ON THE COMBINATION OF INDEPENDENT TESTS

by
Tamis LIPTAK

Introduction

In scientific research there are two types of statistical hypotheses. In
the first it is desired to prove a systematic effect in presence of random
errors and for this purpose a ‘“null-hypothesis” is being taken in order to
disprove it on ground of observations ; having attained it the result is called
“‘significant”. In the second type it is desired to prove a statistical law by the
“fitting” of observations. According to this there are significance tests and
tests of goodness of fit. In the theory of testing statistical hypotheses
both kinds of tests are examined the same way. For this purpose the roles
of alternative hypotheses are changed. In the following the terminology of
significance tests is going to be used.

In the Neyman—Pearson theory the tests serving to decide between
accepting or rejecting the null-hypothesis are characterized by their critical
set : the null-hypothesis is rejected if the sample observed belongs to this set.
The level of a test is the probability of the critical set (if the nullhypothesis
is simple) or its upper bound (if it is composite).

The choice of the level of tests is determined by practical considerations :
this is one of the reasons why in practice families of tests are used containing
a test for each level of significance between 0 and 1 characterized by the
following property: a sample being significant on a level a is also significant
on any level o’ > a. The level of significance is often not determined beforehand,
instead of this the minimal level is calculated for which the actual result is still
significant. This “moving level” is being used for measuring the significancy of
results. This practice is supposed to be originating from the early, “preclassical”
period of the theory of testing statistical hypotheses, at which pericd the
,,deviation” of the results from the null-hypothesis was measured by the actual
value of a suitably chosen statistic.

In any case it is obvious that the conscious use of this practice cannot
lead to any mistake, it being the same whether the actual value of the statistic
is compared to a fixed critical value (‘‘method of fixed level’’) or whether
the moving level is compared to a fixed level (,,method of moving level”).
In the first method this comparison leads only to a statement of significancy
or insignificancy, whereas in the second one by noting the actual value of
the moving level we obtain some information which can be used in combining
more tests. This is just the subject of this paper.

The following may be mentioned as an example. Significance tests were
carried out in three experiments for the same problem. On the usual 59,
level of significance the results proved insignificant in every case. From this
result no further statistical inference can be derived. If it is known, however,
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that the moving levels in each of the three cases were between 5%, and 30%,
it may be stated — supposing the independence of the experiments — that
the combined results of the three experiments are significant on a 5%, level.

The paper deals with the suitable combination of moving levels origina-
ting from stochastically independent tests (resp. statistics). The corresponding
null-hypotheses are in the following connection with each other : either the
null-hypothesis is true in each case, or some alternative in all of them.

The connection of null-hypotheses satisfies the above assumptions e. g.
in the cases below :

a) the case of observations of different sizes about the same null-
hypothesis ;

b) the case of observations made about the same null-hypothesis biased
by unknown nuisance parameters (testing of normality etc.);

¢) the case of moving levels originating from stochastically independent
statistics.

This combination problem has mnot been, in such a generality, dealt
with in the literature. The problem of combination of independent tests is
treated first in R. A. FisHER's Statistical Methods for Research W orkers
(see [3], § 21.1). The problem is dealt with — though not stated — in case
of simple hypotheses and of statistics with continous distribution. The
theoretical aspects of the problem are not treated here, only a formula for the
combination is given. This “omnibus test” may be reduced to the product
(or, equivalently, to the geometrical mean) of the levels. The necessary trans-
formation is based on the y2-table. K. PEARSON arrived to the same results,
independently of FisHER, but in another form [14]. It was E.S. PEArsoN who
first investigated the efficiency of the above omnibus test, but he did so
under the same simple null-hypothesis and sample sizes [12]. The case of tests
based on statistics with discrete distribution is treated in many papers (e. g.
[8], [13], [17]) I. J. Goop generalizes the ‘“omnibus test” by introducing
different weights of efficiency for the various tests. The transformation neces-
sary to the application of this test is much more complicated than the original
transformation and it is not tabulated.

In § 1 of this paper the problem of moving levels is treated quite generally.
The moving level is proved to be a random variable having a distribution
function which is equal to or less than the uniform distribution function U
over the interval [0,1] if the null-hypothesis is true, and, in the unbiased
case, it is equal to or greater than U if the alternative hypothesis is true.

In § 2 the class of available combinations is narrowed down by three
rational postulates. It is possible to weight the various tests according to the
possibly informations relating to their efficiency.

It is proved that the class M of combinations satisfying the mentioned
postulates are the combinations generated by the weighted means of the
levels. The average function applied here may be any continuous and strictly
increasing function defined in the closed interval [0,1]. Here the results of
Nacumo — Kormocorov—DbE FINETTI for characterization of mean values
are available (seee. g. [ 7], pp. 158—163). The class M of available combinations
is enlarged to the class M* of all combinations based on weighted means of
levels with average function being continuous only in the open interval (0,1).

In § 3 two theorems are proved : 1. Every element of M* is admissible,
i.e.a combination problem can be given for every average function and for every
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system of weights in which the combination generated by the weighted mean
ot levels based on this function and this system is the optimal solution of the
problem. 2. Every element of M* as a test is unbiased if the levels are origin-
ated from unbiased tests.

In § 4 it is proved that the postulate of monotony occurring in § 2
is not too 1estrictive ; namely every Bayes solution of the combination
problem for a wide class of ““good” tests has this property.

§ 5 is devoted to prove FisHER’s “omnibus test” to be the likelihood
ratio test of the combination problem for a class of tests being essentially
the same as above.

Finally, in § 6 the combination generated by the inverse of the normal
distribution function is suggested instead of FISHER’s “omnibus test’’. This
combination is optimal for a large class of tests for one-sided hypotheses.
In addition, its application needs less numerical work and simpler tables than
the “omnibus test’ either in original form and even less numerical work and
simpler tables in case of its weighted form introduced by Goobp.

§ 1 The Problem of Combination of Moving Levels

In this § the definitions which may be needed later on are given.
Then the combination problem will be formulated as a problem of hypothesis
testing.

A hypothesis concerning the distribution of a random variable may be
tested by observing this variable. The result of observing the variable in any
well-defined way is called a sample, the set of possible samples is the sample
space. To the possible distributions of the random variable there corresponds
a set of probability measures defined on the sample space, while a statistical
hypothesis determines a subset of the set of possible probability measures.

Let X be the sample space and o the o-algebra of its measurable subsets.
The above probability measures defined on the measurable space (X,o4),
i. e. the possible distributions of the sample 2 € X, are indexed by an index
space 2. Thus the set of possible distributions of the sample is the system
Py ={Py:0€L2}. The measures P, are assumed to be different, i. e. for every
pair 0, €0Q,0,€0Q, 0,40, a set A€ is supposed to exist for which
Py (A) 4 Py (4).

