ON THE CONVERGENCE OF SEQUENCES OF RANDOM VARIABLES
(A REMARK ON A PROBLEM OF A. PREKOPA)

PAL REVESZ

Introduction

In the paper [1] the following problem is mentioned.
Let &;,&,, ... denote a sequence of independent random variables.
Let us suppose, that

o0
v

P
=1

converges with probability 1 regardless of the order of summation. Let

A;(z=1,2,...) be sets of natural numbers with the property that i
B,= A, + Ap41 + ... then .

Il B.=0 .

n=1

In [1] it is shown that for every & > 0

lim P{|&(4,)| > &} =0

Nn— o

where

E(An) :E &

keA,

and the problem is formulated whether the stronger relation

(1) P{lim &4,) =0} =1

n—o

holds. In view of the relation
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where on the right-hand side there stand independent random variables, it can
be seen that (1) would be true if for every sequences &, 7, &n = & + 7a
of random variables satisfying the conditions

a) P{lim{,=0}=1

Nn— o
D) énr U0 i =0
¢) for every n, &, and 7, are independent,

there would follow :

P{lim £, =0) =P{lim %, =0}=0".

Nn—oco n—o

[The convergence to 0 with probability 1 of the sequence &(B,) follows
immediately from the relation

E(Bn) =" &

keB,

where the series on the right-hand side converges with probability 1 (Cf. [2]
p- 118., Corollary 1.).]

We shall show, however, that this assertion in general does not hold.
In this paper we consider not only this last problem but the following
more general one:

If &, =¢& +n. and &, 9, are independent random variables for
every n(n = 1,2, ...), further {,; converges to 0 in some sense, what kind
of convergence to 0 is implied for &, and %, by this relation if the conver-
gence of &, and 7, to 0 in some other sense is supposed.

We take into account the following kinds of convergence :

1. Uniform convergence. &, converges to 0 uniformly, if for every & > 0
there exists an ny(e) such that P{|&,| < e} =1 provided that n = n(e).

2. Convergence with probability 1. &, converges to 0 with probability 1, if
P{limé, =0} =1 . ;

N— oo

3. Conwvergence in the mean (en moyenne ). &, converges to 0 in the mean,
if M2 — 0

4. Weak convergence. &, converges to 0 weakly if M(&,() —> 0 where
¢ is an arbitrary random variable with a finite variance. :

In the cases 3. and 4. we assume that the mean and variance of all
the random variables in question exist.

5. Stochastic convergence. &, converges to 0 stochastically (&, = 0),
if for every £ > 0

lim P{|§(4,) > &} —0 .

n—o
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ON THE CONVERGENCE OF SEQUENCES OF RANDOM VARIABLES

Ot
. W

1. §. First case: P{lim{, =0} =1

n—o

I. Let &, = &, + 5n. We shall prove that there exist such sequences of
random variables &,, 77, that the following conditions hold :

a) P{lim &, = 0} =1

nN—o
D) Sy s 2 =0
¢) &, n, are independent,

but
d) P{lim &, = 0} = P{lim, =0} =0 .

n—ow nN—co

Let the sample space be the interval [0, 1 | and the probability measure
the Lebesgue measure. In this case the random variables are Lebesgue measur-
able real functions. We define the variables &,, #, as follows.

Let 1,, K,, L, be the following intervals :

I, = [(l A 1) . 102k —1)’ 1% 10~2(kr1)]
=[1—10-¢%+D 1]

i [ 2(k +1)
P o-tepnedae AT o 10087 e
lok 1+l ’ ’
2K+ 1
y 5 fr<i<b 220
j=k+1
¥ ] GGt D 10—2(k+1)] G R
0, BT e e o T
l 10%+1 41 Sk JSk+1
2k+1
where 1 <1<9 > 10/ for k=0,1,2,
j= k¢1

and
2 - 2i+1 i
n_[ 2 ool (1 80N R T B I VR
i=0 j= x+1 5
l = 0

Let C, =1, + K, Dp = I,, + L, and we define the random variables
&, and —7, as the characteristic functions (in the sense of the theory of sets)

~ of the sets Cn, and D, respectively.

