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ON SECONDARY STOCHASTIC PROCESSES 
GENERATED BY A MULTIDIMENSIONAL POISSON PROCESS1) 

LAJOS TAKÁCS 

Introduction 

In an earlier paper [4] the author deduced some theorems concerning 
secondary stochastic processes generated by a one-dimensional Poisson process. 
In the present paper a more general case will be investigated. We suppose 
t h a t the underlying process is a homogeneous Poisson process defined on an 
m-dimensional space. We shall establish theorems which are generalisations 
of the theorems formulated in [4]. The proofs are based on the method of [4]. 

§. 1. Homogeneous Poisson process defined on a Euclidean space of finite 
dimension 

Let us consider the field © of all Borel-measurable sets N of a Euclidean 
space of finite dimension. Denote b y /z(S) the Lebesgue measure defined on 
the sets S £ <B. For each set S, wi th fi(S) < oo, let there be defined a 
random variable £(S) with the following properties : 

1°. £(S) assumes only non-negative integer values and P{£($) = 0} ф 1 
if y{S) > 0. 

2°. The probability distribution of £(S) depends only on the measure (i(S). 
3°. If Sx and S2 are disjoint sets, then and Ç(S2) are independent 

random variables and we have + S2) = i(Sx) + i(S2). 

£ м Р Щ М = 1 . 
P{£(£) = 1} 

Another definition of the multidimensional Poisson process has been 
given e.g. by C. RYLL-NARDZEWSKI [3]. 

Theorem l .s Under the assumptions 1°.—4°. we have 

(1) P{|(S) = k} = e-pAS) [ P ^ l Z 
k\ 

*) This is an address delivered at the Colloquium on Stochastic Processes, Balaton-
világos, September 13—15, 1956. 
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for all S£<&, with ft(s) < oo, where p is a positive constant. 
Proof: Consider a decomposition of S : 

where (i = 1 ,2 , . . . , n) are disjoint sets a n d p(S^) = p{S)jn. Let Sn  

be one of the sets Now, by 3? we have 

(2) P{|(S) = 0 } = [ P { | ( S n ) = 0 } r 

without supposing t h e mutual independence of the random variables 
« > ) (i = 1, 2 , . . . , n ) . As P {£($„) = 0} = 1 — P { £ { s n ) = 1} — P{!($„) > 1} 
and ju{Sn) — p(8)/n, taking 4? into consideration, we obtain tha t 

(3) lim n Р { В Д = 1} = - log P{|(N) = 0} . 
П—• oo 

This limit cannot be infinite. For P {!($) = 0} = 0 would imply 
P{|(5) = 0} = 0 for all sets S. Consequently also it would follow tha t 
P{|(iS') — lc) — 0 for all sets 8 and for all k, which is impossible. The limit 
cannot be equal to 0, for P {f(8) = 0} = 1 would imply the same relation for 
all sets S. But t he case P {£($) = 0} = 1 is excluded. 

Using the condition 3?, we have 

(4) M{e"i(S)} = [M{eí'í(S»)}]" . 

Clearly, we have 

M{e'«(s-)}= P{!(,Sn) = 0 } + P{|(Ä„) = 1} e " + P{f(5„) > 1}0 

where 101 ^ 1. Now pu t t ing P {f(S„) = 0} = 1 - P {£(£„) = 1} - P {£(£„) > 1}, 
from (4) it results t h a t 

(5) M{e''«s>} = ехр{(е" - 1) lim n P{£(£„) = 1}} 
и—* со 

or by vir tue of (3), 

(6) M{ei'«s>} = (P{|(N) = 0})<,-e''> . 

Consequently £(S) has a Poisson distribution. T h e expectation М{|(£)} 
exists and by (6) we have 

(7) M { f ( S ) } = - l o g P { ! ( f f ) = 0} . 