The statistical hypothesis H, (or the “null-hypothesis”) determines
a subset of 7, or — being the same — that of 2, and H is the hypothesis
supposing that the ,,true’ distribution Py« of the sample is such that the index
belongs to this subset. Let 2, be the above subset of 2 and, consequently,
let Py, = {Py: GE.QO} be the distributions of the sample consistent with the
null- hypothems It is assumed that Q, =+ @ and 2, = Q — Q o @. The set of
(hetrlbutlons consistent with the alternatne h} potheSIS is clearly @D, =
= {Py: 0€0,}.

H0 is called a simple hypothesis if D, (or £2;) consists of a single
element. Otherwise, H, is a composite hypothesza

A rule by the apph(dtlon of which the acceptance or rejection of H,
is decided according to the result of sampling is called a criterion.V) Every

1) Contrary to the usual termmology, the word test is reserved for a concept to
be introduced later.
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criterion may be characterized by its critical set i. e. by the set of all samples
to which the rejection of H, is ordered by the rule. In other words the critical
set is the set of significant samples. Only rules having measurable critical
sets will be called criteria.

In principle, any measurable set may be chosen as the critical set of
a criterion. The problem of the theory of statistical hypothesis is to choose
a set the use of which relatively seldom leads to false decisions. False decisions
can occur with all criteria. An error of the first kind is committed if the null-
hypothesis gets rejected in spite of it being true ; an error of the second kind
is arrived at if the null-hypothesis is accepted in spite of it being false.
C being the critical set, these two errors might occur in the following way:
if 6* is the “true” index, i. e. the “‘real” distribution of the sample is Py €D, ,

1:1) 0*cQ, and x€C
(error of the first kind) ;
(1.2) 6*c2, and z€X-C

(error of the second kind).
Thus it follows from the relation Py(X — C)=1— Py(C) that a criterion
is the better, the smaller is the value of the power function

(1.3) p(0) = Py(C)

in the case of 0 € £2, and the larger it is if 6 €£2,. The probability of committing
the error of the first kind is namely p(6*) (0* €£2,) and that of the error of the
second type 1 — p(0%) (6*€Q,).

In case of a simple null-hypothesis the probability of committing an error
of the first kind is called the size of the criterion. This definition may be
immediately transferred to composite null-hypotheses in the case of cri-
teria having critical set C for which

(1.4) P(0)=a heQ,

holds. The probability of committing an error of the first kind is determined
by the null-hypothesis in this case too. The size of such similar criteria is
a given in (1.4). In general case the least upper bound of these probabi-
lities, i. e.

(1.5) o = sup p(0) = sup Py(C)
6e2, e,

is called the size of the criterion. To a criterion having a size a at most,
(1.6) p(0) = Py(C) < a for 0€L,

holds.

It is reasonable to require a criterion to reject the null-hypothesis more
often when it is false than to do so when it is true. In terms of the power
function, it is required for every pair 0,€£,, 0, €2, that

(1.7) p(0p) < p(0,)
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should be true. If a denotesthe size of the criterion, (1.7) is equivalent to
(1.8) }>(fl)ka for OE£R,.

Those criteria which fullfill the above requirementsare called unbiased
criteria.

A family of criteria is called a test if

1? for every level a (0 a < 1) there belongsa criterion having the
size a at most;

2? a sample being significant on a level cq is also significant on any
level a, > cq;

3? the set of samples being significant on an arbitrary level a' < a
is identical with the set of samplesbeing significant on the level a.

Denoting the critical set of the criterion, correspondingto the level
a. by C,, the aboveconditionsare equivalentto the following :

1? for every level a (0" a ™ 1)

(1.9) Pe{CA)<OlI for 0£.Qp;

2? for every pair of levels0 " cq< a, » 1,

(1.10) Cn CC,2
holds
3? for everylevela (0™ a ™ 1)
(1.11) UCa = Ca
a'<a

A testis called continuous if for everylevela (0 »~ a ~ 1) the criterion
having C, as its critical set, is exactly of size a, i. e. instead of (1.9)

(1.12) sup Pe(Ca) = «
teil
holds for 0 ~.a ~ 1.

The notiohs defined earlier for criteria may easily be extendedto cover
tests as well. Thus a family of criteria is called a similar test or unbiased test,
respectively,if it satisfiesthe conditions 1? — 3?and every one of its criteria
is similar or unbiased, respectively.

The real valued measurablefunctions T(x) definedon the sample space,
are called statistics. The distribution function of the statistic — in the case
of Pe — is the function

(1.13) Fo() = B({8 : T(x) < i)

Testscanbe derivedfrom any statistic T(x) e.g. in the following manner:
the samplex is called significant on the level a if

(1.14) T(x)<ta.

The constantst, (0~ a ~ 1) must be so selectedthat the system of the
correspondingcritical sets

(1.15) Cl = {x: T(x) < ta} oO~ranl
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should satisfy the conditions 1?—3?. For this purposethe upper envelope
function

1.16) Ft) = oselfllp F.() = Oigp PMx : T(x) < ft)

of the distribution functionsof F¢(t) accordingto the null-hypothesisand its
generalisedinverse?* the function F<--0(a) should be formed.
Then the value of t; may be defined by the following relation:

1.17 ta = F~ 0@ oO~ranl.
( )

It can be easily seen,that the family of criteria of the form (1.15) obtained
in sucha mannerreally forms a test.

1. abra

Supposingthat gis a strictly increasingand continuousfunction defined
over the range of T, then the statistic QT defined by the relation

(1.18) QT(®) = o{T{x)

generatesthe sametestas T. In other words: consideringas equivalent the
statisticsthat may be obtained by strictly increasingand continuous trans-
formation from one another,to every equivalence class of statistics there corres-
ponds uniquely a test which is called the test generated by this equivalence class
of statistics.

The converseof this fact is also true : to every test there corresponds
uniquely an equivalence class of statistics any element of which generates this test
in the form of (1.15).

To demonstratealsothe converseof the theorem,let us definethe fol-
lowing statistic for the critical setsC, occurring in the conditions 1?—37:

(1.19) L{x) = inf {a: x£ C} X £ X.

?) The generalisedinverse function FA-1) of }ie function F may be determined
¢ g.in thefollowing way: F~)@ =0 for a<, 0; F~*«) = 1 for a> 1 and
Fla) = >nf (t @ F(t)>a) for O0<«<1.
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L{x) is the ,smallest"levelat which the sampleis still significant.This statistic
is called the moving level of the testhaving the sets{C,} as critical sets.It is
clear that the test generatedby this statistic is identical with the original
test i. e.

(1.20) GY= G, 0ra< 1

(cf. e. g. [11], p. 80). This provesthe converseof our assertion.

