REMARKS ON RANDOM WALK PROBLEMS
LAJOS TAKACS

Introduction

Let §,&,...,8,... be mutually independent random variables which
take on the values -1 and —1 with probability 1/2. Put 7,=0 and
n=8+&+---+8& (n=1,2,...). The sequence of random variables {7}
describes the motion of a free particle on a straight line. The particle starts
at x=0 and in each step it can move either a unit distance to the right or
a unit distance to the left with probability 1/2. The displacements are inde-
pendent of each other. We say that the sequence {7,} describes an ordinary
random walk.

Next by the aid of the above random variables &, (n=1,2,...) let us
define the sequence of random variables {7} as follows: 75=0 and for
=1

. Vma+E& if miasaor—b
i l -t if h1=aor—b

where a and b are fixed positive integers. As it can be easily seen the
sequence of random variables {#,} describes a random walk with two absor-
bing barriers. The particle starts at x=0 and moves as above but if the
particle reaches one of the points x=a and x=—b (absorbing barriers)
its motion terminates.

In what follows we shall prove some limiting theorems concerning
the above random walk problems. These theorems play an important réle in
the theory of order statistics. Though these results are not new the following
proofs are very simple and the theorems are expressed in a new form.

§ 1. The ordinary random walk problem

Define '8} = max (90, M1y« .., M)y On = —min (9, %4:,+.., M) and
0, =0, +d;. We shall prove the following results.

Theorem 1. If 2>0 and y >0 then we have
(1) lim P{0; <n'22,0; < n2y}=F(2,y)

n-—>»oQ
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where

@ Fen= 2 (DDEE) I DG+ )—)

or
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Here as usually :
Lo
D (x)= _[e 2du.
) V2.

-

This theorem was proved by A. A. ANis [1] in the form (3). The func-
tion (3) is well known as the solution of the heat conduction equation.

Theorem 2. If z>0 and y >0 then we have

4 lim P{d:. < (2n)" 2, 05, < (2n)" y| N2 — 0} = K (2, y)
where :
— ' (2GR _ o= 2(ey) kta)?
() K@= 2 (e e )
or : P :
TR —2’(1—,)‘ e o
(6) K(Z, y) =T 7—{-—-‘)7./:‘1 e Yr sin —Z +y 3

This theorem in the form (5) was proved earlier by B. V. GNEDENKO [5].

Theorem 3. If x>0 then we have

(7) lim P9, < phx)— F{x)
where
®) F* () =2 2 (—1)" @k+ D[P ((k+ 1) ) — @ (k)]
or

> . 8 0o (ﬂl;ti?gz,vz (2/{—!—1)71:1 : 1 ]
®) F<x)—;,2f ; [ ¥ T CkriPal

This theorem was proved earlier by W. FELLER [4] and A.A.ANis [1]
They determined the density function F*(x), corresponding to the formulae

~(8) resp. (9).
Theorem 4. If x>0 then we have
(10) lim P {0, < (2n)"x|ns. =0} =K" (x)

where

(11) K* (x) = 1—2 > (4k*x2— 1) g%
=]
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or
; R et 3 e
(12) K ('x)le‘__,x:z J_%lj e %
This theorem was proved earlier by B. V. GNEDENKO [5]. He showed
that ;
dK*(x) B Z (4K x2—3k) e 2=,
dx k=1

The proofs of these theorems are based on the following theorem con-
cerning the random walk with absorbing barriers.

§ 2. Random walk with absorbing barriers

Theorem 5. If —b < x<a, then we have

e

(13) Pli=x}= 2 [P{n.=2(a~+0b)k+x}—P{n=2(a+b)k+2a—x}]

f=—=00

or

2 aTb( kot )" . kma . ka(a—x)
pi=x}=—2"_>
(14) P{n:=x} ) cos b sin sin 2

=0 a+b a+b
The formula (13) as usual can be proved by the method of images
The formula (14) can be obtained by the calculus of finite differences (cf.
R. E. ELLis [2], JorDAN K. [6]) or by the methods of Markov chains (cf.
W. FELLER [3], A. A. Anis [1]). In what follows we shall give a simple proof
of this theorem. -

