
ON SINGULAR R A D I I OF P O W E R S E R I E S 

by 

P A U L E R D Ő S a n d A L F R É D R É N Y I 

Let denote the class of analytic funct ions 
00 

( la) f(z) = 2 anz" 
/ 1 = 0 

which are regular and unbounded in \z\ < 1. According t o D. GAIER a n d 
W . MEYER—KÖNIG [1] we call t he radius Rv def ined by z = rei(p, 0 < r < 1 
singular f o r f(z), if f(z) is u n b o u n d e d in a n y s e c t o r \z\ < 1, cp — e < a r g 2 < 
< cp + e with £ > 0. A radius which is not singular for f(z) is called regular 
for f{z). In [1] it has been shown tha t i f / (2) belongs to the class (R.u and t h e 
power series of /(2) has LLADAMARD-gaps, i. e. 

CO 

( l b ) f(z) = 2ckz
n" 

k=0 

with 

(2a) r ^ ± l > q > l ( 4 = 0 , 1 , . . . ) 

t hen every radius is singular fo r / (2 ) . Clearly for every /(2) Ç there is a t 
least one singular radius. It is easy to see t h a t if we suppose only that t h e 
power series ( lb) has FABRY-gaps, i. e. if i n s t e a d of (2a) we suppose on ly 

(2b) lim — 2 1 = 0 , 
x ~ » + 00 X Пк<х 

then i t is possible t h a t there is only one s ingular radius for /(2). A simple 
example is furnished by 

» кг— 1 

(За) Ш = 
Л= 1 л j=О 

where Nk+1 ^ Nk + 42 ( 4 = 1 , 2 , . . . ) . Clearly /,(z) is regular in \z\ < 1 
a n d if x is real, we have 

lim fy(x) = + 0 0 
x - 1 - 0 

159 



160 ER I)ÖS—RÉ N YI 

thus fx(z) belongs to the class and R0 is a singular radius for fx(z). On 
the other h a n d we have by (3a) 

л2 

( 3 b ) \fx(z)I ^ f o r 2 < 1 ; 
3 1 — z\ 

thus every radius R4 w i t h 0 < cp < 2л is regular for fx(z). 
I t is also clear f rom th i s example t h a t to ensure t h a t every radius should 

be singular for f(z) it is not sufficient t o prescribe t he ra le in which t h e ratio 

X nk<X 

tends to 0 for As a matter of fac t , for fx(z) def ined by (3a) we have 

1 1 * -
Ж nk<x Ks 

where s is def ined by t h e inequality Ns ^ x < Ns+1 a n d thus we can choose 
the sequence Ns so t h a t 

1, у 1 < e(x) 
x nk<x 

holds, where e(x) (x = 1, 2, . . . ) is a sequence of posi t ive numbers, tending 
to 0 a rb i t r a ry rapidly. 

P. ERDŐS [2] h a s s h o w n — a n s w e r i n g a q u e s t i o n of GAIER a n d MEYER— 
KÖNIG — t h a t to ensure that every radius should be singular for f(z), it is 
not even sufficient to suppose that t h e exponents nk of the lacunary power 
series ( lb) of f(z)£<satisfy the condit ion 

(2c) lim (nk+ j — nk) = + со . 
k~* 00 

The question arises, for which sequences nk does there exist a function 
f(z) belonging to the class and hav ing the power series expansion (lb), 
which has only one singular radius? Clearly it is impossible to give a criterion, 
which depends only on t he rate of g r o w t h of the sequence nk, because the 
number-theoret ical proper t ies of the sequence nk come in. As a ma t t e r of 
fact let t h e sequence nk satisfy the following condi t ion : 

D ) for every m (m = 1 , 2 , . . . ) there exists an integer km such that for 
к iï km nk is divisible by 2m. 

