
GENERALIZED HYPERGEOMETRIC DISTRIBUTIONS 

K Á R O L Y SARKADI 

1. §. Introduction 

The Pólya distribution is treated in several textbooks on probabil i ty 
theory and mathematical stat ist ics (see e.g. M . FRÉCHET [ 4 ] , W . FELLER [ 2 ] 
and M . A . B R I C A S [ 1 ] ) . I t is well-known t h a t it contains t h e hypergeometric 
distribution as a special case. In addition it is known t h a t the generating 
function of t he Pólya dis tr ibut ion is the hypergeometric funct ion multiplied 
by a constant factor. (See e.g. CH. J O R D A N [ 9 ] , [ 1 0 ] , M . FRÉCHET [ 4 ] and 
M . A . BRICAS [1 ] ) . For this reason the Pólya distribution is called by B R I C A S 
"generalized hypergeometric distr ibution." Furthermore t h e formula of t he 
distribution is given by C H . J O R D A N [ 1 0 ] in a form similar t o tha t of the usual 
hypergeometric distribution, as well as t he formula of the generalized hyper-
geometric distribution of C . D . and A . W . K E M P [ 1 2 ] . 

In the following we shall see that the generalization made by C. D. and 
A . W . K E M P is wider : the i r generalized hypergeometric distr ibution contains 
the Pólya distr ibution as a part icular case. The special form by J . G . SKELLAM 
an J . 0 . I R W I N are Pólya distributions too. 

Some other cases of t he distribution t rea ted by C . D . and A . W . K E M P 
were previously described by CH. J O R D A N [ 1 0 ] , [ 1 1 ] . 

The model given by J . O. IRWIN is a case of the Pó lya urn-model. I t is 
shown tha t Pólya's model, resp. its modificat ion for t h e inverse sampling 
is appropriate for all cases of the generalized hypergeometric distr ibution 
with exception of cases in which both a and n are non-integral. (See formula (2)) 

Fur thermore , it is shown tha t the generalization of C . I), and A . W . K E M P 
is incomplete. I t excludes for example cases in which P(0) = 0, tha t is, zero 
does not belong to the possible values of t he distribution. So it does not conta in 
even all cases of the usual hypergeometric distribution. I t will be shown 
however t h a t the distributions thus omi t ted differ from t h e treated ones by 
shifting only. 

Other rediscoveries of the Pólya distr ibution are also mentioned. 

2. §. Comparison of the distributions 

The usual form of the Pólya distribution is as follows (see W . F E L L E R [ 3 ] ,  
M . A . B R I C A S [ 1 ] ) : 
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( 1 ) P(r) = 
m I p(p + y) . .. (p + ry — y)q(q + y) .. . (q + my— ry— y) 

1 . ( l + y ) ( l + 2 y ) . . . ( i + m y - y ) 
(r = 0, 1,2, . . . ,m) 

•while 0 < p < l , g = l — p, y > — 1, m positive integer. 
Excluding the case of the binomial distribution (y = 0) and tak ing 

a = — p/y, b = — qjy we obtain the form (see CH. J O R D A N [ 1 0 ] ) 

) IN — R) 

<2) 

n 

(r = 0 ,1 ,2 , . . . , я ) 

where the following relations must hold : a and b are real numbers of the 
same sign, n is a positive integer , for positive a and b n < a -f- b; for positive, 
non-integer a resp. b n < a -f- 1 resp. n < b + 1. 

Thus it can be seen t h a t the Pólya distribution is characterized by the 
formula of t h e hypergeometric distribution, permiting non-integral values 
for a and b. 

This formula is the start ing-point of C. D. and A. W. KEMP. In their 
generalization, also the t h i r d parameter, n may be an arb i t rary real number 
and a, b m a y have different signs. 

(For interpret ing the ra t io of factorials of negative integers they define 

( 3 ) 
( — x — у) ! (ж-1)! 

for positive integer values of x and у.) 
So t he Pólya dis t r ibut ion is a special case of t he generalized hyper-

geometric distr ibution of С. Ю. and A . W . KEMP. 
Investigating the classification of the hypergeometric distr ibution 

given by C . D . and A. W . K E M P it can be seen, that Pólya distributions result 
in following cases : 

Type I. A(i) 
Type I. A(ii) for integer n only 
Type II . A. 
Addit ional types can be regarded as Pólya distr ibutions if we change 

t h e parameters. 
The subst i tut ion 

( 4 ) АЛ — N , 7IX — A , BX = A + B — N 

interchanges T y p e I. A (i) w i t h Type I. A (ii); Type П. A with Type 111. A; 
Type II. В wi th Type III. В ; the types non-mentioned are unaltered. 

