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Introduction 

In scientific research there are two types of statistical hypotheses. In 
the first it is desired to prove a systematic effect in presence of random 
errors and for this purpose a "nul l -hypothesis" is being taken in order to 
disprove it on ground of observations ; having at ta ined it the result is called 
"signif icant". In the second t ype it is desired to prove a statist ical law by the 
" f i t t i ng"  of observations. According to this there are significance tests and 
tests of goodness of f i t . In the theory of test ing statist ical hypotheses 
bo th kinds of tests are examined the same way. For this purpose the roles 
of al ternat ive hypotheses are changed. In the following the terminology of 
significance tests is going to be used. 

In the Neyman—Pearson theory the tests serving to decide between 
accepting or reject ing the null-hypothesis are characterized by their critical 
set : the null-hypothesis is rejected if the sample observed belongs to this set. 
The level of a tes t is the probabi l i ty of the critical set (if the nullhypothesis 
is simple) or i ts upper bound ( i f i t is composite). 

The choice of the level of tests is determined by practical considerations : 
th is is one of the reasons why in practice families of tests are used containing 
a test for each level of significance between 0 and 1 characterized by the 
following p roper ty : a sample being significant on a level a. is also significant 
on any level a ' > a . The level of significance is of ten not determined beforehand, 
instead of this the minimal level is calculated for which the actual result is still 
signif icant. This "moving level" is being used for measuring the significancy of 
results. This pract ice is supposed to be originating f rom the early, "preclassical" 
per iod of the theory of test ing statistical hypotheses, at which peried the 
„deviat ion" of the results f rom the null-hypothesis was measured by the actual 
value of a sui tably chosen statist ic. 

In any case i t is obvious tha t the conscious use of this pract ice cannot 
lead to any mistake, it being the same whether the actual value of the statistic 
is compared to a fixed critical value ("method of fixed level") or whether 
the moving level is compared to a f ixed level („method of moving level"). 
I n the first method this comparison leads only to a statement of significancy 
or insignificancy, whereas in the second one by noting the actual value of 
t he moving level we obtain some information which can he used in combining 
more tests. This is just Ihe subject of this paper. 

The following may he mentioned as an example. Significance tests were 
carr ied out in th ree experiments for the same problem. On the usual 5 % 
level of significance the results proved insignificant in every case. From this 
result no fur ther statistical inference can be derived. If it is known, however, 
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that the moving levels in each of the three cases were between 5 % and 30%, 
it may be stated — supposing the independence of the experiments — t h a t 
the combined results of t he three experiments are signif icant on a 5 % level. 

The paper deals w i th the suitable combination of moving levels origina-
ting from stochastically independent tests (resp. statistics). The corresponding 
null-hypotheses are in t he following connection with each other : either the 
null-hypothesis is t rue in each case, or some al ternat ive in all of them. 

The connection of null-hypotheses satisfies the above assumptions e. g. 
in the cases below : 

a) t he case of observations of di f ferent sizes about the same null-
hypothesis ; 

b) the case of observations made about the same null-hypothesis biased 
by unknown nuisance parameters (test ing of normal i ty etc.) ; 

c) t he case of mov ing levels originating f rom stochastically independent 
statistics. 

This combination problem has not been, in such a generality, dealt 
with in t h e l i terature. The problem of combination of independent tests is 
treated f i rs t in R. A . F I S H E R ' S Statistical Methods for Research Workers 
(see [3], § 21.1). The problem is dealt with — though not stated — in case 
of simple hypotheses a n d of statistics with continous distribution. The 
theoretical aspects of t he problem are not t reated here, only a formula for the 
combination is given. This "omnibus tes t " may be reduced to the product 
(or, equivalently, to t he geometrical mean) of the levels. The necessary t rans-
formation is based on the %2-table. K . P E A R S O N arr ived to the same results, 
independently of F I S H E R , but in another form [14]. I t was E. S . P E A R S O N who 
first investigated the efficiency of the above omnibus test, but he did so 
under t he same simple null-hypothesis and sample sizes [12]. The case of tests 
based on statistics w i th discrete distr ibut ion is t reated in many papers (e. g. 
[8], [13], [17]) I. J . G O O D generalizes the "omnibus tes t " by introducing 
different weights of eff iciency for the various tests. The transformation neces-
sary to t he application of this test is much more complicated than the original 
t ransformation and i t is not tabulated. 