In th i s case if R v is a singular rad ius for f(z) Ihen R w h e r e cp' <p -f 
-f 2л1\2т is also singular for any pa i r of positive integers I a n d m ; as a 
mat ter of fact , if 2;- ( / = 1 , 2 , . . .) is a sequence of complex numbers with 
\Zj\ < 1, cp -— e < arg Zj < <p + e a n d 

lim |/(2;)! = + 

then p u t t i n g cp' = cp -j- 2л1/2т and z) = Zj exp (2лi l/2m) we have cp' — e < 
arg z) < cp' + e and a s the series for f(z'j) d i f f e r s from t h a t for f ( z j ) 
only in a f in i te n u m b e r of terms, we have also 

lim |/(2})I = + - , 
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As the set of va lues of q> for which Rç is singular for f(z) is clearly closed 
(see [1]), i t follows t h a t every rad ius Rv is s ingular for f(z). N o w 
the divisibi l i ty condition D) implies (2c), b u t (except fo r this) is compa-
tible wi th every possible o rde r of g rowth of nk ; by o t h e r words if cok is 
a n increasing sequence of posit ive in tegers , tending arbi t rar i ly slowly 
to + t h e n t h e r e exists a sequence nk of integers hav ing the p r o p e r t y D) 
a n d sa t i s fy ing t h e condition nk+ \ — n k < cok. Thus our quest ion has t o be 
modif ied to some exten t . W e ask for which sequences nk does there e x i s t 
a sequence n'k such tha t 0 g n'k — nk < cok where mk is a sequence t e n d i n g 
a rb i t r a r i l y slowly to + a n d a func t ion 

CO 

(lc) f(z) = 2 ckz»i 
ft=0 

belonging t o t h e class ößu, which has R0 a s i t s only singular radius? We shal l 
prove, by us ing s t anda rd m e t h o d s of p robab i l i t y theory, t h a t if nk sa t i s t ies 
t he condit ion 

l 
( 2 d ) l i m i n f (nk—riß k~i = 1 

(ft-7)— 

t h e n there ex i s t s always such a funct ion. 
Thus we p rove the following 

T h e o r e m 1 . Let nk be an increasing sequence of natural numbers, satis-
fying the condition ( 2 d ) . Then for any sequence cok of natural numbers for which 

lim wk = + 
k—+ °° 

there exists a sequence n'k of natural numbers such that 0 ^ n'k — nk < cok 

and an analytic function f(z), which is regular in the unit circle has the 
power seriesb ( l c ) , is unbounded in |z < 1 , but is bounded in the domain 
|z| < 1, |arg z\ > e for any e > 0. 

Our proof of the above Theorem is n o t const ruct ive ; we prove on ly 
by using probabi l is t ic methods , the ex i s tence of a sui table function f{z), 
b u t can no t g ive it explicitely. 

The condi t ion (2d) p lays a role in o t h e r problems of a similar k i n d 
too ; e. g. P . ERDŐS has p roved [3] t ha t if (2d) is sat isf ied, there ex i s t s a 
power series ( lb ) which converges uni formly bu t not absolute ly for \z\ = 1. 

Proof of theorem 1. We shall need t h e following 

L e m m a . 2 ) Let mx < m2 < . . . < md be natural numbers, vlt v2, . . ., vd 

independent random variables, each of which takes on the values 0 , 1, . . . , s — 1 
with the same probability 1 fs. Let z be a complex number such that z! g, 1 and 
2 s | l — z\ ^ 1. Let us consider the random variable 

d 
( 4 a ) Z = 2 z m i + V i • 

i= 1 

U /(г) can be choscn so t h a t i ts power series has nonnegative coefficients. 
2) A similar lemma lias been used in a previous paper [4] of the authors of t h e 

present paper. 
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Then we have8> 

(5) p J 1̂ 1 * 1 
«Il — «II 

<; 4e 32s» 

Proof of the Lemma. L e t us p u t z = r ei(f a n d deno te by С resp . S 
t he real resp. imaginary p a r t of Z, i.e. we put 

(4b) 

a n d 

(4c) 

As 

we have ev iden t ly 

G = rm'+vi • c o s ( m . -j- v.) cp 
7=1 

S = rmt+v> • s i n (nij + Vj) (p 
7=1 

\Z\ < Y2 m a x ( | 0 | , | 5 | ) 