It should be observedhere that in the relation (1.15) the signs”, >
or + mayfigure insteadof < as well, wherebyeverythingthat hasbeenstated
above so far would remain valid with suitable modifications. The tests used
in practice are derived from statisticsby the employmentof the sign ii in
(1.14) (i-test, ratest etc.).

Let us now proceedto the distribution of the moving level L defined
by the relation (1.19). Let Fe(t) denotethe distribution function of L(x)
in the caseof P.. It follows from the definition of L(x), thatfor every O"Q the
distribution function Fy(t) is defined in the interval [0,1], i. e.

(1.21) F{0)= 0 and F<(l+ 0)= 1.

Furthermore,let U denotethe uniform distribution function over the interval
[0,1], i. e. put

0O for t~ O
(1.22) up = t for 0" t< 1
1 for t> 1.

Then the following theoremis true : if the null-hypothesis is true the dist-
ribution function of the moving level of any test, is everywhere at most as
large as the uniform distribution function over the interval [0,1], i. e.

(1.23) FeXt) U{t) for &E& , 0 t
Furthermore: the distribution function of the moving level of any unbiased test,
in the caseof any possible distribution consistent with the null-hypothesis s

everywhere at most as large as the distribution function of it in the caseof any
possible distribution consistent with the alternative hypothesis, i. e.

(1-24) Fe.t) < AA

whenever 6£i2, and OCQ..

Both statementdsfollow directly from the definitionof testsand unbiased
tests, respectively.

If the test is continuous and either the null-hypothesisis simple
or the testis similar, equality holds identically in the relation (1.23).In other
words : in this case the moving level is uniformly distributed over the interval
[0,1] assuming the null-hypothesis to be true.

In the caseof unbiasedtestsit is easyto give anintuitive interpretation
of the inequalities (1.23)—(1.24). For this purpose let us define a partial
ordering in the set Cf, of all distribution functions F defined on the interval
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[IA] in the following way : for two elements F, F, of Cf. the relation
F«x < F, should meanthe following :

(1.25) F®) A Fot) forall 0~ tA 1
and
(1.26) Fdto) > Fato)

for some0 * t, < 1.Without thelatter,the fulfillment of (1.25)is indicated as
follows : F, A F,. The senseof the "direction" of orderingis shown by the
following fact: in caseof F, A F,, two random variables, and|,, °*" be
givenin sucha way that the distribution functionof is F,, the distribution
function of f, i®* F, with probability 1

(1-27) ix

holds and in caseof F, < F., the event < |, hasa positive probability.

Turning to the problem of the moving level of unbiasedtests, the
relations (1.23)—(1-24)can be rewritten in the following way: if the null-
hypothesisis true i. e. for 0,£12,, the relation

(1.28) Fg > U
holds, while for every pair 0,£U,, diRQ; the relation
(129) Fo, > Fy

holds. Intuitively, this meansthat in caseof the null-hypothesis a higher
moving level may always be expected than in case of the alternative
hypothesis. Thus we are getting back to the intuitively evidentfact that the
smallnessof the moving level indicatesthe acceptanceratherthan the alter-
native hypothesis.

The subjectof the presentpaperis the following : A setof experiments
is given in which the statistical hypothesesare in the following connection
with eachother: eitherthe null-hypothesisis true in eachexperimentor the
alternative oneis valid in eachcase’* Each experimentis evaluatedby a test
i. e.a statisticis selectedand the actual value of its moving level is obtained.
It is supposedthat thesestatistics— hencetheir moving levels as well — are
independentrandom variablesin each cases" Consideringthe joint truth of
these null-hypothesisas a new null-hypothesisit is desiderableto evaluate
this new problem by an "overall" test, in other words: to combinethe inde-
pendentmoving levels to one single moving level. This is called the combi-
nation  problem.

%y Examples a)—c) for such sets of experimentshave been given in the Intro-
duction.

%) This will certainly be the caseif the experimentsareindependentof each other.
It may happen,however,that, to evaluatethe sameexperiment,two differenttests have
been employed and the statistics generating them are stochasticallyindependent of
each other in caseof each possibledistribution. The moving levels of these tests may
be treated as different levels for combination.
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Let Ox, 0y, . ... O, denotethe index setsin the experiments,and let
(1.30) 0,=0,€ aj (0,0n 06 = 0)

bethe decompositionof the index setsinto the subsetof the indices according
to the null-hypothesisand that of indices accordingto the alternative one.
Becauseof the supposedconnectionof the null-hypotheses,either one of the
indices (00, O, ..., 00) (00, £0,0,i= 1,2,...,1) or one of the indices
(Ou, 021, ...,0¢) (OBEQC(1,i —1,2,...,1)is true in the setof experiments.
Let the r-dimensional distribution functions

r
|

(1-33) K(tut, W) = F M

=1
be constructedfrom the distribution functions Fg of the moving levels L;
according to the index 0, £0,, but only for the indicesO= (0x O, ..., 0)
drawn from one of the direct product sets 00X 0o X ...X0,0 and

0jj X021 x...x 0. The distribution functions which can be obtained in
this way will be indexedby a setQ . Let

(1.34) Q = QoD).Q: (ETTé 5=0)

be the decompositionof Ointo the subsetsaccordingto the direct setsabove.
Then the combination problem is equivalent to the following hypothesis testing
problem: the possibleprobability distributions are generatedby the distribu-
tion functions (1.33) definedon the samplespaceK, (i. e. on the r-dimensio-
nal unit cube) andin caseof the null-hypothesis(0y = (010, 00 . . ., O0)

the relations

(1.35) Flgw> U A= 12, ... R

hold. Further, in the caseof unbiasedtests,the relations

(136) Fiseu > Fito »= 1,2 r
hold for any pair of G = (00, &0, . .., O0) and O = (Oy, Op, ..., Oy) with
(0 and 0j

8. 2. The Classof Monotone, Compatible and Normed Combinations

The solution of the combinationproblemis soughtin the form of a test,
that is to say, in the form of somefunction of the moving levels. Since the
number of experiments evaluated by tests tobe combined may differ from
time to time, it is reasonableto seek at oncefor the solution in the form of
a family of combinations, which supplies a combination for every num-
ber of experiments. The easiest way obtaining this is to form the empi-
rical distribution of the "sample"” consistingof the moving levels permitting
in it differentweightsfor theindividual levels. For any numberof experiments,
this function is a discrete distribution function defined on the interval
[0,1]. Thusit isreasonableo seekthe solution of the combination problem in
the form of a functional <p(S) definedon the setS of all finite discrete distribu-
tion functionsS defined on the interval [0,1]. It may be observedthat, owing:
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to the characterisabilityof testsby statisticsas discussedbefore,it is suffi-
cient to restrictthe treatmentto the equivalenceclassesof functionals which
are invariant under any strictly increasingand continuous transformation.

