
REMARKS ON RANDOM WALK PROBLEMS 

L A J O S T A K Á C S 

Introduction 

Let § 1 , S u , . . . be mutually independent random variables which 
take on the values + 1 and —1 with probability 1/2. Put /j0 = 0 and 
7in = Si + S:>H PS« (n = l , 2 , . . . ) . The sequence of random variables {i]n) 
describes the motion of a free particle on a straight line. The particle starts 
at x = 0 and in each step it can move either a unit distance to the right or 
a unit distance to the left with probability 1/2. The displacements are inde-
pendent of each other. We say that the sequence {/;„} describes an ordinary 
random walk. 

Next by the aid of the above random variables S» (n = 1, 2,...) let us 
define the sequence of random variables {r*f as follows: rjÔ = 0 and for 
/2 = 1 , 2 , . . . 

j / j*- i+Sn if /у*-1фоог — b 
r'" " ' \ 7]n-l if 7£-l = OOr — Ь 

where a and b are fixed positive integers. As it can be easily seen the 
sequence of random variables {rfn} describes a random walk with two absor-
bing barriers. The particle starts at x = 0 and moves as above but if the 
particle reaches one of the points x = a and x —b (absorbing barriers) 
its motion terminates. 

In what follows we shall prove some limiting theorems concerning 
the above random walk problems. These theorems play an important rôle in 
the theory of order statistics. Though these results are not new the following 
proofs are very simple and the theorems are expressed in a new form. 

§ 1. The ordinary random walk problem 

Define d,t = max (?j0, r i u . . . , /;„), d,7 = — min (/ i0, rlU . . . , /;„) and 
d„ = őn + dp. We shall prove the following results. 

T h e o r e m 1. If z> 0 and y> 0 then we have 

(1) lim P {d,t < л1'3 г, d'n < n^-y) = F(z, y) 

1 7 5 
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со 

where 

(2) F{z,y)= f ( - 1 У \Ф(к(г + у) + г)-Ф(к(2 + у)-у)] 

or 

(3) 

Here as usually 

Л ® i (У+1Щ-1 . ( 2 j + 1 ) : z z 
e 2<'7y) sin 2 (z + y) ' 

Ф(х) 
1 

У 2л:.. 
e 2 du. 

This theorem was proved by A . A . A N I S [1] in the form (3). The func-
tion (3) is well known as the solution of the heat conduction equation. 

(4) 
where 

(5) 
or 

(6) 

T h e o r e m 2. If z> 0 and y > 0 then we have 

lim P {<&, < (2 n)'2 z, ő2n < (2 /?)'2 y 17]2n = 0} = К(z, y) 
U->-CD 

œ 
f{(Z, y) = V e-2((z+,j)k+z)*\ 

fc=-cc 

V~07n 
K(z,y) 

у 2 л ^ - . 2 j:zz - > e 2u+y)2 sin — 

(7) 
where 

(8) 
or 

(9) 

•г + У Г Г 2 + y ' 

This theorem in the form (5) was proved earlier by В. V. G N E D E N K O [5]. 

T h e o r e m 3. If x > 0 then we have 

lim P {dn<nll*x} = F\x) 

1-усо 

F* (x) = 2 2 4 - 1 f (2к+\)[Ф((к+\)х)-Ф (Ar a)] 

(2Ar-f-1) л'2 . 1 

/.=o 

F*( x) = — +e 
л S t 

CO 
V 

X ' (2 A" - f -1 ) -л 

This theorem was proved earlier by W . FELLER [ 4 ] and A . A . A N I S [ 1 ] .  

They determined the density function F"(x), corresponding to the formulae 
(8) resp. (9). 

T h e o r e m 4 . If x > 0 then we have 

(10) lim P {iL» < (2л),/з A| i]2n = 0} = K* (A) 
Л-> CD 

where 

( 1 1 ) К* (A) = 1 —2 2 ( 4 / r 2 X 2 — 1 ) e~2kW 

A' -1 
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or 
n CO J2n2 

(12) = 

This theorem was proved earlier by В . V. G N E D E N K O [5]. He showed 
that 

d_K*(x) = 8 x J - , k v _ 3 

dx f l 

The proofs of these theorems are based on the following theorem con-
cerning the random walk with absorbing barriers. 