(6) • i\zi > ^р{\С\> + P i\S\ > 1 Щ 

Now let us calculate (ho m e a n value of e,c where we shal l choose t h e value 
of the real n u m b e r t l a te r . W e have 

a 
M {e' c} = j [ J M /е«-"1'4 vico^mj+vi)<p\ 

7 = 1 

= / / 2 1 2 r N ( m ' f ' ' cosn(mj+h)<p j= 1 Vn=O N ! U л=о 
As 

and 

s - l s — 1 

— 2 rm,+ h c o s ( m j + h)cp ^ - 2 zmi+h 

л=о 

I s - l 

« ft = 0 

I S k—0 

we have f o r 0 < |i| < 1 /2 

! rN(.mj+h) cosN(m. + h)cp ^ 1 

1 — z| 

{n=2,3,... ) 

Evident ly 

M {e,c} < 
2 t 

s i — z\ 

{ в |1 — z\ j \ ~ в | 1 — «|J \ 

2 Y 2 d I 

3) Here and in what follows P {. . . } denotes the probability of the event in the 
brackets and M {£} the mean value of the random variable 
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fu r the r if t < 0, t h e n 

( ól/ő"d \ 
(8a) P b * M{e ' c }e « l ' - l 

I S | l - 2 | j 
and 

i 2 \í2d \ - 2v*td 

(8b) P C g - ^ - U M H e 
I — «II 

By choosing in (7) 

< = — L _ 
•4a 11 — z| 

we obtain, taking in to account t h a t 8^2 — 9 > 2 and t ha t |1 — z|2 ^ 4, 

(9a) P J [ C | 
\ s | l — z | J 

In t he same way i t can be shown tha t 

(9b) p( |S | ^ 2 ! 2 , / l < 2 e 
I s 1 — zjj 

Clearly (6), (9a) a n d (9b) imply (o). Thus our Lemma is proved. 
Le t us choose now a subsequence nkp of t h e sequence nk such that 

kx < k2 < . . . < k p < . . . , 

( 1 0 a ) l i m ( к г р + 1 — K p ) = + °° 
p - , + 00 

and 

(10b) lim (nktf f l — nklp)k'p+i- k*r = 1 
P - . + 0O 

By (2d) this is possible. As a mat te r of f ac t , if 0 < e < + and 
l 

(nk — v,j)k—i < l + e, t hen either j > [Ue] or j ф [Us] ; in the la t te r case 
we h a v e 

I » I k-j 1 
(nk— nike])k-m ^ \[nk — nj)k-i\k-m ^ (1 + e)1-^ ^ 1 + 3e 

Thus we may suppose tha t there exis ts a sequence of pairs (k, j) such that 
i 

+ oo ; ; -»- + oo, (k — ) • ) - > + oo and (nk — пдк~1 -> 1. Th i s implies 
the existence of a sequence kp hav ing the required properties. 

Clearly we may ra r i fy the sequence kp as m u c h as we w a n t ; thus it 
can be supposed t h a t besides (10a) a n d (10b) the following three condit ions 
are also satisfied : 

1 1 
<10c) (nkip+1 - nk2p)k*pr^k'p < 1 + — 

p 9 

( l O d ) p* < cok2i 
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and 

( 1 0 e ) k2p+x k2p > 6 4 p 1 0 

Now let us put 

(Ha) dp = / 2 р + 1 — кгр 

and 

(1 l b ) mpj = nk,p+j - nkip 0 = 1 , 2 dp) 

fur ther put 

<Hc) d p = 1 

v 
( l i d ) s p = p* 

a n d 

( l i e ) Np = {mpdp + sp)spô% ( p = l , 2 , . . . ) 

Let us put 
2я ift 

(12a) zph = e N p (h = 0 , 1 N p - 1) 

fur ther 

( 1 2 b ) 2* = I M ^ A ^ (1 - óp) N p 
Р " I 2 c o s 2 « ô p — zph f o r 0 ^ h<ôpNp a n d (1 — ôp) Np < / < Np 

(clearly in the second case z*h is obtained by reflecting zph on the line 
rßt{z) = c o s 2 n b p ) . 