Proof of (13). Denote by A the set of the numbers {2 (a - b) k- x} and
B the set of the numbers {2(a+b)k+2a—x} (k=0, + 1, £+ 2,...)= Define
by A and B the events 1, € A and 7, € B, respectively. Further denote by A, the
simultaneous occurrence of the events 7, =xand —b < n:<a(i=1,2,...,n).
Now we can write P{A}=P{AA,}+P{AA,}. Here first A,cA and con-
sequently P{AA,} =P {A,}. Secondly P{AA,}=P{B}. Namely the event
AA, denotes that the particle at the n-th step will be in the set A and during
the first n steps reaches at least one of the points x=—a and x= —b. If the
particle reaches first either of the points x=—a and x=—»b then let us change
the direction of the further displacements of the particle into opposite. Thus
we have a path leading by n steps into the set B instead of A. Conversely
if we proceed similarly we can correspond to all pathes leading by n steps
into the set B such a path which leads by n steps into the set A and which
reaches at least one of the points x=a and x==—»&. This is one-to-one
correspondence and the pathes have the same probabilities. Consequently
P{AA}=P{B}). So we have P{A}=P{A,}+P{B}. Since 7, =—x and A,
are the same events, we obtain P{#;=x}=P{A,} =P{A}—P {B} what
was to be proved.
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Proof of (14). It is well known that if r <[ then

S n n 1S kx)"  k(n—2nmx
o .(r)+(r+z)+(r+2l)+"'”7f:(ZCOST) e

‘(cf. E. NETTO [7] D.20). Since

n s : :
— if - n4+Xx is even
P {5} (+)

9 s
: : 0 if n4+x is odd,
we obtain by (15) that
1 a+b-1 k."lx

ka )"
;P{’_n,(,=2(a+b)k.+x}= = ¥ (cos a-:b) cos =

R=0

if n+4x is even and similarly

¥ , et “*”"( ko ) k(2a—x)
;‘P{n,l=2(a+b)k—|—20—x}~a+b gﬂ \cos R cos i it

if n-x is even. Consequently by (13) we have

I 1 "”'"( kot )( kwx k}c(za—x)) :
P{'Z"_"}‘a_ﬁg; cos 7 cosa+b—_cos Figh

if n-+x is even. But this formula is valid also for every x (—b<x<a).
Namely if n+x is odd then both side of this formula is zero. This can be
easily seen. If we substitute x—a - b—;j then we obtain that P {1} —=x} —
— (1P im=x). .

§ 3. Proof “of Theorems 1.—4.

Proof of (1)—(2). Evidently
- P{df<a,d; <by=P{—b<ii<a).
By (13) we can write '
P{—b<mi<a)= D (—1)'Plk(a+b)—b<n<k(@a+b)+a.
k=~ £

Now suppose that a and b depend on n, that is a=a, and b =05, where

b’!l

(16) lim 26 —2>0, lim %=y >0,

n>m M2 =)

By applying the central limit theorem, we have

@

lim P{-b,,v< 0 <any = >, (—1)*'[qb(k(z+y)+z)—¢(k(2+y)—y)].

N—> 0 h=-o
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If a=a, and b= b, correspond to (16) and n— o we obtain
-G et agie e Sl TR SR
5 i * | R Ty SGHn)e e/ 1)z
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1
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The limit may be formed term by term the sum being uniformely conver-
gent. As the limiting distribution is continuous in 2z and y, we have

lim P{—n"y<nyi<n® 2z} =1limP{—b, <t <a.}

n—>on >

which proves (2).
Proof of (1)—(3). Now by (14) we have

n>wo An + b; T==py P a, “{"bn
0 it k=2j.

(3) follows similarly as above.
Proof of (4)—(5). Evidently
P {03 <a, 03 < b| 52 =0} =P {52, = 0|52, =0}.
Now by (13) we have :

P{n3=0}= ; 20 =2(a+b)k} —P{12, =2 (a+ b) k4 2a}].

Putting @ =a., and b==1b.,, according to (16), we obtain

ee]
lim P {5 =0 s =0} — limEAEr =08 37 foscrypie _ s,
-> p { on=5 O

n—>w

Namely by Moivre-Laplace theorem

o Pl =20t 0B s
nllrg P {7]2;1 = 0} £ :

k=-o
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and
lim p{l}m:Z(an _*’— b,,)k+20,,} -
H-> 00 P{’]Qn = O} : e

Further it is easy to see that the limit may be form term by term. So we
have proved (5).

e 2((z+y)k+2)?