Let E; denotethe (degenerated)distribution function of the constantt,
i. e.let be

.. _ (0 for et
<2.1) ue) .
\'1 for e >t
2. abra
If the weights corresponding__to the experiments are ky, ko, . . ., X
ke + Ao-f ...+ A= 1) then the weighted empiri-
cal distribution function of thelevel setL, L,.. ., L; is definedby the relation
(2.2) 8=2 hFe-

In an other form this function is the following :

(2.3) m = 2h.

u<t

By any possiblevalue of the number of levels,the weightsand the levels, the
functionsS definedby (2.2) or (2.3) arefinite discretedistributionfunctions,i.e.

(2.4) s a é

The intuitive interpretation of the "joint" null-hypothesis explained
above suggeststo require from the functional cpto be monotone according
to the partial ordering definedin A. This is contained in the following

Postulate 1. (monotony). For the functionalcp

(2.5) <PS) < <p(S)
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should be hold for every pair of distribution functions from A with
(2.6) S <SS

This postulatesexpressedhe evident requirementthat a set of levels
should be more significantthan anotherif the levels of the former are more
significant than the correspondinglevels of the other set.

Weighting the elementsof the set of levels the following problemarises
if some set of levels with weighted elementsare joined to an overall set of
levels,how arethelevels to bereweightedin this new set? Thus the demand
arisesfor the weighting of the different set of level setshetweeneach other,

aswell. Let Ay, Ay, .. ., A;j denote the weightscorrespondingto the elements
of the set of levelsLlyy, Ly, ... Ly (AyE 0, Ay 0, ... Xy 0; Ay +

+ Ay -f- .0 -f X) = 1). If Wjdenotesthe weight correspondingto the set
Ly, Lz ... Lgj ™ O w™ O . ., w"™ 0; w+ w+ ...+ w= 1),
it is reasonableto choosethe weight of the level Ly in the overall set Ly,
sz,..., Ler L12 L2 Vaz Fax L« « tO beA,ij i= 1, 2
7=1,2,.. . 10. Accordingto th|s the Welghted empirical distribution func-

tion S of the overall set of levels is

(2.7) S. 2wl S
1=1
where
(2.8) Si- i Fui
isthe empiricaldistributionfunctionof the setlLy, Ly.... L (/=1,2,.. ).

It is reasonableto demand of the combinationthat in caseof joining
different setsof levelsthe valueof the combinedlevel should be uniquely deter-
mined by the valuesof the weightscorrespondingto these setsand the values
of the combined levels of the individual setsof levels. This demandis exp-
ressedby the following

Postulate 2 (compatibility). The identity

é é
(2.9) <P2 " s)=<p 2 “js,-
u=i ' 0=i
should he fulfilled by an arbitraryweightsystemw, w,. ..., w if A, S'+A
and
(2.10) cp(Sh)= <p(S1)
(= 1,2, ... k.

The following postulateis devotedto expressthe evident requirement,
that the value of the "combined" level of a "set" consistingof a single level,
should agreewith the value of this level.

Postulate 3 (normedness) The following identity should be fulfilled :

(2.11) tp{E) =t for 0 t~1

These three postulatesreferring to the combination, are equivalent to
the conditions occurring in the characterizationof the mean values. More
precisely the following theoremis true :
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Characterization of the mean values (NAGUMO—KOLMOGOROV—DE FINETTI;
see e. g. [7] pp. 158—163). For any functional cp satisfying Postulates
1—3 a strictly increasing and continuous function x(t) can be given with the
property

(2.12) v(s) = %l (x()dS(b) for S

Here X' is the inverse function of x

Conversely: any functional g>of the form (2.12) with average function
X having the above properties satisfies Postulates 1—3.

It should be observedherethat i'rom the form

(2.13)
i=1

of the distribution function S the following formula for <p can be
obtained:

(2.14)
i=i i=I

This is equivalentto (2.12). From this form it is clear that these functionals
are the weighted meansof the levels Ly, Ly, ... L, weightedby the weights
Xy 15, .. ., I, and averagedby the function /(/).

It is worth-while to quotethe proof of thistheorem,which comesactually
from DE FINETTI.

Let us considerfirst the following family Y = [1,:0sit” 1} of finite
discrete distribution functions where

(2.15) I = (1-t)Eo + tE = E[y<(S
Evidently
(216) h = Eo and Ix = Ex ,

further for every pair of t, t, with 0 " t, < t, g, 1

(2.17) Ih < In
holds. Moreover, for any weighting system Bs, /1, \ and for any set
ty ig: Ly O+t 1= 1,2, .., I’)
(2.18) 2 - 1Zh4
i=1 <=1

holds. Let now he
(2.19) ht) = <p(ly) 0" t< 1

Owing to the relation (2.16) and to the monotony of y>, h(t) is a strictly
increasing function of t, further, on accountof (2.15),

(2.20) AO)= 0 and A()= 1
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It canbe provedthat cpis continuousas well. Namely, if h(t) would have, for
instance,a right discontinuity in a point t, £/0,1), that is to say, h() <
< h(ty -f 0) would hold, there would be sucha numberhy for which

(2.21) h(tt) < ho < hi T e)

would hold for every arbitrarily small positive value of e. From this it
would follow that

(2 .2 2) E:Alo) < Aﬂ < Eh00+e)

and, for an arbitrary i£[0,I],

(2.23) 2°8 ) + 2Fhit)< 28,0 + \ Fo(t) < \ Fruose)t \ Eng

and in sucha way, on accountof the monotony of <p,

(2.24) cp(l By *+ "Em )<A = cp(\Bs+ "Ry )<<pl Aga)  + \ Ay )
would hold. But

(2.25) Ad{A,) = U)=hs{ly)

hence,from the compatibility of cp,

(2.26)  op(1E@m + 1B )= op(Mu+\l) = op(l w) = KO © "

2
and, by a similar reasoning,

. , ) to+ t+ e
(2.27) cp(iEncrorey + "Eng ) = cp(l lise + [l ) = cp(lsve) =

2

would follow, consequentlyon the basisof (2.24) — (2.27),

th + t th+ t+ E
(2.28) < A <h

and hencefor every possiblevalue of t

th + t o + t
h

(2.29) <

would hold what is impossible, since a monotone function can have at
most a denumerablenumber of discontinuities.

Thereafterthe inverseof the strictly increasingand continuousfunction
h(t) may be formed. Let us denote by it %(t). Evidently

(2.30) cp(E) = t= hx®) = <p()
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consequentlyon account of the compatibility of cp and becauseof (2.17)

cp(S)= cp

(2.31) = h 1 At 3 X(1)ds(t)

Since the converse of the theoremis trivial, the proof is ended hereby.