So we see that all cases of Types I. A., II . A., III. A can be regarded as 
Pólya distributions. 
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The comparison of the restr ict ions shows however tha t t h e r e are several 
cases of Pólya dis t r ibut ions no t contained in a n y of the t y p e s of C. D. a n d 
A. W. KEMP . W e shall r e tu rn t o this question in § 7. ex t end ing the class of 
generalized hypergeometr ic d is t r ibut ions wi th addi t ional t ypes , including 
t h u s the whole class of Pólya dis t r ibut ions. 

3. §. Formulae of the distribution 

The fo rmula of the d is t r ibu t ion can be wr i t ten in severa l different 
forms. The fo rmulae given b y C. D. and A. W. KEMP differ f r o m well-known 
fo rms of t h e Pó lya dis t r ibut ion. There are var ious forms g iven by o ther 
au thors , ment ioned in §. 5. Y e t there can be given addi t ional forms . 

Separate formulae are g iven below for each type. These formulae are 
equivalent , each of them prov id ing the complete generalization wi th exception 
of (1), (6), (7), (8) ; the use of negative fac tor ia ls being inconvenient , t h e y 
can be su i tably used for one t y p e only. 

C. D. and A. W. KEMP classify the generalized hypergeometr ic distr ibu-
t ions into four general types. In fac t there are t h r ee different t y p e s only, since 
— as ment ioned before — T y p e I I and II I a re identical by subs t i tu t ion (4). 

Type I. 

The fo rmula given by C. D. a n d A. W. KEMP : 

a J I b T ln\ la + b — B I 

r i \n — rj \ r ) \ a — r i _ 

a -f- b \ /а + Ы 

n i l a 

a! n\ ъ\ (a + b —n)\  
r\(a — r)\ (n — г)! (b — n + r)\ (a -f &)! 

In case of integral n (or a) also formula (1) can be used. In formula ( I ) 
p = а/(а + b), q = b/(a +b), у = —1/(а + b), m = n or p = nj{a + b), 
q = (a -\-b — n)l(a +b), y = — 1/(а Ц- b), m = a. 

If in add i t ion a and b (resp. n and b) are ra t ional , the well-known formula 
of the Pólya urn-model is also appropr ia te : 

(5) P(r) = 2 

I лM n 
(6) P ( f ) = ( r J ^ 

r— 1 m — r—l 
UAM + iR) Ц ( N - M + iR) 

i=0 
m - 1 
/ / (N + iR) 
í=0 

while m = n, M = — Ra, . N = — R(a + b) (resp. m = a, M = — Rn, 
N — — R(a + b)), R is a negative-integer, —R being the common denomi-
na to r of а , n a n d b. 
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Type I I — I I I . 

Using the relation (3) we obtain the following forms : 

P(r) 

I с -)- T — 1 \ I d + m — r — i \ 

\ r M m — r I 

íc + d + m— 1\ 

[ m i 
(с + r — 1)! (d + m — r - 1)! m! (c + d — 1)! 
r ! ( m - r ) l (с — 1)! (d - 1)! (c + d + m - 1)! 

which can be written in a form given b y E. J . GUMBEL and H. VON SCHELLING 
[5] for t he distribution of the number of exceedances (see §. 5.) : 

P(r) = -

(m - f - n ) 

N\ m\ 

1 r 
tm + N— 1\ 

{ с + r - 1 J 
or in a f o r m in which t h e succession law is given (see §. 5. and J . V. USPENSKY 
[15]) : 

Г Zc+r~1 (1 — z)m + N-c~r dz  
1 

I zc-! (1 - z)N~cdz 
Ó 

In above formulas с = — a, d = — b, m = n, N — с d — 1 (Type II) ; 
or c = — n, d — — a — Ъ + m — a, N = с + d — 1 (Type III) . 