The expectation M {l(N)} is a non-negative addi t ive set function, which 
depends only on ju(8). Consequently M {£($)} = Pft(S) with a positive p. 
The cases p = 0 and p — °° are excluded. Finally 

(8) M{e" i (S)} = e - P ^ 1 - ^ . 

which proves (1). 
In the following we shall call a set of random variables {£(#)} which 

satisfies 1? — 4? a homogenous Poisson process. 
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Remark 1. If n > 2 and Su S2, . .., Sn are disjoint sets, then К Д ) , 
i(S2), . .., Í(Sn) are not necessarily mutually independent random variables. 
However, it is easy to construct a set of random variables {!($)} which satisfies 
beside 1? — 4? also the following condition : 

5°. If for an arbitrary n, 8г, S2, . . ., Sn are disjoint sets then the random 
variables Í{Sf), Í{S2), . . . i(Sn) are mutually independent. 

The stochastic process {<?($)} can be interpreted as follows : Let us 
consider random points (random events) distributed in the space. Denote by 
i(S) the number of t he random points or random events taking place in the 
set S. For a realization {£(£)} a point P is one of the random points if lim i(iS') + 1 
in such a way tha t P^S, where S is an open set. s - p 

We prove two lemmas : 

Lemma 1. Let us consider the Poisson process {£($)} fulfilling 1°—4°. 
Let y(S) > 0. Under the condition £(S) = 1 the random point in S is distributed 
uniformly in S. 

Proof: Let 8 = 81 + S2, where S1 and S2 are disjoint sets. Then 
we have 

1 V V 1 v 1 P{i(S) = 1} 

= P{Ç(S1) = 1}P{S(S2) = 0} = yjSJ 

P{f(S) = l } P(8) ' 

as was to be proved. 

Lemma 2. Let us consider a Poisson process {£($)} fulfilling 1°.—51. 
L,et fi(S) > 0. Under the condition i(S) = Ic, the к random points in S are 
distributed independently and uniformly in S. 

Proof: For an arbi t rary я, let S=St + S2 + . . . + Sn where 8lt S2,..., Sn 
are any disjoint sets and к = kx -f k2 -j- ... + kn where kx, k2 kn 
are any non-negative integers. Then we have 

= kv i(32) = k 2 , . . . , s(8n) = K \ m = k} = 

P{t{S1) = k1, = . . . , S(Sn) = kn} = 

p { w = v 
_ P{g(flx) = . P{f(g,) = k2}... P{f(g„) = K) _ 

p{w = k} 

k\ Ы Д ) 
ki MS*) к, 

kx\ k2\ . . . kn! U(S) I m s ) ' I p(S) 

This completes the proof. 

Remark 2. If we assume more generally t h a t /a(S) is any non-atomic 
measure other t han the Lebesgue one, then similar theorems are valid as 
above. In this case {!($)} is called a non-homogeneous Poisson process. 
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§. 2. Secondary stochastic processes generated by a Poisson process 

Let us consider a homogeneous Poisson process {£($)} defined on the 
Euclidean space of m dimensions. For the sake of brevity we introduce the 
vector notation x = {xv x2, .. ., xm), y = (yv y2, ym), r = (rlt r2, ..., rm) 
etc. , for denoting the points of t h e space. Let us suppose t h a t every event in 
t h e Poisson process gives rise t o a signal depending on a random parameter. 
If y is the point representing an event and a is the value of the corresponding 
parameter , then denote the magni tude of this signal at the point x by f(x,y,a). 
Suppose that the parameters belonging to different events are mutually inde-
pendent random variables with a common distribution funct ion H(a) and 
fu r the r that the different signals linearly superpose. In t he following we 
suppose that f(x, y, a) is a Baire function. 

Let us consider the random variable 

(9) rj{x ; S) = 2 Kx> Vv, a-v) 
VyiS 

\ 

which represents a t the point x t h e sum of the signals arising f rom the random 
events occurring in the set S. Неге y,, denote the different random points 
and av the random parameters. I n the case when 8 = Rm(the whole space), 
let us write rj(x) instead of rj(xm ; Rm). These sums do not necessarily converge. 
If t hey do, we say t h a t the process р(х ; S) resp. у(х) exists. If p(S) < 
t h e n the process r](x ; S) exists wi th probability 1. If S = Rm we obtain the 
following 

Theorem 2. If for all x we have 
V СО 

(10) J [ [ \f(x,y,a)\dH(a) \dy < oo 
вт 

then the process {rj(x)} exists with probability 1. 