Applying this theorem to the combination problem it may be stated:
the class M of monotone, compatible and normed combinations coincides with
the class of those combinations which — as tests— are generated by one of the
weighted means of thelevels. As an average function any function which is strictly
increasing and continuous in the interval [0,1] may figure.

Consideringthe fact that a statistic is determinedin any case by its
testonly up to astrictly increasingand continuoustransformationthe statistic
in (2.14) can he replaced by

(2.32)

A combinationof M may be obtainede. g. if the inverseof the distri-
bution function of a random variable is chosento be %the density function
of which vanishesoutsidea finite interval, while it is positive within the same.
Example: the variableis uniformly distributed over the interval [0,1J, %(t)=t
and the combinationis basedon the weighted arithmetic meanof the levels.

The samemay not be statedin the relation of an infinite interval : the
inverse function of such a distribution function has infinite limiting value
either at 0 or at 1 or both, andthereforeit cannotbe continuousin the closed
interval [0,1]. Accordingly, the functional basedon it is monotoneonly if no
level is equalto O or 1, respectively.Sincein practicethese casesare uninte-
resting, it is reasonableto enlarge the classM to those combinations the
generatingstatisticsof which is of the form (2.32) but the function %(t) occur-
ring in it is to be supposedcontinuous only in the open interval (0,1).
Let M* denotethis class of the compatible, normed and "almost every-
where" monotone combinations.

An elementof il/* may be obtaiiiede. g. if the inverseof the distribution
function of a randomvariableis chosento be % the density function of which
vanishesoutsidean arbitrary (finite or infinite) interval, while within it is posi-
tive. Example: the variable is normally distributed with expectation0 and
variance 1, %(t)— O-*(7) where

(2.33) o0 = . e 2du

O 2¢e

is the (standardized) normal distribution function. Also the geometrical,
liarmonical and arbitrary power means of the levels may be mentioned
correspondingto %(t)= log t, t andt" respectively.The (ordinary) geometri-
cal mean is equivalent to FISHER'sS "omnibus test" [3] while the weighted
one to its generalizationintroduced by coobp [4].
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It is not intendedto analyse in this paragraph how the choice of a
combinationfrom the classM* should be made.Here it will be given only
how to calculatethe combined level in caseof a given averagingfunc-
tion and weighting system.

Let ustakefirst the casein which all levelsto be combinedare uniformly
distributed over the interval [0,1] if the null-hypothesesare true (this is
the caseof continuoustests, everywhereeitherthe null-hypothesisis simple,
or the test is similar). The random variables %{Usy), %(Lf), ..., %{L,) are
independentand, in case of the nullhypotheses,they are identically dist-
ributed with the common distribution function Consequently,in this
casethe task — to determine the distribution function of the statistic of the
form (2.32) if the null-hypothesesare true—is reduced to determine the
distribution function of a linear form of independentand identically dist-
ributed random variables.If this distribution function is Gy(t), the combined
level L — taking the relations (1.14) — (1-17) into account— will be given
by the formula

(2.34) L = GA2hx{Li)

In the caseswhen % is the inverse of the Cauchy-or the normal distribution

function, the determination of G*canbevery easily achieved.If %(t) = C~(t)
where
du
(2.35) C@) = .
= I+ W

is the (standardized)Cauchy distribution function,
(2.36) Gdt) = C(Y)
holds (seee. g. [1], p. 247, equ. (19.2.3)) and thereforewe have

(2.37) L=2C "At  C-Lt)

If X(t) — d>~*t), where O(1) is the normal distribution function given
in (2.33),

(2.38) G(D) = O
) NAL + A2+ .. +A
therefore we have
(2.39) Lo A0 + AO-1E) + .. + A O-00)
Al + A%+ ... +A*

Concerningthe general casewe observeonly that in case of conti-
nuous tests the exact level is given by the above equations, otherwise
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thesevaluesmay also be usedas upperestimatesfor the exactones(seeconcer-
ning this the papersis], [(12] and [17]).

8§ 3. Admissibility and Unbiasednessof the Elements of M*

In this paragraphtwo good propertiesof the classof M* will be shown
to supportthe restrictionsintroducedin § 2.

First, the following theoremwill be proved: every element of M* is an
admissible solution of the combination problem, i. e. there can be given a
hypothesis testing problemfor every strictly increasing and continuous function
X(t) defined on the interval (0,1 ) and for every weight system A, A,, ..., A in
which the element of M* corresponding to the function % and the system A,
As, A is the optimal solution of the combination problem.

To prove this theorem a simple alternative testing problem will be
given for every element of M*. A simple alternative testing problem is a
hypothesigestinghavingthe following structure:therearegiven only two pos-
sible distributionsPo and P, on the sample spaceX. and the null-hypothesis
state P, to be the ,true” distribution of the sample. The moving level of the
test generatedby the statistic T(x) accordingto (1.14)—(117) is obviously

(3.1) L(X)=Go(T(x)).

where Gy is the distribution functionof T in the caseof Po. L(X) hasthe distri-
bution function

(3.2) aa = aa = =+ AU

accordingasto Py or P; is the ,true" distribution of the sampleX. Here Gy
denotesthe distribution function of T accordingto P, and the general-
ized inverseof Gg.

Let r simple alternativetesting problemsbe given where the statistics
Ti (= 1,2, ... 1 generatingthe tests are mutually independentrandom
variables .The possibledistribution functions G, and of T, are supposed
to be absolutelycontinuouswith density functionsgo and g. being positive
in an interval and vanishing outside of it. Then the moving level L; is uni-
formly distributed according to the null-hypothesis, i. e. its distribution
function is

(3.3) Fio(f) = U@®) =t oatalii=1,2 r
in this caseand it is

(3.4) F.(t) = = R
accordingto the alternativehypothesis.Here Gj™ denotesthe ordinary inverse
° GI(ZI.'he hypothesistesting problem equivalentto the combination of these
independenttests can be solved optimally by the use of the fundamental

lemma of NEYymMAB and PEARSON (seee. ¢.[1], pp. 529—531). The optimal
test is generatedby the statistic

<3.5) Ty, ...,4)=1 > g »
§ =1 i)
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Here /io and /;; denote the density functions of the distribution functions
Fio and F;, respectively.Since

(3.6) fo) = 1

on accountof (3.3) and

3.7 fl) = - Gy(Gro =
(3.7) O = 5 el 9o(GTD)

on account of (3.4), this optimal statistic is the following :
(38) T(L|,LV...,Lr)=2 |OgAfA

The combinationgeneratedby this statisticis equivalentto the element
of M* characterizedby the statistic
r
(3.9) >4z (A)
=i
if and only if there exists a strictly increasingand continuousfunction g for
which

(3.10) . = ?iix{Ln)

=1 9  sexU
holds identically. It follows that Q may be only a linear function, hence
the above condition may be rewritten in the following form: there should

exist constantsa > 0,b, by, ... , b, such that

(311) log9'rtd>1 = akdL) + b i= 1,2 ro,
i. e.