Al ter ing the nota t ions : 

/ с ) f d 

P ( r ) = 

m 
m) \r ) с! d\ (m -j-r — 1)! (c + d — m — г)! 

c + d ] ( m + r) r ! ( d - r ) 1 ( c - m ) \ ( m - 1)! (c + d)l 
m -j- r J 

where с — — a — b — 1, d = n, m= — a (Type II) ; or с = — a — b — 1, 
d = a, m — — n (Type III). 

I n case of positive integral n (or a) formula (1) is also appropr ia te (see 
case of T y p e I). Are in addit ion the o the r two parameters rational, (6) is also 
suitable. Now I? is a posi t ive integer. 
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Are n and a b o t h integers, following formula is also appropriate : 
m-1 r-1 

(m + r - 1) Ц (P + i y ) i f (q+iy) 

r 
(7 ) P(r) i—0 I=0 

m + r-1 
11 (1 + t y ) 
i=o 

while m — — a, p = (a + b + 1)1 {a + 6 — я + 1), q— — n/(a + b — и + 1 ) 
у = l/(a+b - n +1), ( T y p e I I . A ) ; o r m=—n, p = (a +b + l)/{b + 1), 
q = - a/(b + 1 ) , у = 1/(6 + 1) (Type Ш . A). 

Is in addition b rational, following formula is also suitable : 

(8) P(r) = 
m + r 

m-l r-l 
_ п ц (M + iR) ц (N - M + iR) 

i=0 i = 0 
y J m+r—l 

i i (N + iR) 
i = 0 

where m - a, M = R(a + 6 + 1), IV = R(a -\-b — n + 1 ) ; (Type I I . A), 
or m= — n, M — R(a +b + 1), N = R(b + 1) (Type Ш . A) ; in both 
cases I? is a negative integer, —R being the denominator of —b. 

Type IV. 

Appropriate formulae : 

(c + r — 1)! (m + r — 1)! d\ (d — с + m)\ P(r) = 
r\ (d+,m + r)\ (с — 1)! (m— l)!(d —с)! 

(d + m + r) I 

с 

d -(- m -f- r — 1 

d 

m + r — I t ( d 
r i V с 

, , . . . ld + m + r— 1\ 
(d + m + r) 

V d + m — с j 

where с = — a, d = b, m = — n or с = — n, d = a + b — n, m = — a ; 
f u r t h e r 

P(r) 

с + m — I i Id + r — 1 
m /V r 

[c + d + m + r — l t 

m 

(c + d + m + r - 1 ( m + r ) 

\ m + r J 

(d + r - 1)! (m + r - 1 ) ! (c + d - 1)! (c + m — 1)! 
r\ (c + d + m -V r - 1)! (с — 1)! (d - 1)! (m — 1)! 
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where с = a + й + 1, d = — n, m == — a, or с = a + 6 -(- 1, d = — a, 
m = — п. 

In t he case of. integral a (or n) formula (7) is also appropr i a t e . Are in 
add i t ion t he o ther two pa ramete r s rat ional , fo rmula (8) is also suitable. 
I n th is case R is a lways a posi t iv integer. 

4. §. Model representation 

The urn-model ment ioned b y t he authors for the integer case of Type 
II. A, given by J . O. IRWIN [7], is a special case of t h e well-known Pó lya urn-
model . However, Pó lya ' s model is appropr ia te not only for the in tegra l cases, 
b u t for all cases of t he Pólya d i s t r ibu t ion (see e.g. W . FELLER [3], pp . 82—83., 
p. 128.). 

The Pólya urn-model is given below in a form connected w i th formula (2). 
In a set of n successive (dependent) trials the probabi l i ty of success varies 

f r o m tr ia l to t r ia l in t he following way : In t he f i r s t t r ial the probabi l i ty of 
success is a/(a -\-b). If the f i rs t к t r ia ls resu l ta ted in s successes a n d к — s 
fai lures, the (conditional) p robab i l i ty of success in the (к -f- l ) - s t t r ial is 
(a — s)/(a +b — k). Then the probabi l i ty of exac t ly r successes out of n 
t r ia l s is given b y fo rmula (2). 

