—hZ=x=Xx,

then f,(z) = f,() on the whole real axis.
The main tool of my proof was the inequality

s aans Rk e
(8) max. | bje“’f"r e SR
asxsatd | T:l 4 6 (a -+ d) j=1 J

for any real p;-s, complex b;-s and positive a and d. To prove the theorem

(5)—(6)—(7) with MANDELBROJT’s quasianaliticity (3) instead of (7) one

would need an inequality similar to (8) but replacing the left side by

a+d

(9) J } ~ bjei”i"idx
-

j=1
a

a problem of independent interest.

The theorem (5)—(6)—(7) raises the further guestion whether or not
the condition (6) can be relaxed. The aim of this note is to show that (6) can-
not be replaced by the weaker condition

(10) lim sup e« ° N a;| < o< ,

DTS ji>o

however small we choose the positive number e. This shows that our theorem
is not far from being best-possible.

To show this it is sufficient to give an fy(x) of the form (5) satisfying
(10), further

(11) liminfe" ™ max |fo(x)| < oo
h-+40 —h=x=90

and f,(x) = 0. For this sake we choose fixing our « the parameter f so large

that

(12):: ' /3’:2[——] (> max (2,a); f iseven)
e

and consider

(13) folx) = exp] e 52
sinf x
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Then fy(z) = 0, is of the form (5) and (11) is obviously fulfilled ; thus we have
only to verify (10). Hence we have to investigate the sum

[ T
(14) : ‘:'|J-exp (—— ———|cosjrdx|= ¥|I;| .
: AT sin” x So

For a fixed index j we integrate partially u times, u being determined only
later. This gives evidently

1
|

; i,
' d e sinfx ‘
i

|1;] £ — max, |
7/‘ 0<x<n/2‘ dx*

Using Cauchy’s estimation with the circle |z—a| = 2/40p we obtain

!
11| = 7z max {[4—%

" 0=xsal2 x

" Y |
max exp|— ®e|— B
|z—x|=x/408 sinf z

cos (B arg §in 2)
“ —
max e szl } :

|z—x|=x/408

(15)

|
g al max {{ﬂé

j T 0<x<n/2 x

: But for z =& + i
cosé(e” —e ") |

sin &(e” + e—”)r

|
largsinz| = ] arc tg
since in our case

| < )Sf_x

v

X
408 x( 10p 40

and 0 < © < 7/2, we have for all positive sufficiently small &

‘ n_e_n“gLﬂs v : Sl
R AV mrenst b 5 E T e0f 1 108
DT X 1_“
7 408
Thus
| el — e\ 7T
|arc tg | cot 5—— < —
el s TP | 108
(16)

cos (p argsin z) > % ;
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Further we have for our z-s with a suitable positive numerical ¢, (> 1)

{sinz| < ¢, |2| < 01(1—{——)

i.e. from (15) and (16) we have

(17) |1 < u!m - (ﬂp_ﬂmax{—exp( ¥ 5 )}
7 x=0 a 2 cﬁ (1 + 1 xﬂ
208
Putting ?
1
_— = cz(ﬂ)
2¢4 (1 -+ —)
208
the maximum of the function
r="exp |— (f)
- xﬂ

for x = 0 is evidently assumed at
1
B
% (ﬂ cz(ﬂ))
u :

and its value is

(czuf) : ﬂ']% B

pl<p,

Since roughly

we have from (17)
I

G ”[4_0&;——?)” (ﬂc::ﬁ)]ﬁ 5

1
:n(ﬂf_:ﬁ: W) S it
B? eypy? !

with a positive ¢,(f). Now choosing

8 1
3(8) B
; : ,“( B )

. 2 ¢es(B) 1 ]

Bo= = [e— T+ . G1+1p
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we obtain the estimation

B Ll

[ r - 2eB)
Bl e M =

‘II 1 é ﬂe—ca(ﬂ)ﬂng TT exp

sk
1

= cy(f) exps — ¢5(B) §° } s cs(S)exP{— c; (€) - j]—;}

with positive ¢g(¢) and ¢,(e). From this (10) evidently follows.
It seems to be possible and would be of interest to construct examples
still nearer to our theorem than f,(x). Possibly

1

fala) = = 4

would furnish a better éxample but this would need a more suitable analysis.
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MEGJEGYZES A KVAZI-ANALITIKUS FUGGVENYOSZTALYOK ELMELETEHEZ
TURAN P.
Kivonat

A szerz6 egy régebbi dolgozataban (lasd: [5] és [6]) a kovetkezd tételt bizo-

nyitotta be :
Ha fix a > 0 mellett az

H)= ,\‘ aj e“?' x

s

i=1
tiggvényeknek A,-osztalya olyan, hogy
— w logw =
3 a N
(1) lim stip ¢ 2 lajl< e,
j=o

akkor abbél, hogy egy valés x;-ra

liminfer=® max |fi(x) — fo(@)] < o0,
h—+0 Xo—h=x=x,

kovetkezik, hogy f,(z) = fy(x) minden z-re.



REMARK ON THE THEORY OF QUASIANALYTIC FUNOTION-CLASSES 487

E dolgozatban a szerzé azon kérdéssel foglalkozik, hogy az (1) feltétel meny-
nyire enyhithet6. Mint alkalmas példan megmutatja, (1)-et a nem lényegesen gyengébb

limsup e’ ~* N |aj| < oo
-5 0o o

=0

feltétellel helyettesitve, ahol ¢ tetszéleges kis fix pozitiv szadm, a tétel mar nem lesz
1gaz. 3

3AMEYAHME K TEOPHUHM KJIACCOB KBA3WAHAJIMTUYECKHUX ®YHKIUN
P. TURAN

Pesiome
ABTOp B 0/IHOIf M3 cBoMX NpeAbIymmX pabor (cm. [5] u [6]) mokasan caeayoutyior
Teopemy :
Ecin npu ¢puxcupoBaniom a > 0 knace A, COCTOMT M3 (yHKIMIA

flw) = D ajeitx

j=1
JUIM KOTOPBIX

2
—wlogn N\
(1) lim sup e * (0| <ieo
® 0o j=o

TO M3 TOr0, YTO /IS HEKOTOPOI0 BEIECTBEHHOT0

liminfer™* max [|f;(2) — fo (¥)]| < oo ,

h—+0 Xe—h=x=Xx, ;
cieAyeT, u4to fy(x) = fy(x) npu Bcex. x.
B nacrosimeit pabore aBrop 3aHMMAETCsl CIAEAYIOUMM BOIPOCOM : HACKOJIBKO MOYKET
ObITb ocsia0seHo ycaosue (1)? Kak oH nMoxas3biBaeT HA MOAXOASIIEM NPUMEPE, €c/iu 3AMEHUTh
yciaoBue (1) HesnauuTesnbHo Oosee caadbIM ycIoBHEM

lim sup e'"“e:' lajt < oo

i j=o

rjie ;11000€ CKOJIb yroAHO Masioe MOJI0YKUTEIbHOE YHCII0, Teopema yyKe -He Oy/IeT BepHa.
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