(3.12) 9a(t) = 9io(t)erC'M)-bi a= 1,2,

holds identically in t.

Distribution functions Go resp. G; may be easily constructed which
satisfy the conditions (3.12). To show this let H be any function which is
strictly increasingand continuous,further,which mapsthe interval (—oo0, 00)
into (0, Ady) (e. g. H{t) = €"). Let Gy be defined by
(CAQ) Gio(t) = Go(t) = x-Vm) i= 1,2, ...

wherex*{t) = Ofort” ~(0) andx-{t) = 1fort~ /(1). Thenthe functions

(3.14) 9,(t) = 90t = m o XM tx™
\ 0 for i< 2(0) or t > y(l)
are probability density functionsand the integrals
t

(3.15) I goe™ “(>»< du
—®

0
1
Lo
N
=

4 A Matematikai Kutaté intézet Kozleményeilll./3—4.
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define the alternative distribution functions G,, if the constantsa > 0 and

by, by, .. ., b are suitable chosen.Namely, let a = 1 and
*0)

(3.16) bj = log ) go{u)e~bH(»)du i = 1,2,...,r.
Z(0)

The integrals (3.15) and (3.16) exist according to
(3.17) 0 < e*<«>N 1

which follows from R-> 0 and H(u) > 0.
To seean example,put %)= O*(<). Choosing now

t

(3.18) Got) = O a= 1.2
ajyni)
and
3.19 a= 1, b,= -p=- a= 1,2 r
( ) T,/)PTit
w'ith Oj> 0, rij positive integer, <0@Mm=1,2,...,1. Then
(3.20) 06(*) = 6(0+@ a= 1,2,...,4a.

The constantsn;, ct and should be chosenso that the relations

(3.21) + = — a= 1,2,....,T

be valid.

This set of experimentscan be interpretedas follows : a sampleof size
n, wasdrawnin the ith experimentfor a random variable having known
variance ef and expectation0 in the case of null-hypothesisand < 0 in
the alternative case (&= 1, 2, ..., r). For the combination of these
teststhe method basedon the statistic (3.9) with x = 'S optimal.

In whatfollowsit will befurtherprovedthat combining unbiased testsby an
element of M* this combination — as a test used for the sample consisting of
moving levels — is unbiased. In other words: if the relations (1.34) also are
valid for the possibledistribution functions F,¢ of the levels besidesof (1.33),
and /(1) denotesany strictly increasingand continuousfunction defined on
the interval (0,1) and,further, if He is the distribution function of the com-
bined level L in the combination (from M*) generatedby the statistic

(3.22) X-KzZhlI?n)
\ =i
in the caseof then besidesthe relation

(3.23)
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being valid for every 0,£i2,, the relations

(3.24) i 2a>0 a1

i. e.

(3.25) Hea(t)<Ho(t) oOfztArl
hold for every pair and Oi£E ;.

Let Godenotethe distribution function of the statistic (3.22)in the case
0£i2. The relations (3.25) will follow and so the theoremwill be proved if
we succeedto show that

(3.26) GoR) fZ GoRt)

holds for all OQC” and 07/2]. For this purposelet us considera random
variable t] uniformly distributed over [0,1J and, keepingfixed the indices

(3.27) Oo= (010,05,..., 0,0)€%0 and 0s= (Oy, Oxn a;) £0Q
occurringin (3.26),let uswrite :

(3.28) f,o= iVbfo) t=1,2,.. .,
and

(3.29) ia = F(re(n) »=1,2, ...,r.

Here Figa resp. Fieqy denotethe distribution function of the moving level
5, in the caseof Oy and Oy respectively.As it is well-known, |,o is then distri-
buted accordingto F-~g and £, according to Fyg, (see e.g. [15], p. 183),
i. e.the distribution of the moving level A, coincideswith that of f,, or £,
accordingto whether, or 6 is the "true” index. Besidesthe empirical distri-

bution function
r

(3.30) S= 2KE.
i=i
of the levels L, Z,, ..., L, the functions
r r
(3.31) Ry = 2%Et<. and Ry =
can be defined,observingthat Eo£A and aswell as S Denoting by

<px the statistic (3.22) in functional form

1
(3.32) <p«(S)= Z* [7.(t) dSft)

|
it is obviousfrom the definition of Ry and R, that the distribution of the ran-
dom variable <p4(S) coincideswith that of <p«(Ry) or cp{RA) accordingto whether
0o or Oj is the "true" index. But the relations(1.33) and (1.34) imply that for
every elementary event

(3.33) fo™ ti
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and therefore at the same time

(3.34) Ro>Ri
holds, from which
(3.35) <px(Ro) € Vx(Ri)

follows for every elementaryevent, being the functional <p, monotone. The
desiredrelation between6's; and Gy can be easily derived from (3.35).

§. 4. A Connection Between the Monotone and the Bayes Solutions of
the Combination Problem.

It will be provedin this Section that the postulate of monotony of
combinationsintroducedin § 2 is not too restrictive in the following sense:
for a rather typical class of testsevery Bayes solution of the combination
problem is generatedby a monotone statistic.

For this purposelet the notion of Bayes solution of a hypothesis tes-
ting problembe defined. Let 6a = {Pa*Q bethe systemof possible distri-
butions defined on the sample space X (precisely, on the measurablespace
(X, c4)), and let thenull-hypothesisbecharacterizedy the subsetQ, N 3, where
€060 andRBy = B —B, 6 0 isthe subsetcorrespondingto the alternative
hypothesis. Considering some a-algebras<{, and i , consisting of subset of
the index sets3, and Q, respectively,prior distributions can be introduced,
i. e. probability measuresQ, and Q, in the measurablespaces(R,, (By) and
(Q, <), respectively. Supposingthe measurabilitv of the functions Bx(A)
and Pe(A) for fixed .4+7 with respectto <% and respectively, the pos-
terior  distributions

(4-1) Po.(A)= f\_ PBM)DQO%)
and l.
(L2) Poi(A)= f P¢,(A)dG(04)

fl,

can be formed which are probability measuredefinedon the original measu-
rablespace (X\.c4).

Then a new hypothesistestingproblem canbe considered the possible
distributions of whichare Py, and Py and Pg, correspondsto the new null-
hypothesis. The optimal solution of this new problem can be determinedby
the fundamentallemma of NEYMAN and PEARSON; this testis calledA Bayes
solution (correspondin%to the prior distributions (?%. of the original hypo-
thesistesting problem?’