The above model il lustrates t h a t Pólya 's d i s t r ibu t ion is the generalization 
of t h e hypergeometr ic one in t he sense tha t the pa ramete r s a and b may t ake 
a n y real value ins tead of integers only. 

If we modi fy Pólya ' s model for the inverse sampling, we get appropr ia t e 
models for types I I I . A and IV. in case of integral n, for types I I . A and IV. 
in case of integral a. The modif ied model is as follows : 

In a set of successive trials, t h e probabi l i ty of success varies f rom tr ia l 
t o t r ia l in the following way. In t h e f i r s t t r ial t h e probabi l i ty of success is p. 
If t h e first к t r ials resul ted in s successes and к — s failures, the (condit ional) 
p robabi l i ty of success in the (к -f- l ) -s t t r ia l is (p -+- s y)/( 1 -f к у). T h e trials 
a re cont inued unt i l m successes have been ob ta ined (r is now t h e number 
of failures). This model leads direct ly t o formula (7). 

Are the o ther parameters ra t ional , the above model can be modif ied 
for u rn model in a p roper sense which leads to f o r m u l a (8). So we h a v e appro-
p r i a t e models for all cases in which n or a is integral. Are both n a n d a integral, 
Ave have two di f ferent models in general . 

5. §. Other derivations and special cases 

C. D. and A. W . KEMP ment ion two au thors (J. G. SKELLAM [ 1 8 ] ; 
J . O. IRWIN [7]) who described some types of the i r dis t r ibut ion previously. 
These types belong t o the class of Pólya dis t r ibut ions . I t follows f r o m the 
p a p e r of C. D. a n d A. W. KEMP a n d f rom our last § t h a t the m a i n types of 
t he generalized hypergeometr ic d is t r ibut ions can be derived in t h r e e different 
ways : 1. by ex tend ing the fo rmula of the hypergeometr ic d is t r ibu t ion ; 
2. b y u rn models ; 3. by allowing t h e probabi l i ty pa ramete r of a binomial 
(negat ive binomial) d is t r ibut ion t o be a Beta var iable . 

As it is well-known, the Pó lya d is t r ibut ion was int roduced in t h e second 
way. I t is known however , t h a t it can he derived in the th i rd w a y too 
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(0. LUNDBEBG [14]). Applications of this k ind are treated in papers of J. W . 
HOPKINS [6] and the present author [16] too. I myself ignored at tha t t ime 
t h a t the distribution investigated was of t y p e Pólya. J . W. HOPKINS uses 
the name "negat ive hypergeometric distr ibution" for the distribution adopted 
f rom SKELLAM. 

CH. JORDAN [10] describes a simple fo rm of the inverse sampling types , 
namely the case m = 1 (see formula (8)). 

I t seems tha t the fact t ha t there are three possible derivations of t he 
distribution, is the main cause for its repeated rediscovery. Another cause 
is tha t different forms of the law of distribution are possible. 

Finally we wish to discuss several problems each of which leads t o a 
special case of the Pólya distribution, namely to the integer ease of C. D. 
and A. W. KEMP II. A (III. A.) type. As mentioned before this type has two 
different urn-model representations : a direct Pólya sampling model, in which 
a similar ball is added af ter each drawing and an inverse sampling model 
without replacement. It seems to be suitable to restrict t he name „negative 
hypergeometric distribution" t o this type, as this is the analogon of the nega-
t ive binomial distribution for sampling wi thout replacement. 

The inverse sampling without replacement appears in several statistical 
problems: e.g. random walk (W. FELLER [2 ]), waiting t ime (W. FELLER [3] 
p p . 35—37.) e t c . 

A problem of another kind, which leads to this distribution is t ha t of 
the number of exceedances. (See e.g. E. J . GuMBELandH. vonScHELLiNG [5]). 
I t has been shown by the present author [17], that the distribution of the 
number of exceedances is of this type. Fur thermore it is mentioned t h a t the 
formula of the distribution derived by E. J . G UMBEL any H. von SCHELLING 
by combining the binomial and Beta distributions can be derived through 
the Pólya urnmodel too ; and it is shown t h a t Laplace's law of succession (see 
e.g. J . V. USPENSKY [19]) and the inverse problem (by using Bayes' rule) of 
sampling wi thout replacement lead to the same distribution. 