Now we prove that &, and 7, satisfy the above conditions. Condition
a) is satisfied since &, + 7, = 0 holds only on the set K, -+ L,. In order
to show the fulfilment of Condition b) it is sufficient to prove that &, = 0.
In fact, if 0 < & < 1, then
1“’ lokTI

A b e \ Y . (k+1) Y da ) B s
P{&n] > &} = P{|&n] = 1} = 1| + | Ky = 10-¢+D 4 10- Tz 0

4*v



54 PAL REVESZ

what was to be proved. Let us now consider Condition ¢). The random vari-
ables &, and 7, can take on only the values 0, 1 and 0, —1, respectively.
Thus &, and 5, are independent if

P{én=1, na="—1}=P{§, = 1} Py, = — 1},
P{r =1, 7, = 0} = P{§, = 1} P{, = 0}
P{&n=0, = — 1} =P{ =0} P(y, = — 1},

Pl =0, 0 = P2 o OV Bl = 0]

It is sufficient to prove that the first relation holds as the fulfilment of one
of these relations implies that of the remaining ones. Since

10414 1
P{‘En 5o 1} Tl 102(,‘_1_71‘)*
: S o PRI A LTy
g b Ve i b o -2(k+1) - s
P =1tk | Lal =10 = 1 + 10¢%+D 1+ 10k’
Plén=1, o= — I} = |In| = 10-2&+D |

(where |[.|, |Kn|, |Ln| denote the lengths of the intervals 1., K,, L,,
respectively) our assertion holds. From the definition of the sequences &,
and 7, it is easy to see that d) holds.

II. This example shows that there exist such sequences &,, 7, which
satisfy the following stronger conditions:

@) Pllim{,=0}="1

e
b%) M(E)—0, M(z3)—>0
¢) &,, nn are independent for every =,
but
dy - P{Hm'E, = 0)=P{lim 5, =0} == 0~

N— oo N— o
III. Tt is easy to see that Conditions @ ), b ), ¢ ) neither imply that M(&%)—0
nor that &, converges to 0 weakly. In fact, if &5 = 10% ¢, 7k = 10% 7,
where

2k+1
12159 -1 00
j=k+1
and
KRl
n_‘l DX WL k=12,
kA
l l ik k=
then & satisfy Conditions a ), b), ¢) and

i. e. &, does not converge weakly to 0.
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2. §. Second case: M((2)

I. We shall show that if &,, 5, satisfy the following conditions :
a) M(E3)—0

b)y M(¢,)—>0, M(17,)—0

¢) &,, m, are independent for every n

then
M(&)—0, M(n2)—~>0 .

Proof : Since

M(82) = M[(5n 4 1n)%] = M(ER) + M(%7) 4 2 M(Enmn) = M(£) + M(n?) +
+ 2 M(&,) M(7,)

and

M(@3)—0, M(E)—0, M@#,)—0
we get
M()—>0, M) —~>0 .
It is clear that if we replace Condition ¢) by the following condition :
c*) &,, nn are uncorrelated
then our statement remains true.
II. Let us now define the Condition b* ) as
DEYEE 0, — 0

We shall show that if Conditions @ ), b* ), ¢* ) hold then the relations M(#%2) — 0,
M(&2) — 0 remain true.

Proof : By I. of this §. is sufficient to prove that M(§,) — 0. Our con-
ditions imply that

M(CEI) Gz M[(fn + 77n)2] % D2(‘Sn) + Dz(’?n)

and thus DZ2&,) — 0, D?%(n,) —> 0. Moreover, since D%*&,)— 0 and &, > 0,
we conclude M(&,) — 0.

- 3. §. Third case: (, converges to 0 uniformly
I. We shall prove that if &,, n, satisfy the following conditions :
a) &, converges to 0 uniformly :
by & =100 = 0 '
¢) &,, nn, are independent

then &, and 7, converge to 0 uniformly.
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Proof : Let us suppose that &, does not converge to 0 uniformly. In this
case there exist an & with the property that for every positive integer 7,
there can be found an n = n, so that

PiEa > 2 =0, 50

This implies that one of the relations

P{§n>2£};%, P{& < —28};%

: holds. We may suppose that P{&, > 2¢&} = 9,/2, the other case can be treated
4 similarly. Since &, + %, converges to 0 uniformly, there exists an NV such that
E P{\En‘}_nlzIée}:l

if n > N. Let ny = N'; then there exists an n such that

, P> 2022, PlaatmSg=1.
E By comparing these inequalities it follows that if &, > 2¢ then 5, < — ¢
with probability 1. Thus
Pln, < —¢elé, > 28 =1 .

On the other hand, &, and 7, are independent, hence

P{n. < — a]én > 26 =P{n, < —¢} .
: Thus we conclude
F P{n. < —e}=1

which contradicts to 77, = 0.
From the proof it is clear that Condition ¢) can be weakened i. e. it
is sufficient to assume that

1im @) — Hn(®,y)

8 D L Y Bl e s
n— 1— n(:L‘)

where

F(@) = P{&, < @}, Gn(y) = Plnn <y}, Hu(x,y) = Plén < 2,9, < 9} .