§ 2. R a n d o m walk w i t h a b s o r b i n g barriers 

T h e o r e m 5. If —b<x<a, then we have 

CO 
(13) P{/j* = x} = 2 [P{rln=2(a + b)/c + x}-P{>in=2(a + b)/c + 2a-x}l 

k=-co 
or 

. . . . B f , , 2 kn Y . кета . кет(а-х) 
(14) P x } = — - r 2 cos j-q- s i n — n - s i n \ и • 
v ' II > a + a-f<b) a + b a + b 

The formula (13) as usual can be proved by the method of images 
The formula (14) can be obtained by the calculus of finite differences (cf. 
R. E . E L L I S [2], J O R D A N K. [6]) or by the methods of Markov chains (cf. 
W. F E L L E R [3], A . A . A N I S [1]). In what follows we shall give a simple proof 
of this theorem. 

P r o o f of (13) . Denote by A the set of the numbers {2 (a + b) к - f x } and 
В the set of the numbers {2(a+b) k + 2a—x} (k = 0, ± 1, ± 2 , . . . ) . - Define 
by A and В the events rjn € A and t]„ Ç B, respectively. Further denote by A0 the 
simultaneous occurrence of the events t]n = x and — b < îy, < a (/ = 1, 2, . . . , rí). 
Now we can write P {A} = P{AA0 | + P {AÄ0}. Here first AnaA and con-
sequently Р{АД,}= P{A0}- Secondly P{AÄ„} = P{ß} . Namely the event 
AA0 denotes that the particle at the /г-th step will be in the set A and during 
the first n steps reaches at least one of the points x = a and x = —b . If the 
particle reaches first either of the points x a and x = — b then let us change 
the direction of the further displacements of the particle into opposite. Thus 
we have a path leading by n steps into the set В instead of A. Conversely 
if we proceed similarly we can correspond to all pathes leading by n steps 
into the set В such a path which leads by n steps into the set A and which 
reaches at least one of the points х=---а and x = —b . This is one-to-one 
correspondence and the pathes have the same probabilities. Consequently 
P{AÄa) = P{B). So we have P{A}= P{A„} + P { ß } . Since т^ = х and An 
are the same events, we obtain P {rf, = x) = P {A0} = P {4} — P {£} what 
was to be proved. 
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Proof o f ( 1 4 ) . It is well known that if r < / then 

(cf. E . N E T T O [ 7 ] P . 2 0 ) . Since 

, J I n+x 4 if Л + * is even 
p { + = * } = - I H N 2 

0 if л + х is odd, 
we obtain by (15) that 

1 a+b-1 Г • Y 
2 > < V , = 2 ( 0 + í , ) L + * > = g ( c o s £ _ ) 

к-лх cos 
a + b - 1 
V 

a + b 5 a + bI a + b 

if n + x is even and similarly 

2 P {ц. = 2(а + Ь)к+2а-х}=- - , °2 ( c o e - ^ V c o e k ^ 2 a ~ x ) 
A- a + b 13) \ a + b) a + b 

if n + x is even. Consequently by (13) we have 

P i / .r) ' V í cos l ' ï co s - COS k i t ( 2 ° T x ) ) , J a + b I a + b)\ a + b a + b J 

if n + x is even. But this formula is valid also for every x ( — b < x < a ) . 
Namely if n + x is odd then both side of this formula is zero. This can be 
easily seen. If we substitute k = a + b—j then we obtain that P{r* = x} = 
= ( - 1 ) » + * Р { ^ = х}. 

§ 3. P r o o f o f T h e o r e m s 1.—4. 

Proof o f ( 1 ) —(2). Evidently 

P {d! < a, d'<b} = P {—b < / < a). 

By (13) we can write 
CO 

P {-ö< ry:<ü}= 2 (—\)"Р{к(й + Ь)—Ь<цп<к(а + Ь)+а}. 
А—- со 

Now suppose that a and b depend on n, that is a = a„ and b = bn where 

(16) lim ~ = z>0, l i m 4 = T>0. 
«->oo П - )i->oo П 1 

By applying the central limit theorem, we have 

CO 

lim P { - ô „ < / < ű „ } = 2 + + + 
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The limit may be formed term by term the sum being uniformely conver-
gent. As the limiting distribution is continuous in z and y, we have 

lim P{—n'* y < i ] t < rí >z} = lim P{—b„ < ц* < a„) 

! l - » œ n-t-CD 

which proves (2). 

P r o o f of ( 1 ) —(3). Now by (14) we have 

u , , 2 к ti Y' . к'л a ^ . к л (a—x) r=-b 
Here 

к л 

y „in кл(а-х) 1-(-1)" C0*" + b  
yt-ъ a - \ - b 2 кл 

s i n у+b 

If a = a„ and b = b n correspond to (16) and n - * o o we obtain 
A ma> 1 (%/+1)»я» /О/ I 1 \r-T7 

lim w sin ( У Г 7 ; 

Namely, 
к л л" lim cos r-7- = e "(2+!,v2 

and 

( т г Т Т Т Ц т " if V e { n к(a„—x) 1 ( 2 У + 1 ) ; lim —-.—т~ 2 s*n 

" "» ~Г "и i 
0 if k = 2j. 