The moments of Pólya 's distribution were treated e.g. by CH. JORDAN 
[10], M. FRÉCHET [4] and M. A. BRICAS [1], the limiting forms by M. A. 
BRICAS [1] in detail. I. KOZNIEWSKA [13] determined the first absolute 
central moment. 

6. §. The equivalency of the drawings 

As well-known, a random variable of binomial probabil i ty distribution 
can be regarded as the sum of independent, equally distributed random variables 
with the possible values 0 and 1. Similarly, a random variable of Pólya distri-
bution can be regarded as the sum of the caracteristic random variables of the 
drawings. Here however the terms are dependent, but it is known tha t these 
characteristic variables have the same apriori distribution. G. PÓLYA [15] 
showed tha t they are equivalent random variables (see also CH. JORDAN [11], 
M . FRÉCHET [4]). 

The converse of the above theorem does not hold. L. WEISS [20] showed 
by a counter-example tha t Pólya's distribution cannot be uniquely derived 
from the assumption of its variable being the sum of equally distr ibuted 
random variables on the numbers 0 and 1, having by pairs t he same correlation 
coefficient. Furhermore it follows from his counter-example that even the 
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assumption of equivalency of the terms is insufficient for being the sum 
Pólya variable. 

Here we show the following 

Theorem : Every random variable £ with the possible values 0, 1, 2, . . . , n 
can be written as the sum of n equivalent random variables : 

f = 4 + f , + . . . + in 

while each of the equivalent random variables £lt £2, . . ., £„ is distributed on the 
numbers 0 and 1. This decomposition of £ is uniquely determined. 

Proof : 

It follows from the assumption t h a t if such a decomposition exists, 
then the probabili ty tha t к of the variables clt £2, . . . , £„ in a given order 
have value 1 and the remaining n — к value 0, is 

(9) n 
jc 

I n 
orders of this kind, each order with t h e same probabil i ty 

k 

by virtue of equivalency. 
The joint distribution of £3, . . . , £ „ is uniquely determined by the for-

mula (9). Evidently, any permutation of the variables does not effect the 
distribution. Thus is follow's tha t £2, - • •, in are equivalent random vari-
ables. 

7. §. Completion of the generalization 

The generalization given by C. D. a n d A. W. KEMP is — as mentioned 
before — incomplete. There are cases in which formula (2) defines a probabil i ty 
distribution, bu t does not sat isfy the restrictions given by C. D. and A. W. 
KEMP. The classification needs a completion in two directions : 

A) C. D. and A. W. KEMP consider cases only in which the smallest 
possible value of the distribution is zero. In addition, it seems reasonable to 
consider cases in which n — b is a positive integer a n d formula (5) gives 
P(r) > 0 in t he range n — b < r A R (R positive integer or infinite) and 
formula (5) sums to unity in this range. 

The reason for above assumption is t h a t in each case for which formula 
(5) gives P(0) =t 0 but gives positive values for some positive integral values 
of r, n — b must be a positive- integer and P(n — b) =f= 0 hut P(r) = 0 if 
0 < r < n — b. 

Namely we obtain f rom (5) 

P ( 0 ] _ (a — r)l (b — r)\ (b-n + r)\ 
P(r) ' a\ b\ (b — n)\ 
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The f i r s t three factors are always f in i te and different from 0. T h u s 
P(0)/P(r) = 0 if and only if 

(b - n + r) ! = 0 

( b - n ) I 

from which follows tha t b — n must be a negative integer and r A. n — b. 
I t will be shown t h a t the probability distribution arising from (5) and 

having the smallest possible value n — b, can be reduced b y the t ransforma-
tion 

(10) a = bx , b = alt n = a1-{-b1 — nx , r = bx — nx + rx 

to those considered above. Namely, 

С И Л ) • P1(r1)=P(r) = 
K + ^i 

I % 
while 

P j ( 0 ) = P ( n — b) > 0 . 

The detailed comparison gives that we get new types b y the t ransformation 
(10) from Types I. A (i), I. A (ii) and IV. of C. D. and A. W. KEMP. 