The theoremto be provedcannow be formulatedas follows. Let N be the
class of all tests the distribution function of the moving level of which is strictly
increasing convex or concave function defined on the interval [0,1] according
to whether the null-hypothesis or the alternative is true (Figure I)”'. If a com-

®) The definition given hereis a simple extension of the usual one (seee. g.[9]
p. 5) from criteria to tests (in senseof this paper).

>Every uniformly most powerful,uniformly most powerful similar or unbiased
test belongsto the class C.
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bination problem contains only tests belonging to the class C, then every Bayes
solution of this problem is generated by a statistic which is monotone in sense
of the definition given in § 2.

Theimportanceof this theoremis clear from the factthat the classof all
Bayes solutions in a relatively wide and typical class of hypothesis testing
problemsare"complete”,i. e.for everytesttherecanbe givena Bayessolution
which is at least as good as this test. (Seee. g. [16], pp. 130—138.)

In the proof of the abovetheoremthe fact will be usedthat the posterior
distributions may be derived from the posterior distribution functions defined
by the relations

(4.3) Foolte tv ....0)= (11 Feftd  dQGiw, 6. - - -, &)
g

and

(4.4) Falty ...} = ]] FrMt)  dQ(Qn O, &)
J iz 1

Here Gy and Gi arethe prior distributions introduced on the setsQp and Qy,
respectively,in sucha way that the functions Fjay and Fiie, are measurable
with respectto the correspondingu-algebras.

As the functions £,,§0 and Fi;gn are strictly increasingand continuous,

further the functions ar® convex and the functions Fg, are concave
((=1,2,..., r), their derivatives
(4.5) fiej) =  F+t)

a=1.2, .. .r
(4.6) fie,) = Fiedt)

exist and the functionsin (4.5) are strictly increasing,while the functions in
(4.6) are strictly decreasingSince the possibledensityfunctionsof the sample
of this posterior hypothesistestingproblem are defined by the relations

AT U A O u A - I a0 « » "
and &

(4.8)

12> «0 0 "l >

the statistic occurring in the fundamentallemma of NEYMAN and PEARSON
is given by

; i‘[li1 Mio(b) dQo"w dro)
(4.9) T, t .. t) =
I 11 ftuSt) dQi(Q, 21,
J1=1
But this statisticis a strictly increasing functionof t, t,, . . ., .. This property

of T is obviously equivalentto the statementof the theorem.
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8. 5. A Properly of Fisher's "Omnibus Test"

J. NEYMAN andEe. s. PEARSON in their paper[l11l] developeda principle
to determinea "natural” test for composite hypotheses.This "principle of
likelihood ratio” is availablein caseof existenceof the "likelihood function”
of the sample drawn to test the null-hypothesis.This statisticisthefrequen-
cy functionof the sample,or, in exactterminology,the "generalized(Radon—
Nikodym) density" of the sample distribution. Thus the existenceof the
likelihood function is connectedto the assumptionthat the possible distri-
butions of the sampleform a dominatedset of measures(see[5]). Under the
validity of this assumptionlet

(5.1) Po(A)=  \ fo(x)dp(X) AicA

be the possibledistrubitionsof the samplex. Let as before,Qq resp. denote,
the subsetsof Q correspondingto the null-hypothesisresp.to the alternative
one.y is afixed cr-finite measuredefinedon (X, <+). Themeasurabldunction to
fo(x) occurringin (5.1) is the generalized density function of the sample.

The principle of likelihood ratio meansthe following method: consider

the — so-called likelihood ratio — statistic
Sup fer(x)
(5.2) R(x) -—
suE) fg{x)
€€l

and usethe test generatedby R in the senseof (1.14)—(1.17). This is the
likelihood ratio solution of the problem.

Various authors succeededin proving severalgood properties of this
principle (seee. g.[9]). Here only the following theorem — related to the
combinationproblem— will be proved: if the testto becombined is similar and
the possibledistribution functions of thelevelsare all belongingto the classN defined
in 8§ 4, then the likelihood ratio solution of the combination problem is equivalent
to Fisher's "omnibus test".

To prove this theorem let us remark first that in the combination
problem the likelihood function is

r

(5.3) 1a(l 5, ...E) = 77/<,1A)

i=1
where, as before,/;-5 denotes the frequency function of the level L; in the
caseof 0= (46,0, ..., 65) £€é (see(4.5)—(4.6).0Onaccountof the assumption
of similarity,
(5.4) fieM =1 »= 1,2, ...,
if eg= (010, O, ..., Oo)EDy and thus for the likelihood ratio the relation

1

(55) R(ty1 t2 -tr)

SUP [ fifiidi)
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holds. But for any fixed i andi, 0O~ t ~ 1, 1sii " r) it follows from the
assumptionof concavity of the functions Fi. that

(5.6) sup hefa)= -
h

where ! isthevalue,att= of the left derivativeof the distributionfunction
h

n |—for b <t<t:
(5.7) Fi-{t) = < f{j ~ -

(1 for tré té 1

which is the upper envelopeof somefunctionsF.g (seeFig. 2). On account
of (5.6), the likelihood ratio is

(5-8) R(tv i2 tr) = tx l:%--- tr

which is equivalentto FISHER'S "omnibus test", this was to be proved.

§ 6. Choice from M* : Combination by means of O*

The question arises naturally which combination should he used in
practice. The answer is not a unique one: the choice dependson the
availableinformation concerningthe experimentsand the testsusedin them.
As it was shown before, there correspondsa hypothesistesting problem to
eachcombinationproblemthe optimal solution of which — if it exists— gives
the optimal solution for the combinationproblem too.

However, the need for combination of independenttests arisesjust in
those casesin which no or scarceinformation only is available: the inform-
ation consists,at mostof the numberof observationsof the individual experi-
ments. Thus the restrictions introduced in § 2 are not too arbitrary: they
meanthe necessarycompromisewith the insufficiency of information.

Further,theresultsof 8 3and4 showthat Postulatelis arather natural
one, Postulate2 indicatesan intrinsically desirableproperty of combinations
(accordingto later similar combination) while Postulate3 meansonly a nor-
ming in the set of combinations.Thus the only thing to be doneis to choose
an elementfrom M*

Any choice has some arbitrariness,but it is suggestedby a number

of reasonsto choosethe combinationthe averagingfunction of which is 0!
i. e.theinverse of the normal distribution function

1 f -—
(6.1) o) = e 2 du
J
The formula of the combinedlevel L of the levelsLy, Ly, ... L with weights
Ay, B2 ..., )., respectively,is the following :
(6.1) 0= 6 AO-H(G)+0- 1O+ coo HAR O-\Ug)\

Y4 + O+ ...+ VP
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(cf. (2.39)). This combinationneedsvery easy computationalworks and tables,
and, suitably choosingthe weights, is optimal for a rather wide classof one-
sided hypothesis testing problems which may be characterizedas follows :
the possibledistributions are generatedby densitiesbelongingto the expo-
nential family (seee. g. (8.1) in [10] or (2.3) in [2]) and the null-hypotheses
are stating the validity of a one-sidedinequality for one of the parameters
in the density function. This question and similar ones will he treated in
more detail in a forthcoming paperof the author.