Evident ly 

(13) z*„ — 1 ^ 1 — cos2«ô p ^ 8Ô2 for h = 1, 2, . . .,Np 

Let us denote by Jkp the contour consisting of the arc 2лbp £ q> gL 2л (1 — ôp) 
of the unit circle z — ei(p and of the arc |<p| < 2л Ôp of t h e circle z = 
= 2 cos 2nôp — ei<p ; c lear ly t h e p o i n t s 2рЛ (A = 1, 2, . . . , Np) d iv ide t h e 
line Лр in to arcs of the length 2n/Np. By our l emma we have, denot ing by vpj 

(j = 1 , 2 , . . . dp) independent r andom variables, each of which takes on 
the values 0, 1, ..., sp — 1 with t he probabil i ty l / s p , 

í V 4 d p \ --dp-
(14) P m a x > z*ph

mpi+*pi > - — < 4 N p e 324 
L s f t s M pî P I 8 s p o p J 

Now pu t t i ng 
dp 

(15) Qp(z) = 2zmpj+Vpi 

j'= i 
we have 

(16) \q'p(z)\üdp(mpdp + 8p) for |z | ^ 1 
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and thus for any twro points z, z' of the closed un i t circle 

(17) \QP(Z) - QP(Z')\ ^ dp(mpdp + S p ) \ z - z ' \ . 

Thus we obtain 

( 1 8 ) m a x l Qp(z)\ £ m a x ! У z*„mrt+vpf 
zç.lr ' ish<,Np ! fri 

d„-2n 
+ — 

1 sh<,n„ \ 
and therefore by (14) 

( 1 9 a ) P I m a x j Qp(z)\ ^ I M < 4 Np e" 
\ 2eL sp Op) 

and thus with respect to (10a)—(lie) that for p ^ 64 

( 1 9 b ) P j m a x \ Qp(z) | ^ 1ÉÀ <Sp2e~P' . 
l/eG p2 j 

Thus it follows t h a t 

s p - ° P 

Í 1 d \ 
(20) 2 P 

P=i DeLp p i 

converges, and therefore, with probabili ty 1, only a finite number of the 
inequalities 

m a x \Qp(z)\ > l b . 
wAp p2 

is satisfied. 
This implies t h a t the values of vpj- can be chosen in such a way that 

(21) max j Qp(z) ] < 
zeU pl 

for all p ф p0. 
Let us put now 

°° 1 
(22) f(z) = — zn*v Qp(z) 

J~i ap 

where the polynomials Qp(z) are chosen in such a way tha t (21) is satisfied 
for all p ^ p0. Clearly f(z) is regular in |z| < 1, a n d also unbounded, as all 
i ts coefficients are nonnegat ive and Qp( l ) = dp. On t he other hand, for any 
cp ф 0 mod 2л and a n y e > 0 with 0 < cp — e < cp ф e < 2л we have for 
all values of p, for which 2лф < cp — e and 2л (1 — 1 /р) > cp -f- e , for 
cp — e ^ arg z ^ cp + £, |z| < 1 (by the maximum principle) 

j-p\Qp{*)\ 

for p ^ p0. But this implies, that f(z) is bounded in t h e sector |z] < 1, cp — e 
arg z 5S cp + £, or, by other words, R0 is the only singular radius of f(z). 

Taking into account t h a t 

vpJ < sp = pi < coklp 
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ev iden t ly f(z) sat isfies all r equ i r emen t s of Theorem 1., which is therewi th 
p roved . 

I t can be shown t h a t t h e condit ion n'k — nk = 0(cok) wi th cok 

t e n d i n g arbi t rar i ly slowly to + 0 0 can not be replaced in T h e o r e m 1. by 
n'k — nk — О (1). W e prove n a m e l y t h e following result : 

T h e o r e m 2 . Let nk be an increasing sequence of natural numbers, such 
that nk is divisible by 2 m for all к km (m = 1 , 2 , . . . ) . Let 

со 

(23) /(2) = 2 c k z n * + b k 

k= 0 
be regular and unbounded in the unit circle, where the sequence bk of integers 
is bounded. Then every radius R,P is singular with respect to f ( z ) . 