II. Finally we show that if Condition b) is replaced by the following one

i b*) M(¢,)—>0, M(n,)—0 .,
then the above statement remains true. In other terms if &, and %, luue the
properties

a) &n converges to 0 uniformly

b*) M(E,,)——»O, M(7,) —0
¢) &, and 71, are independent for every n

then the sequences &, and 7, converge to 0 uniformly.

FGVE )
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The proof of this statement can be accomplished word by word in the
same way in which the assertion in I. of this §. was proved.
We summarize the preceedings in the following table:

condition | ‘
u [ a0t 3R SE A G
u s F I 53 i
77) 2 m’ A — ¥ — -+ o=
e A e S e o5 i
R T SRR (S T
0T s ela R o N i

In the above table the signes -+ and — are written according as the
statement on the head of a column follows or not from the statement at
the left hand side of the row and the letters have the following meaning :

u) Cn=&n + nn converges to 0 uniformly

p) Cn converges to 0 with probability 1

m) Cp converges to 0 in the mean

w') &, and 7, converge to 0 uniformly

p’) &n and 7, converge to 0 with probability 1
m’ ) &, and 7, converge to 0 in the mean

w’) &, and 7, converge to 0 weakly

8’) &n and 7, converge to 0 stochastically.

(Received : 20. III. 1957.)
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VALOSZINUSEGI VALTOZOK SOROZATANAK KONVERGENCIAJAROL
(MEGJEGYZES PREKOPA A. EGY PROBLEMAJAHOZ)

REVESZ PAL

Kivonat

Legyen {&,} és {nn} két, valészin(iségi valtozdkbdl 4ll6 sorozat, és jelolje
Ln a &, +nn Osszeget. Tegyiik fel, hogy &, és 1, minden n-re fiiggetlenek.
. A dolgozatban megvizsgéiljuk a kovetkezd feltételek egymashoz val6 viszonyat :
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%) minden & > 0-hoz létezik oly my(e), hogy P{|i{,| <& =1, ha
n = n,, azaz {, egyenletesen tart 0-hoz

p) P{lim {;, =0}=1

n—oo
m) M(EZ)—0
w') &, és mn egyenletesen tart 0-hoz
7)) Pllim &, = 0} =Pflim %, =0}=1

m’) M(&) — 0, M(73) >0

w) M(&r0) —> 0, M5, &) — 0 tetszbleges véges szérast ¢ valdszinti-
ségi valtozéra

§") & és mp sztochasztikusan 0-hoz tart.

A dolgozat eredményeit a mellékelt tabldzat személteti, ahol a -,
illetve — jel azt jelenti, hogy az illet6 sor fejlécében szerepls feltételekbdl
kovetkezik, illetve nem kivetkezik az illetd oszlop fejlécében szerepld allitas.

0 CXOOAUMOCTHU MNOCJIELOBATEJIbHOCTEH, COCTOSIUX U3
CJIYUAWHBIX BEJIMUUH

P. REVESZ
Pe3iome

[Myctb {&n} M {n,} — ABe 1OCJIE0BATEIBHOCTH, COCTOSIIME M3 CIyYaiHbIX
BEeJIMUMH, U NYCTh $n o603HauaeT cymmy &, + nn. Ilpeanonoyxkum, uto &, ¥ 7n
He3aBUCHUMBI TIPH BCeX 3HAUEHUSX OT 7. B paGoTe Mcciienyercs cBsI3b Cle1yI0UnX
Y CJIOBUI :

w) JUIS BCSIKOTO & > 0 cyuiecTByeT TaKoe n(e), urto P{|ln| <&} =1,
€CJIM N = Ny, T. €. p PABHOMEPHO CTPEMHTCSI K HYJIBIO.
py Pl c, —0)=1".

m) M{{2}—0 .
w’) & U 7Np, PABHOMEPHO CTPEMHUTCS K HYJIbIO.
7' Plin g, =0} =Pllim Yy, =0)=1

Nn—co N—
m’) M{&2}—0, M{ni}—>0 .
w’) M{&, {}— 0, M{n,{}— 0 1151 11000# cayuaitHoil BeIMUMHBI ¢ KOHEUHO I
JUACIIEpCHEii.
8’) &n M Mp CTOXACTHYECKU CTPEMSITCS K HYJIBIO.

PegynbraThl CcTaTby HAXOAATCSI B NPWIOYKEHHO# Tabiule, I/ie 3HAKH -
UM — 03HAYaloT, UYTO U3 YCIOBUNA (DUTypUPYIOLUX B BUHbETKE OJHOI CTPOKM
CJIeIyeT TpeUI0yNKeHNe WM HEeTHUTYPUDPYIOIMX B BUHbETKE COOTBETCTBYIOLIETO
cToJiona.
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