Proof of (4)—(6). We proceed similarly as above. Now by (14) we

- 2\ & Cop A Y
P{n3. =0} = a+b%(cos ) Sln2a+b'

Putting a =a,, and b= b,,, we obtain

have

: : (278 o B iRy
lim P {78, =0|n, =0} = l e 2GHP gin?
> Z+y J=0 Z+J’
as E

1
I/ nae

P {72 =0} ~ (n— o)

This proves (6).

Proof of Theorem 3. It can be easily seen by the theorem of total
probability that ;

F )= J (OF(z, y))

Carrying out the calculation with F(z, p) defined by (2) or (3) we obtain (8)
and (9) respectively.

Remark. By (8) we have

aroex)y.:c 8 S b e
Hr 1/21“ Ay e L E (0 < x < o).

Denote by M, (s==1,2,...) the s-th moment of F*(x). Then we have

M, — | x'd F*(x) — s. Xt 1[1——F*(x)]dx
0

and specifically

w2

=t foiiy
) ['(—-;— = (___l)k«l
Ms—: _— N 3
0 ;-% s

and

if s=23,...

T A A T SR ey
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Proof of Theorem 4. Similarly as above we have

@

e %c) = J ( QK_((;’_JQ)( Azdz

what proves (11) and (12) if K(z,p) is defined by (5) and (6). respectively.

Remark. The moments M{ (s=1, 2 ..) of K*(x) can be expressed as

follows e
M=)z,
and ' :
4(3—1)1‘(3%9:2) 1
Ms e 2-*‘2 _%?
if $=2,3,...

(Received: 21. VIII. 1957.)

REFERENCES

[1] Anis, A. A.: ,On the distribution of the range of partial sums of independent random
variables“. Proceedings of the Mathematical and Physical Society of Egypt 1
(1954) 83—89.

[2] Erus, R. E.: ,On the solution of equations in finite differences®. Cambridge Mathe-
matical Journal 4 (1844) 182.

[3] FELLER, W958n introduction to probability theory and its applications. Wiley, New-York,

[4] FeLLer, W.: ,The asymptotic distribution of the range of sums of independent random
variables®. Annals of Mathematical Statistics 22 (1951) 427—432. :

[6] Tnenenko, B. B.: ,[IpoBepka HEH3MEHHOCTH pacnpefeseHnst BepOsITHOCTEl B ABYX
He3aBUCHMBIX BhIOOpKAx“. Mathematlische Nachrichten 12 (1954) 29—66.

[6] Jorpan K.: ngezetek a klasszikus valdsziniiségszdmitdsbol. Akadémiai Kiad6, Budapest,
195

[7] Netro, E.: Lehrbuch der Combinatorik. Teubner, Leipzig, 1901.

18] TaxAcs L.: ,Bolyongési feladatokrél“. A Magyar Tudomdnyos Akadémia Matematikai
Kutato Intézetének Kozleményei 2 (1957) 81— 90.

NEHANY MEGJEGYZES BOLYONGASI FELADATOKKAL
KAPCSOLATBAN

TAKACS LAJOS

~ Kivonat
Legyenek &, &, ..., &, ... kolcsonosen fiiggetlen valdszinfiségi véaltozok,

amelyekre P{§, —1}=P{& ——1}=1 (n=1,2,3,...). Tovabba legyen
=0 és n. =& +&+--+E& (n=1,2,3,...) A dolgozat a Jy =
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=max (o, N1,...., 4,) €s a 0, = — min (7o, 111,; .., 1,) valtozdk egyiittesv'
eloszlasanak és a 0, = 0, + 0, valtozd eloszlasinak aszimptotikus viselkedé-

~ sével foglalkozik. - =

‘HECKOJIBKO 3AMEHAHMI?I B CBA3U C SAJLAHAMI/I BJIY)KJIAHUSA
L. TAKACS :

Pezome

- Tyets &, &, ..., &, ... B3aHMHO HE3aBHCHMBIE CJlydaiHble BeJMYMHBI, I

kotopeix P{E,=1}=P{=—1})=3 (n=1,2,3,..). MNyce 5,—0 u

m=&+&~+---+& (n=1,2,3,...). Pabora usydaer acumntoTMyeckoe
TOBE/IeHHEe COBMECTHOTO pacnpejieiennss BeJIM4uH o, = max (1o, 51, .. ., Bu) K
0, =—min (%o, 1, ..., 7J,) U pacnpenenenuns 0,=0d,; -}- J;,.
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