In § 1 of this paper the problem of moving levels is t reated quite generally. 
The moving level is proved to be a random variable having a distr ibut ion 
function which is equal to or less t h a n the uniform distribution funct ion U 
over the interval [0,1] if  the null-hypothesis is t rue, and, in the unbiased 
case, i t is equal to or greater than U if the al ternat ive hypothesis is t rue. 

In § 2 the class of available combinations is narrowed down by three 
rational postulates. I t is possible to weight the various tests according to the 
possibly informations relating to thei r efficiency. 

I t is proved t h a t the class M of combinations satisfying the ment ioned 
postulates are the combinations generated by the weighted means of the 
levels. The average funct ion applied here may be any continuous and str ict ly 
increasing function def ined in the closed interval [0,1]. Here the results of 
NAGUMO — K O L M O G O R O V —D E F I N E T T I for characterization of mean values 
are avai lable (see e. g. [7], pp. 158—163). The class M of available combinations 
is enlarged to the class M * of all combinations based on weighted means of 
levels w i th average funct ion being continuous only in the open interval (0,1). 

I n § 3 two theorems are proved : 1. Every element of M*  is admissible, 
i. e. a combination problem can be given for every average function and for every 
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system of weights in which the combination generated by the weighted mean 
of levels based on this funct ion ancl this system is the optimal solution of the 
problem. 2. Every element of M* as a test is unbiased if the levels are origin-
a ted f rom unbiased tests. 

In § 4 it is proved tha t the postulate of monotony occurring in § 2 
is not too restrictive ; namely every Bayes solution of the combination 
problem for a wide class of "good" tests has this property. 

§ 5 is devoted to prove F ISHER'S "omnibus tes t " to be the likelihood 
rat io test of the combination problem for a class of tests being essentially 
the same as above. 

Finally, in § 6 the combination generated by the inverse of the normal 
distr ibut ion funct ion is suggested instead of F I S H E R ' S "omnibus test" . This 
combination is opt imal for a large class of tests for one-sided hypotheses. 
In addit ion, its application needs less numerical work and simpler tallies than 
the "omnibus tes t " either in original form and even less numerical work and 
simpler tables in case of its weighted form introduced by GOOD. 

§ 1 The Problem of Combination of Moving Levels 

In this § the definitions which may be needed later on are given. 
Then the combination problem will  be formulated as a problem of hypothesis 
test ing. 

À hypothesis concerning the distribution of a random variable may bo 
tes ted by observing this variable. The result of observing the variable in any 
well-defined way is called a sample, the set of possible samples is the sample 
space. To the possible distr ibutions of the random variable there corresponds 
a set of probabi l i ty measures defined on the sample space, while a statistical 
hypothesis determines a subset of the set of possible probabi l i ty measures. 

Let X be the sample space ando^thecr-algebra of its measurable subsets. 
The above probabil i ty measures defined on the measurable space (X,d), 
i. e. the possible distributions of the sample x £ X, are indexed by an index 
space È . Thus the set of possible distributions of the sample is the system 
7) a ={P0 • 0 £ D} . The measures P0 are assumed to be different, i. e. for every 
pair 6X £ Q, 02 £ Q, âõôä÷ a set A £ d is supposed to exist for which 
Ðâ1(À)ôÐâ,(À). 

The statistical hypothesis H0 (or the "nul l -hypothesis") determines 
a subset of ô à or — being the same — that of Q, and H0 is the hypothesis 
supposing that the , , t rue" distr ibution of the sample is such tha t the index 
belongs to this subset. Let Q0 be the above subset o îQ and, consequently, 
let ô à = {P() : 0 Ç _Q0}  be the distr ibutions of the sample consistent with the 
null-hypothesis. I t is assumed tha t Q0 ô 0 and Qx = Û — Q0 ô 0. The set of 
distr ibut ions consistent with the alternative hypothesis is clearly ô à = 

H0 is called a simple hypothesis if ô Qa (or Q0) consists of a single 
element. Otherwise, H0 is a composite hypothesis. 

A rule by the application of which the acceptance or rejection of H0 

is decided according to the result of sampling is called a criterionP Every 

4 Con t ra r y t o t h e u s u a l t e rm ino logy , t h e word test is rese rved fo r a concept t o 
bo i n t r o d u c e d la ter . 

3 * 
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criterion may be characterized by its critical set i. e. by the set of all samples 
to which the rejection of H0 is ordered by the rule. In other words the critical 
set is the set of significant samples. Only rules having measurable critical 
sets will  be called criteria. 