Proof of Theorem 2.4* It suf f ices to show t h a t /(2) can no t be bounded 
in a sector |г| < 1, a < arg 2 < ß. This will be shown by p rov ing tha t if 
/(2) would be b o u n d e d in such a sector , i t would be bounded in t he whole 
u n i t circle. As a m a t t e r of fact , l e t us suppose t h a t /(2) is g iven b y (23) a n d 
t h a t |ЬЛ| ^ В ( 4 = 1 , 2, . . . ) a n d p u t 

( 2 4 ) / , ( z ) = 2 c k z n t (I j \ £ B ) 
bk =j 

T h e n we may wr i t e 

( 2 3 b ) f ( z ) = 2 z J f , ( z ) 
j - a 

2л i ' 

Let u s consider t h e values z, = e 2"\ where m is a f ixed n a t u r a l number , 
such t h a t 

(25) 2 m > i ^ t i ) 
ß — a 

a n d I t akes on t h e values 0 , 1 , . . . , 2m — 1. P u t t i n g 

( 2 6 ) Fj+B(r, &) = ( 2 ckrn*ein*°\ {re1»)' (— В < j < + B) 
Uäk» 
\ bk=j 

we h a v e for 0 ^ r < 1, 0 ^ ê < 2л and 1 = 0, 1, . . . , 2m — 1 
2 s 

( 2 3 c ) f(rei9Zi) = z f B 2 Fh{r,d)zf + A 
i =0 

where A denotes a t e rm which is bounded in t h e unit circle, t h e bound de-
p e n d i n g only on m . 

As a m a t t e r of fact we h a v e 

(27) Щ 5S 2 Ы = А 
k<km 

4) I t will be seen from the proof tha t the condition ,,nk is divisible by 2"' for al l 
4 > km (m = 1, 2, . . . )" could be replaced by the following more general condition : 
„ there exists a sequence Лт m = 1, 2, . . .) of na tura l numbers, such tha t + 0 0 

and nk is divisible by Лт for к J> lcm (m = 1, 2, . . . ) ." 
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Now by (25) there are a t least 2В + 1 terms of t h e sequence 2, (I = 
— 0, 1, . . . , 2 m — 1) lying on the arc a — & < arg 2 < ß — \z\ = 1. 

Let us deno te these numbers by z^ , z,i+ . .., z, +2в, le t us fix the va lue 
of ê and pu t 

(28a) 
2 в 
v 

7 = 0 

We have by t h e interpolat ion formula of Lagrange 
2 в 

(28b) 

where 

(29) 

QÁr.C)^ 2 QAr,z,l+J) — m 
7=0 Q \ z l l + j ) ( t - z h + j ) 

2 в 
вд = i i (С - z l i + j ) 

7=0 
i \s by supposition there exists a cons tan t К such t h a t \f[z)\ < К f o r 

|2| < 1, a < a rg 2 < /? we have by (23c), (27) and (28a) 

< 3 0 ) \QAr,zu+J)\ й К + А 

T h u s it follows, t h a t for |£| = 1 we have 

(k + a) ( 2 5 + 1) 

( / = 0 , 1 , . . . , 2 5 ) 

(31) \qár, C)| 
sin 

ж 2 в 

I t follows f rom (23c) for I = 0 tha t 

(32) |/(re»)| < (k + a) ( 2 5 + 1) 

sin 
2 в A-A for O g r < l and 0 ^ ê < 2ж 

As the bound on t he right h a n d side of (32) does not depend on r or i t 
follows tha t f(z) is bounded in the whole u n i t circle, which contradicts o u r 
hypothesis. Thus Theorem 2. is proved. 

It remains an open question, whether condition (2d) is best possible. 
I n other words, t he following problem is st i l l unsolved : 

Let 
CO 

f(z) = 2ckz»* 
k=\ 

he regular and unbounded in Iz\ < 1. Suppose tha t 

l i m i n f ( n k — nj)k~l = q > 1 

I s i t t rue tha t all radii Rr (0 Ak <P < 2я) a r e singular for f(z) ? 

(Received July 1, 1958.) 
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H A T V Á N Y S O R O K S Z I N G U L Á R I S S U G A R A I R Ó L 

E R D Ő S P . és R Ë N Y I A. 