The weights occurringin (6.2) should be chosenas to expressthe effi-
ciencies (or the availableinformation concerningthese) of the testsused in
the singleexperimentsThusA, shouldbechosenproportionalto the ,expected”
difference between the null-hypothesisand the real situation and inversely
proportional to the standard deviation of the statistics used for testing in
the ith experiment(@= 1, 2, ..., r). Generally, this standard deviation is
inversely proportional to the squareroot of the number of observations of
this experiment. If thereis no information available but the number n, of
observationsin the experiments(@= 1, 2, ..., r) the weights may be chosen
proportional to the squareroots of thesenumbers,i. e. in this case

(6.3) 0= 6 \G0-\Up) + Ynp O-\D) + o+ no-\Ly)

fn, + «g+ ... + 1%

Formulae (6.2) and (6.3) apply equally to significancetestsand to tests
for goodnessof fit (e. g. for combination testings for normality). In case of
significance tests, however, the formulae

(6.4) L= 1—6 EO-xE - L)++,0\ P I A0-O)
U + O+ ... +A?
and
O20-x1 - 4) + ee + Niz0N - L\

65 L 1—0

+ "2 + eee+ '3 |

(being equivalentto (6.2) and (6.3), respectively) are more easily applicable
as the tables of the function O~'(t) (seee. g. [1] p. 557 or [15], p. 173) are
given in detail only for values of t nearto 1.

(Received December 20, 1958)
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FUGGETLEN MOZGO SZINTES PROBAK OSSZEVO.XT ERTEKELESEROL
LIPTAK T.

Kivonat

E dolgozatbanszignifikancia-vizsgalatnalvagy illeszkedés-vizsgalatnal
alkalmazhat6 probak mozgd szintjének nevezzik azt a legkisebb, illetve
legnagyobbszintet, melynél az eredménytmég szignifikansnak,illetve illesz-
kedb6nek lehet mondani. A statisztikaigyakorlatbanaz egyes vizsgalatoknal
e mozgo6 szint megadasavalzoktak jellemezni a kisérleti eredményekszigni-
fikans, illetve illeszkedd voltat. Gyakran eldfordul, hogy ugyanazon (vagy
hasonlo) hipotézisre vonatkozdlag egymastol figgetlenil tobb kisérletet is
végeznek,de a kisérleti feltételek killobnb6zd volta és egyéb okok miatt az
adatokat egyetlen mintdva nem egyesithetik(normalitdsvizsgalat).CélszerQ
ilyenkor az egészkisérletsorozatotegyetlen mozg6 szinttel jellemezni, mas
szOvalaz egyeskisérletekbenkapott mozgd szinteket dsszevonni.

A dolgozat 1. §.-ban megAllapitjuk,hogy barmely préba mozgé szintje
olyan valészinlségivaltozé, melynek eloszlasfiiggvénye nullhipotézis fenn-
allasa eseténmindeniuttkisebb vagy legfeljebbakkora , mint a [0,1] inter-
vallumbanegyenleteseloszlasfiggvény.Torzitatlan prébak eseténaz is igaz,
hogy a mozgd szint eloszlasfliiggvényeaz alternativ hipotézis fennallasa
eseténmindig nagyobb vagy legfeljebbegyenld, mint a nullhipotézis alatt.
Mozgé szintek 6sszevonasanakkérdésétigy egy hipotézis-vizsgalati prob-
l[émava lehet atfogalmazni.

A 2.8.-bankimutatjuk hogy néhanycélszeritulajdonsdgmegkoévetelésével
az 6sszevonasolkorét a mozgoé szintek valamilyen sulyozott kozépértékealtal
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nyerhetd dsszevonasokraehet leszdkiteni. E szereplésulyok az egyes mozgo
szintekmegbizhatésagaraa megfeleldproba efficienciadjaravonatkozéesetleges
informaciékbélallapithatokmeg.E kdvetelésekényegilega kdvetkezdk: 1. Az

0sszevonasmonoton"legyen,tehatkét szint-sorozatkdzil okvetlenil az elsét
mindsitseszignifikansabbnalk(illetve illeszked6bbnek) ha annakszintjei rendre
szignifikansabbak illetve illeszked8bbek), mint a masik sorozat megfeleld
szintjei. 2. Az dsszevonaskompatilibis" legyen,tehattetszdlegesszintcsopor-
tok eseténaz egyescsoportok 6sszevontszintjei, valamint az egyes csopor-
toknak tulajdonitott sulyok értékei mar egyértelmldenhatarozzak meg az

egyesitettszintcsoportdsszevontszintjénekértékét.3. Barmelyegyelemiszint-

,,Sorozat" 6sszevontszintje egyezzékmeg e szint értékével.

Az 0Osszevonasokfenti M* osztalya tartalmazza az eddig hasznalt
EISHER-féle ,omnibus test"-et[3], s6t,annakGooD-félealtalanositasats [4].
A 3. 8.-ban megmutatjuk,hogy az M* osztalybatartoz6 6sszevonasokvala-
mennyien a szokasosdefinicié szerint elfogadhatok és torzitatlanok. A 4.
§.-banbebizonyitjuk,hogy amennyibencsak bizonyostipikusan,,j6" probéakra
szoritkozunk,az 6sszevonasproblémavalamennyiBayes-megoldasa 2. §.-ban
adott definicié értelmébenmonotonstatisztikaraalapozottésszevonasA dol-
gozat 5. §.-4t azon tény bizonyitdsanak szenteljik, hogy a FISHER-féle
,omnibus-test" Iényegébenugyanezenprobak kérében az ésszevonasiprob-
[éma ,likelihood-hanyados" megoldasa.

Veégil a 6. §.-ban az M* osztaly elemeikdzila norméliseloszlasfiigg-
vény inverze szerint kdzepeit 6sszevonastajanljuk, amelynél az 6sszevont
szint képlete a kévetkezd:

W v=0 yij + El+ ... + A I

Itt L, Lp, ... L az 8dsszevondasr&erild mozgo szintek, B;. As, . . ., A pedig
a nekik tulajdonitott stlyok értékei. Egyéb informaciék hianyaban A~t az
dedik kisérletbenszerepld megfigyelésekn, szamanaknégyzetgytkévelara-
nyosnak lehet venni. Ekkor a fenti képletbenA helyett egyszerlen )jnt
kell irni. Viszonylagkicsiny szintek eseténcélszerlbba fentiekkel ekvivalens
(6.4), illetve (6.5) képletekkel szamolni.
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