In principle, any measurable set may be chosen as the critical set of 
a criterion. The problem of the theory of statistical hypothesis is to choose 
a set the use of which relatively seldom leads to false decisions. False decisions 
can occur with all criteria. An error of the first kind is committed if the null-
hypothesis gets rejected in spite of it being true ; an error of the second kind 
is arr ived at if the null-hypothesis is accepted in spite of it being false. 
Ñ being the critical set, these two errors might occur in the following way: 
if 6* is the " t rue" index, i. e. the " rea l " distribution of the sample is Pe> £ ô à , 

(1.1) â*£é0 and x£C 

(error of the first kind) ; 

(1.2) e *£Qx and x£X-C 

(error of the second kind). 
Thus it follows from the relation Ðâ(Õ — C) = l — Pe(C) that a criterion 

is the better, the smaller is the value of the power function 

(1.3) ð(â) = Ðâ(Ñ) 

in the case of 0 £ l?0 and the larger it is if â £ I3V The probability of committing 
the error of the f i rst kind is namely p(d*) (0*£i?o) and that of the error of the 
second type 1 - p(0*) (â*£éõ ) . 

In case of a simple null-hypothesis the probability of committ ing an error 
of the first kind is called the size of the criterion. This definition may be 
immediately transferred to composite null-hypotheses in the case of cri-
ter ia having critical set Ñ for which 

(1.4) Pe(G) = a e $ Q0 

holds. The probabil i ty of committ ing an error of the first kind is determined 
by the null-hypothesis in this case too. The size of such similar criteria is 
« given in (1.4). In general case the least upper bound of these probabi-
lities, i. e. 

(1.5) a = sup p(0) = sup Pe{C) 
6ñß„ Cefl0 

i s called the size of the criterion. To a criterion having a size a at most, 

(1.6) p(0) — Pe(C) ^ a for Q(fQ0 

holds. 
I t is reasonable to require a criterion to reject the null-hypotliesis more 

o f t en when it is false than to do so when it is true. In terms of the power 
funct ion, it is required for every pair 0Î£É Î,  0X £Qx that 

(1.7) P(6o) ^ P(0i) 
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should be t rue. If a denotes the size of the cr i ter ion, (1.7) is equiva lent to 

(1.8) }>( f l )ka  for 0 £ ßo . 

Those cri teria which fullfil l  the above requ i rements are called unbiased 
criteria. 

A fami ly of cr i ter ia is called a test if 
1? for every level a (0 a < 1) there belongs a criterion hav ing the 

size a a t most ; 
2? a sample being signif icant on a level cq is also signif icant on any 

level a2 > cq ; 
3? the set of samples being signif icant on a n arb i t rary level a ' < a 

is identical wi th the set of samples being signif icant on the level a . 
Denot ing the crit ical set of the criterion, corresponding to t h e level 

a . b y CA, the above condit ions are equivalent to t he following : 
1? for every level a (0 ^ a ^ 1) 

(1.9) PE{CA)<OI fo r 0£ .QO ; 

2? for every pai r of levels 0 ^ cq < a2 ^ 1 , 

(1 .10) CAI CC„2 

holds 
3? for every level a (0 ^ a ^ 1 ) 

(1.11) U Ca' = Ca 
a'<a 

A test is called continuous if for every level a (0 ^ a ^ 1) the cri ter ion 
hav ing CA as its crit ical set, is exact ly of size a , i. e. instead of (1.9) 

(1.12) sup Pe(Ca) = « 
tei\ 

holds for 0 ^ . a ^ 1. 
The notiohs def ined earlier for cr i ter ia may easily be extended t o cover 

tests as well. Thus a fami ly of cri teria is called a similar test or unbiased test, 
respectively, if  it satisf ies the condit ions 1? — 3? and eve ry one of i ts cr i teria 
is similar or unbiased, respectively. 

The real valued measurable funct ions T(x) def ined on the sample space, 
are called statistics. The dist r ibut ion funct ion of the stat is t ic — in t h e case 
of Pe — is the funct ion 

(1.13) F0(t) = Ð0({õ : T(x) < i}) . 

Tests can be der ived f rom any stat is t ic T(x) e. g. in t h e following manner : 
the sample x is called signif icant on the level a if 

(1.14) T(x)<ta. 