""à a„ + b„ ^.y"" a„ + b„ j 

(3) follows similarly as above. 

Proof o f (4) —(5). Evidently 

P {d'-í, < a, f)7, < b I rt2ll = 0} = P {i)2n = 01 rfin = 0}. 

Now by (13) we have 

P № = 0}= 2 [Р{Д :2(а + Ь)к} — 9{гцп = 2(а + Ь)к + 2а}]. 
к -co 

Putting a = a-2,i and b b: , according to (16), we obtain 

p i , * m 
lim P = 0 /;..„ = 0} = ? ' m ' p 1 I I nT = 2 [e - 2 i : + m ' -
пуусо n->со • \ '/2h v/j k = -со 

Namely by Moivre-Laplace theorem 

» • !> P ' Щп = 0} 
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and 
m P{ggg — 2 ( Q „ b j , ) A : - f 2 = = e . L l | ( : , í ) , r : l J 

»-vco P [цы =- 0 } 

Further it is easy to see that the limit may be form term by term. So we 
have proved (5). 

P r o o f of (4) — (6). We proceed similarly as above. Now by (14) we 
have 

n r * m 2 [ k:t V" • о к-ла 
P J?!« = 0 = —гтг 2* c o s —т , sin- — — . 

0 + Ш 1 a + b) a + b 
Putting a = ö2„ and ó = öo„, we obtain 

lim P {гф = ОI rßn = 0} = T P 2 ^ sin2 

z + yp> z + y 
as 

This proves (6). 

P {/J:!,, = 0 } ~ - = ( Л — о с ) 
« я » 

P r o o f of T h e o r e m 3. It can be easily seen by the theorem of total 
probability that 

= dz. 
dz 

• о 
y=x-z 

Carrying out the calculation with F(z, y) defined by (2) or (3) we obtain (8) 
and (9) respectively. 

R e m a r k . By (8) we have 

dF*(x) 8 A-2:r3 

dx '— i 2:l Z ( - k2e (0 < X < oc). 

Denote by m, (s= 1 , 2 , . . . ) the s-th moment of f*(x). Then we have 
СО CO 

Ms — J x"dF*(x) = s \ Xs-1 [1—F*(x)]dx 
о b 

and specifically 

A f , = 

and 
¥ - j s + 1 

8_ 
:t 

2 2 / 
m — \ " j Х-1 У 4 

I ы S Л 
if s = 2, 3 , . . . 
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P r o o f o f T h e o r e m 4 . Similarly a s above we have 

r m ^ L « 
0 y 

w h a t proves (11) and (12) if I<(z, y) is d e f i n e d by (5) a n d (6) respectively. 

R e m a r k . T h e momen t s M'K ( s = l , 2 , . . . ) of K*(x) c a n be expressed a s 
fo l lows 

M\-
'jX 

~2' 
a n d 

if 5 = 2 , 3 , . . . 

м- — ô 2 ) y ] _ 
m< - 2°2 û t 

( R e c e i v e d : 21. VIII. 1957.) 
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N É H Â N Y M E G J E G Y Z É S B O L Y O N G Á S I F E L A D A T O K K A L 
K A P C S O L A T B A N 

TAKÁCS LAJOS 

Kivonat 

Legyenek h , -, • • • kölcsönösen független va lósz ínűségi vá l tozók , 
amelyekre P { = 1} = P {£ , = — 1} = y (n = 1, 2, 3, . . . ) . Továbbá legyen 

?]„ — 0 és = £i + Ы H>. ( n = 1 , 2 , 3 , . . . ) . A dolgozat a = 
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= max До, цъ . . . , ij„) és a d„ = — min До, ' j i , . . . , yn) változók együttes 
eloszlásának és a dn = + őtí változó eloszlásának aszimptotikus viselkedé-
sével foglalkozik. 

Н Е С К О Л Ь К О З А М Е Ч А Н И Й В С В Я З И С З А Д А Ч А М И Б Л У Ж Д А Н И Я 

L. TAKÁCS 

Р е з ю м е 

Пусть |о, . . . ,£;„, . . . взаимно независимые случайные величины, для 
которых p { g „ = l } = p { g „ = = — 1}=1 (л = 1,2,3, . . . ) . Пусть у0 = 0 и 
г in = Si -f to H f-£„ (n = 1, 2, 3, . . . ) . Работа изучает асимптотическое 
поведение совместного распределения величин d',t = max До, гц, . . . , г/п) и 
<К = — min До, / j i , . . . , г]п) и распределения д„ = à ) + ô~. 
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