В ) For Type П. A. the authors exclude the case b = — 1, similarly for 
Type III . A. the case b — n — a — 1. These exclusions are unjustified. I t is 
true t h a t in the cases mentioned the hypergeometric series are inf ini te and 
divergent, bu t и or a is a positive integer and thus (5) sums to uni ty in the 
range 0 ^ r gi n resp. 0 zi r ^ a which can be proved in the same way as 
in case of f ini te series. 

An important part icular case : If a = 6 = — 1, n positive integer, we 
obtain 

p(r) = 
n+ 1 

(r = 0, 1, . . . ,n) 

that is our random variable is uniformly distributed on the numbers 0, 1, 2, 
.. '., n. 

(Received: 5. VIII. 1957.) 

5 A Matematikai Kutató Intézet Közleményei II . / l—2. 
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A H I P E RGEOMET RIKUS ELOSZLÁS ÁLTALÁNOSÍTÁSA 

SARKADI К . 

Kivonat 

С. D. a n d A. W . K E M P [12] a h i p e r g e o m e t r i k u s e losz lás kép le tébő l (2) 
k i indu lva á l t a l á n o s í t o t t á k a z eloszlást a r r a a z esetre , h a a p a r a m é t e r e k n e m 
egész, h a n e m á l t a l á b a n va lós számok . 

E b b e n a c i k k b e n a s z e r z ő m e g m u t a t j a , h o g y a C. D . és A. W. KEMP-
fé le á l t a l á n o s í t á s a P ó l y a - f é l e eloszlást spec iá l i s e s e t e n k é n t t a r t a l m a z z a , 
t o v á b b á u g y a n c s a k t a r t a l m a z z a a P ó l y a - m o d e l l inverz (Pascal-féle) m e g -
felelője á l t a l s z á r m a z t a t o t t e losz lásokat . 
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• 

Az emlí tet t c ikk részletes t á rgya lá sá t is t ö b b t ek in t e tben kiegészíti, 
így pl . m e g m u t a t j a , hogy az indokola t lanu l k izár egyes o l y a n t ípusokat , 
ame lyek az eredeti feltevésnek megfelelnek. 

Megemlít még a szerző a c ikkben több i smer t vagy az i roda lomban 
t á r g y a l t eloszlást is, melyekről edd ig n e m volt ismeretes , hogy Pólya-eloszlások. 
Ezek : a Laplace-féle következési szabály , t o v á b b á a visszatevéses mintavé te l 
(Bayes-féle) inverz p rob lémá jának megoldása, va lamint az [5 ] , [6], [7], 
[16] , [18] c ikkekben tárgyal t eloszlások. 

J . 0 . IRWIN [7] cikke k r i t i k á j á t ( lásd: [20]) kiegészítve, a szerző 
beb izony í t j a , hogy bármely valószínűségi vál tozó, amelynek 0, 1, 2, . . . , n 
a lehetséges ér tékei , felírható n d a r a b ekvivalens esemény ka rak te r i sz t ikus 
vá l tozónak összegeként. 

ОБОБЩЕННЫЕ ГИПЕРГЕОМЕТРИЧЕСКИЕ РАСПРЕДЕЛЕНИЯ 

К . SARKADI 

Резюме 
С. D. и. A. W . K E M P [12], исходя из формулы гипергеометрического 

распределения (2), обобщили распределение на тот случай, когда параметры 
не целые, а, вообще говоря, вещественные числа. 

В настоящей статье автор показывает, что это обобщение содержит 
распределение PÓLYA как специальный случай, а также содержит распре-
деления, происходящие от обратного (PASCAL) аналога модели PÓLYA. 

Дополняется также подробные рассуждения упомянутой статьи, 
показывается, например, что она необоснованно исключает некоторые типы, 
которые соответствуют исходным предположениям. 

Упоминаются ещё в статье известные или расснотренные в литературе 
распределения, о которых не было известно, что они являются распреде-
лиями PÓLYA. Это : правило заключения LAPLACE, решение обратной 
проблемы выбора образцов с возражением, а также распределения, 
рассматриваемые в статья [5], [6], [7], [16], [18]. 

Дополняя критику [20] статьи J . О. IRWIN] [7], автор доказает, что 
л ю б а я случайная величина, вовможные значения которой являются 
О, 1, 2, . . . , п, может быть представлена в виде суммы характеристических 
переменных п эквивалентных событий. 

б* 
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