Proof: Let us decompose the space Rm as the countable union of disjoint 
sets with finite measures: Rm = + S2 + ... + Sn-\- ... . Then we have 

(11) v(n)= 24(v,sn) . 
n= 1 

As 
00 

М { | ч ( » ; J [ j \f(x,y,a)\ dH(a)]dy 
sn 

and 

2 M{|»?(® ; 5„)|} ^ P J [ J I/(*, y, a)| dH{a)\ dy < oo , 
B m — CO 

it follows from the known theorem of BEPPO LEVI or from the known in-
equal i ty of MAKKOV concerning non-negative random variables tha t the 
process {r)(ic)} exists with probabil i ty 1. Evidently, p(x) is independent of 
the part i t ion of H m . 
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Theorem 3. Let P(S) be finite. The characteristic function of the random 
variable rj(x', S) has the following form : 

00 

(12) Mie"^ :« )} = exp j p j" | J е1'^.».«) dH{a) - 1 ] dy J . 
S — CO 

Proof: Let be S = S1 + SZ + ... + SN where SLT S2, ..., SN are disjoint 
sets with the same measure. According to t he condition 3° concerning {!($)} 
we can write 

n 
(13) M{ei(„(*;S)} = j j 

fc=l 

without supposing the mutua l independence of the random variables 
tj(x ; Sk) {k = 1 ,2 , . . . , n). By the theorem of to ta l expectation and Lemma 1 
we obtain 

M{e«"<*;s*>} = > ' Р { | ( Д ) = j) М{е''"><*;5*>|!(Д) = j ) = 
l=o 

dy + P{S(Sk) > 1} & = Р { | ( Д ) = 0} + P { m = 1 } - ^ — f Í Г em*,«,a)dH(a) 
y {S к) J L J 

S к —со 
where | d | ^ 1. Taking in to consideration that Р { | ( Д ) = 0} = 1 — 
— P {£№) = 1} — P{i(Sk) > 1} and fi(Sk) = p{S)/n we obtain by tak ing 
logarithms 

СО 

log M{e"''<!e;s*>} = p | j4 dH(a) — 1 dy + Ck 
pp(S) 

n 
Sk -« 

where | Ck | < 4 . Letting те-> °° we obtain by (13) 

log М{е«"<я: S> } = P I [ [ ét](x,y,a) d H ( a ) _ i j d y 

S -co 

which proves (12). 

Remark 3. Assuming also 5° for t he process {!($)} we may prove 
Theorem 3 in a simpler way using Lemma 2. For by the theorem of total expec-
tat ion we get 

M{eii„(*;s)} = У p ^ S ) = = j} 
l=o 

and by Lemma 2 

= ? y = = l}]7' 
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where 

M{e<'">(*'s>||(£) y(S) J 
eitf(x,v,a) dH(a) 

S -о 

dy 

Carrying out the corresponding substi tutions we get (12), what was to be 
proved. 

Now we shall prove the following limit theorem : 

Theorem 4. Let us suppose that D {p (x; S)}exists ; then we have 

(14) lim = 1 
л 

zí e 2 du . 
\ D{y(x-,S)} ~ \ У2л 

— OO 

Proof: By Lemma 2 

T]{x ;S) = J £ f { x , yv a,) 
vies 

can be considered as a sum of a random number of identically distributed 
independent random variables, where t he number of the variables is inde-
pendent of the variables themselves. The number of t he variables follows 
a Poisson distribution wi th mean pp{S). I f p -> - °o then we obtain the limi-
ting distribution (14) by the theorem s ta ted by H. ROBBINS [2] (Cf. R. 
L . BOBRUSHIN [1]). 

Remark 4. Theorem 3 may be easily proved also for the case when the 
underlying process is a non-homogeneous Poisson process. In this case we 
have 

OD 

M{eif„(*;S)} = exp J p j j j e'Vf.va) dH{a) - 11 p{dy) . 
S — CO 

Theorem 5. If for all x we have (10), then 

СО 

(15) М{е"»<*>} = e x p j p J J ('•««№».«'.«>dff(a) - l ] dy 
rm - « 

Proof: (15) follows f rom the existence of the random variable r](x). 
However, we may prove i t directly by the known theorem of P. LEVY a n d H. 
CRAMÉR concerning the convergence of a sequence of characteristic functions. 