The constants ta (0 ^ a ^ 1) must be so selected t h a t the system of the 
corresponding critical sets 

(1.15) CI = {x : T(x) < ta} O ^ a ^ l 
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should satisfy the conditions 1?—3? . For this purpose the upper envelope 
func t ion 

Í 1.16) F(t) = sup F„(t) = sup PMx : T(x) < ft) 
0eû„ 0eß„ 

of t he distr ibution functions of Fe(t) according to the null-hypothesis and its 
generalised inverse,2* the funct ion F<--0(a) should be formed. 
Then the value of ta may be def ined by the following relation : 

( 1 .17 ) ta = F(~ 0(a) O ^ a ^ l . 

I t can be easily seen, that the fami ly of criteria of the form (1.15) obtained 
in such a manner really forms a test . 

1. ábra 

Supposing t ha t g is a st r ic t ly increasing and continuous funct ion defined 
ove r the range of T, then the statistic QT defined by the relation 

(1.18) QT(x) = g{T{x)) 

generates the same test as T. I n other words : considering as equivalent the 
statist ics that m a y be obtained by strictly increasing and continuous trans-
format ion f rom one another, t o every equivalence class of statistics there corres-
ponds uniquely a test which is called the test generated by this equivalence class 
of statistics. 

The converse of this fact is also t rue : to every test there corresponds 
uniquely an equivalence class of statistics any element of which generates this test 
in the form of (1.15). 

To demonstrate also the converse of the theorem, let us define the fol-
lowing statistic for the crit ical sets Ca occurring in the conditions 1?—3? : 

(1.19) L{x) = inf {a : x£ Ca} x £ X . 

2) The general ised inverse func t ion F^-l) Qf t } l e funct ion F m a y be determined 
e . g. in the fol lowing way : F(~')(a) = 0 for a <, 0 ; F(~'*(«) = 1 for a > 1 and 
F(-'\a) = >nf (t : F(t)>a) fo r 0 < « < 1 . 
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L{x) is the „smal lest" level a t which the sample is still significant. This statist ic 
is called the moving level of the test having the sets {Ca} as critical sets. I t is 
clear that the test generated b y this statistic is identical wi th the original 
tes t i. e. 

(1.20) GY = Ga 0 ^ a < 1 , 

(cf. e. g. [11], p. 80). This proves the converse of our assertion. 
I t should be observed here that in the relation (1.15) the signs ^ , > 

or + may figure instead of < as well, whereby everything t ha t has been stated 
above so far would remain val id with suitable modifications. The tests used 
in practice are derived from statistics by the employment of the sign i i  in 
(1.14) (i-test, r a t e s t etc.). 

Let us now proceed to the distribution of the moving level L defined 
b y the relation (1.19). Let Fe(t) denote the distribution function of L(x) 
in the case of Pe. I t follows f rom the definition of L(x), that for every O^Q the 
distribution funct ion Fg(t) is defined in the interval [0,1], i. e. 

(1.21) F„{  0) = 0 and F<,(1 + 0) = 1 . 

Furthermore, let U denote the uniform distr ibution function over the interval 
[0,1], i. e. put 

0 for t ^ 0 

(1 .22) U(t) = t for 0 ^ t < 1 

1 for t > 1 . 

Then the following theorem is t rue : if  the null-hypothesis is true the dist-
ribution function of the moving level of any test, is everywhere at most as 
large as the uniform distribution function over the interval [0,1], i. e. 

(1 .23) FeXt)^U{t) for â0£é0 , 0 üt 

Furthermore: the distribution function of the moving level of any unbiased test, 
in the case of any possible distribution consistent with the null-hypothesis is 
everywhere at most as large as the distribution function of it in the case of any 
possible distribution consistent with the alternative hypothesis, i. e. 

(1-24) Fe.(t) < ÂÄ 

whenever 60£i20 and OïÇiQi. 
Both statements follow directly from the definition of tests and unbiased 

tests, respectively. 
If  the test is continuous and either t he null-hypothesis is simple 

or the test is similar, equality holds identically in the relation (1.23). In other 
words : in this case the moving level is uniformly distributed over the interval 
[0,1] assuming the null-hypothesis to be true. 