K i v o n a t 

L e g y e n f ( z ) a z e g y s é g k ö r b e n r e g u l á r i s é s n e m k o r l á t o s f ü g g v é n } - . A z = rei,p 

(0 ^ r < 1 ) s u g a r a t , m e l y e t a r ö v i d s é g k e d v é é r t Д р - v e l j e l ö l ü n k , D . GAIER 
é s W . M E Y E R — K Ö N I G n y o m á n ( l á s d [ 1 ] , [ 2 ] ) szingulárisnak n e v e z z ü k , h a 
/ ( 2 ) n e m k o r l á t o s а | г | < 1, 99 — e < a r g 2 < 99 + e k ö r c i k k b e n , a k á r m i l y e n 
k i s p o z i t í v s z á m i s e. A n e m - s z i n g u l á r i s s u g a r a k a t r e g u l á r i s s u g á r n a k n e v e z z ü k . 
A j e l e n d o l g o z a t b a n a k ö v e t k e z ő t é t e l e k e t b i z o n y í t j u k b e : 

1. t é t e l . Legyen. nk természetes számok egy növekvő sorozata, amelyre 

1 
(1) l i m i n f (nk — 7ij)k-i = 1 . 

( k - j H + o о 

Legyen a>k egy tetszőlegesen lassan végtelenhez tartó számsorozat. Akkor létezik 
olyan 

со 

(2) f ( z ) = JLckz"k 
k= 1 

alakú hatványsorral bíró, az egységkörben reguláris és nem korlátos f ( z ) függ-
vény, amelynek csak egyetlen szinguláris sugara van, és amelynek n'k kitevői 
eleget tesznek a 

(3) 0 ^ n'k — nk< wk 

feltételnek. 
A z 1 . t é t e l a d o l g o z a t b a n v a l ó s z í n ű s é g s z á m í t á s i m ó d s z e r r e l v a n b e -

b i z o n y í t v a . 

2 . t é t e l . Legyen Лт (m = 1, 2, ...) egy természetes számokból álló 
tetszőleges növekvő sorozat és nk egy olyan természetes számokból álló sorozat, 
amely azzal a tulajdonsággal bír, hogy az nk sorozat tagjai véges sok kivétellel 
oszthatók Am-mel (m = 1 , 2 , . . . ) . Legyen bk tetszőleges egész számokból álló 
korlátos sorozat. Tegyük fel, hogy 

00 

f ( z ) = ^ckzn"+b" 
1 = 1 

az egységkörben reguláris és nem korlátos függvény. Akkor f(z)-re vonatkozólag 
az egységkör minden sugara szinguláris. 
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О С И Н Г У Л Я Р Н Ы Х Р А Д И У С А Х С Т Е П Е Н Н Ы Х Р Я Д О В 

Р. ERDŐS и A. R Ë N Y I 

Резюме 

Пусть функция f(z) регулярна и неограниченна в единичном круге. 
Радиус z = réf (ü s: г < 1), обозначаемый для краткости через Rv, следуя 
D. GAIER-У И W. MEYER—KÔNIG-Y (см. [1], [2]), называется с и н г у л я р -
ным, если f(z) неограниченна в круговом секторе |г| < 1, <р — e < a r g z < 
< cp -f e при любом положительном е. Несингулярные радиусы называются 
регулярными. В настоящей работе доказываются следующие теоремы : 

Т е о р е м а 1. Пусть пк есть возрастающая последовательность натураль-
ных чисел, для которой 

1 
(1 ) l i m i n f (nk — rijY J = 1 . 

(fc-У)-.» 
Пусть cok есть как угодно медленно стремящаяся к бесконечности числовая 
последовательность. Тогда существует такая регулярная и неограниченная 
в единичном круге функция f[z), разлагаемая в степенной ряд вида 

со 
(2) f ( z ) = >ckz»í 

k= 1 

которая имеет лишь единственный сингулярный радиус и для которой 
выполненно условие 

(3) 0 £п'к — пк < ык . 

Теорема 1 доказывается в работе теоретико-вероятностным методом. 
Т е о р е м а 2. Пусть Лт(т= 1, 2 , . . . ) любая возрастающая последова-

тельность натуральных чисел, а пк последовтельность натуральных чисел, 
за исклучением конечного числа делящихся на Лт (т = 1 , 2 , . . . ) . Пусть bk  

любая ограниченная последовательность целых чисел. Предположим, что 
функция 

со 

f(z) = 2 ( 'kz n k"b t 

k= 1 

регулярна и неограниченна в единичном круге. Тогда относительно f ( z ) вся-
кий радиус единичного круга сингулярен. 
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