Remark 5. Let us denote the 5-th semi-invariant of rj(x) by A s {rj(x)} 
(« = 1,2, . . . ) . By (15) we get 

/ i« \ a r / m 1 №lo§ M{e«"W}) (16) 

со 

= j(f(x,y,a)YdH(a) dy 

Rm 
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if this exists a t all. By (16) we obtained a new generalization of the formulae 
of N. CAMPBELL well-known in physics. Especially we have 

M Ш ) = Ar {y(x)} and D2 [y(x)} = Л2 {y(x)}. 

Remark 6. Let us suppose that / (x , y, a) depends only on the difference 
r = X — у . I n this case let us put f(x, y, a) = g(r, a). Then the distribution 
function of y(x) is independent of x and i ts characteristic function is 

CO 

(17) М{е""<*>} = e x p j p j [ J е»^аЫН(а) - 1 j dr J . 
« . - f 

In such cases we shall call the process \y(x)} a homogeneous one. 
If fu r the r , g(r,a) depends only on r = | r |, then let us put g(r, a) = 

= h(r, a). In this case the characteristic function of y(x) is 
m 

( 1 8 ) M{e*>M} = e x p J j r m - 1 J eith(r,a) dH(a) _ i j d r j . 

We shall say in this case t h a t the process y(x) is a homogeneous and isotropic 
one. 

Theorem 6. If {»?(#)} is a homogeneous process and M {(y(x))2} < 
then the correlation function R(r) = R{rj(x),rj(x + /')} exists and is indepen-
dent of x. We have 

(19) R(r) = 
J [ J g{y, <*) g(y + r, a) й Я ( а ) j dy 
«m - = 

CO 
J [ [ (9(У, a)fdH(a)]dy 
rm - » 

Proofs Let r be f ixed and y*(x) — y(x) + rj(x + r). Then {y*{x)} is also a 
homogeneous process and M {(»?*(ж))2} < {у*(х)} differs from the process 
{y(xj} merely by taking the signal g*(y, a) — g{y, a) + g(y -f r, a) instead 
of g{y, a). Then by (16) we have 

Rm 
i. e. 

. СО 

D2{y*{x)} = J [ j ' (д*(у,а))ЧН(а)] dy 

СО 

D2{y(x) + y(x + r)} = J [ j (g(y, a) + g(y + r , a ) ) 2 dH(a) | dy 
Rm 

On the other hand, evidently 

D2{y(x) + ф + r)} = 2 02{ф)} [1 + Д(г)] . 

Comparing the latter two formulae we get R(r). 
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Remark 7. If fa(as)} is a homogeneous and isotropic process, then t h e 
correlation function R(r) depends only on r — | r | and in this case let us 
put R (r) = R (r) for which we have 

(20) R(r) = 

m— 1 

OO Л CO 

\ y m ~ l {) I Щ , а) А ( | / Г 2 + У 2 - 2 Г7/ COS <p, a) С Ш ( А ) ] |cosç>|m-2cfyJ<fa 
0 — OO 

OO СО 

\ym~1[ \ (h(y,a)fdH(a)]dy 

-If)»-
The spectral function of the process fa (as)}. As the correlation func t ion 

of a s tat ionary stochastic process can be expressed by t h e known formula 
of A. J. KHINTCHIVE, similarly the correlation function of fa(as)} may be 
expressed as follows : 

(21) R(r) = (eiir dF(X) 
rm 

where Я = (Я1; Яг, ..., Ят), r = (rv r2, ..., rm), Яг = V i + V 2 + + 
+ Ятгт and F (Я) = Я2, ..., Ят) is a distribution function of m 
dimensions. 

Theorem 7. If 

(22) Г(Я,а) (2п. J® g(x, a) dx , 

the Fourier transform of g(x, a) exists and \ Г(Я, a) |2 is Stieltjes-integrable-
with respect to H (a) then А(Я) has a density function /(A) and we have 

(23) 
J \Г(Я, a)\2 dH(a) 

§[\(g(y,a))2dH(a)]dy 
0 —00 

Proof: /(A) may be determined from (21) by Fourier inversion: 

/(Л) = —— Г e~UrR(r) dr . 
{2л)т J ' 
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Remark 8. I f r}(x) is a h o m o g e n e o u s a n d i s o t r o p i c p rocess , t h e n 

m-2 , . » Jm-2 (Xr) 
( 2 4 ) R{r) = 2 2 Г Ш 

of 4 ) — 

w h e r e F(X) is a d i s t r i b u t i o n f u n c t i o n of a n o n - n e g a t i v e r a n d o m v a r i a b l e a n d 
Jm-2 {z) is t h e B e s s e l f u n c t i o n of o r d e r (m— 2 ) / 2 . If 

СО m 
с r^jm-2 (xr) 

2 Г(Х,а) = 
j 
о 

m-2 

X 2 

h(r, a) dr 

e x i s t s a n d | Г(Х, a) | 2 is i n t e g r a b l e w i t h r e s p e c t t o H (a), t h e n t h e dens i t y 
f u n c t i o n /(A) = F'(X) exis ts a n d w e h a v e 

(25) № = 

r ~ 
X f j [r2 jm 2 (яд h(r, a) dr] dH{a) 

Jrm"![ )' (h{r,a)ydH(a)\ 
0 Aoo 

( R e c e i v e d : 1. IV. 1957.) 

dr 

R E F E R E N C E S 
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TÖBBDIMENZIÓS POISSON-FOLYAMAT ÁLTAL SZÁRMAZTATOTT 
MÁSODLAGOS FOLYAMATOKRÓL 

TAKÁCS LAJOS 

Kivonat 

E g y véges d i m e n z i ó j ú euk l idesz i té r Bore l - f é l e 8 r é s z h a l m a z a i n l e g y e n 
é r t e l m e z v e e g y {£($)} h o m o g é n Poisson f o l y a m a t , ame ly re 

= = t 

a h o l p(S) az S h a l m a z L e b e s g u e mér t éke és p poz i t ív á l l a n d ó . 
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A Poisson fo lyama t eseményei előfordulási pon t ja inak sokaságát 
jelölje {yv}. Tegyük fel, hogy a Poisson fo lyamat minden egyes eseménye 
létrehoz egy jelet. Je lö l je az yv p o n t h o z t a r tozó jel nagyságát x pontban 
/(ж, yv, av), ahol a v egy véletlen p a r a m é t e r . Fe l tesszük, hogy az {«„} para-
méterek egyforma eloszlású függet len valószínűségi változók. A szerző az 

(1) rj(x ; S) = > /(ж, yv, av) 
»vi S 

sztochaszt ikus f o l y a m a t v izsgálatával foglalkozik. Meghatározza az r](x ; S) 
vál tozó eloszlását és az {rj(ж; S)} f o l y a m a t korrelációs függvényét és spekt-
rális eloszlását, midőn S az egész t é r . 

О ПРОЦЕССАХ П О Р О Ж Д Е Н Н Ы Х МНОГОМЕРНЫМ ПРОЦЕССАМ 
POISSON-A 

L. TAKÁCS 

Резюме 

Пусть {£($)} однородный процесс Poisson-a, определенный на 
Borèl-евских подмножествах S некоторого конечномерного эвклидового 
пространства, и пусть 

к ! 

где y(S) Lebesgue-овская мера множества S u p положительное число. 
Пусть {yv} означает множество точек нахождения событий процесса 

Poisson. 
Предположим, что всякое событие процесса Poisson-a создаёт сигнал. 
Пусть f(x,yv,av) означает в точке ж величину сигнала, принадле-

жащего точке yv, где a v случайный параметр. Будем предполагать, что пара-
метры {а„} независимые, одинаково распределённые случайные величины. 
Автор занимается исследованием стохастического процесса 

rj(x ;S)= f > ; /(ж, yv, av) . 
Vyts 

Определены распределение случайной величины y(x;S), коррелационная 
и спектральная функции процесса {r](x;S)}, когда S является польным 
пространством. 
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