In the case of unbiased tests it is easy to give an intuit ive interpretat ion 
of the inequalities (1.23)—(1.24). For this purpose let us define a part ial 
ordering in the set Cf, of all distr ibution funct ions F defined on the interval 
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[ÎÄ] in the following way : for two elements Fx, F2 of Cf. the relation 
Fx < F2 should mean the following : 

(1.25) Fx(t)  ̂ F2(t) for all 0 ^ t ^ 1 

and 

( 1 . 2 6 ) Fx(t0) > F2(t0) 

for some 0 ^ t0 < 1. Wi thout the latter, t he fulfi l lment of (1.25) is indicated as 
follows : Fx A F2. The sense of the "d i rect ion" of ordering is shown by the 
following fac t : in case of Fx A F2, two random variables, and |2 , c a n be 
given in such a way t ha t the distr ibution function of is Fx, the distr ibut ion 
funct ion of f 2 i s F2 with probabi l i ty 1 

(1-27) íx Í 2 

holds and in case of Fx < F., the event < | 2 has a posit ive probabi l i ty. 
Turn ing to the problem of the moving level of unbiased tests, the 

relations (1.23)—(1-24) can be rewri t ten in the following way : if  t he null-
hypothesis is true i. e. for 0o£l2o, the relation 

(1 .28 ) FSq > U 

holds, while for every pai r 0o £ Ü0, d1 ß Q1 the relat ion 

(1.29) F% > Fdl 

holds. Intui t ively, this means that in case of the null-hypothesis a higher 
moving level may always be expected than in case of the al ternat ive 
hypothesis. Thus we are gett ing back to the intuit ively evident fac t t h a t the 
smallness of the moving level indicates the acceptance rather than the alter-
nat ive hypothesis. 

The subject of the present paper is the following : A set of exper iments 
is given in which the statist ical hypotheses are in the following connection 
with each other : either the null-hypothesis is true in each experiment or the 
al ternat ive one is valid in each case.3* Each experiment is evaluated b y a test 
i. e. a stat ist ic is selected and the actual value of its moving level is obtained. 
I t is supposed that these statistics — hence their moving levels as well — are 
independent random variables in each cases.4' Considering the joint t r u th of 
these null-hypothesis as a new null-hypothesis it is desiderable to evaluate 
this new problem by an "overal l " test , in other words : to combine the inde-
pendent moving levels to one single moving level. This is called t h e combi-
nation problem. 

3) E x a m p l e s a)—c) f o r such sets of expe r imen ts h a v e been given in t h e In t ro-
duc t ion . 

4) T h i s wi l l  cert a i n l y be t h e case if t h e expe r imen ts a r e i ndependen t of e a c h other. 
I t m a y h a p p e n , however , t h a t , t o eva lua te t h e s a m e e x p e r i m e n t , t w o d i f fe ren t t e s t s have 
been e m p l o y e d a n d t h e s ta t i s t i cs g e n e r a t i n g t h e m are s tochas t i ca l l y i n d e p e n d e n t of 
each o t h e r i n case of each possib le d i s t r i b u t i o n . The m o v i n g levels of t hese t e s t s m a y 
be t r e a t e d as d i f fe rent leve ls fo r c o m b i n a t i o n . 
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Let 0X, 02 , . . . ., 0 r denote the index sets in the experiments, and let 

(1.30) 0, = 0 i o è â à (0,0 n 0 ö = 0 ) 

be the decompositions of the index sets into the subset of the indices according 
to the null-hypothesis and t ha t of indices according to the alternative one. 
Because of the supposed connection of the null-hypotheses, ei ther one of the 
indices (01O, 02o, . . ., 0rO) (0,o, £ 0,o , i = 1, 2, . . ., r) or one of the indices 
(0U, 021, . . . , 0r l) (0ö £ 0 (1 ,i — 1 , 2 , . . . , r) is t rue in the set of experiments. 
Let the r-dimensional distribution functions 

r 

(1-33) K(tvt2, ...,tr) = I I F M 
;= l 

be constructed f rom the distr ibution functions Fifi i of the moving levels Lt 

according to the index 0, £ 0, , b u t only for t he indices 0 = (0X, 02, . . ., 0r) 
drawn from one of the direct product sets 01O x 02O x . . . x 0rO and 
0 j j x 021 x . . . x 0 r l . The distr ibution functions which can be obtained in 
this way will  be indexed by a set Q . Let 

(1.34) Q = Q0[).Q1 ( É î Ï é õ = 0 ) 

be the decomposition of 0 i n t o the subsets according to the di rect sets above. 
Then the combination problem is equivalent to the following hypothesis testing 
problem: the possible probability distributions are generated b y the distribu-
tion functions (1.33) defined on the sample space K r (i. e. on the r-dimensio-
nal unit cube) and in case of the null-hypothesis (0O = (01O, 02O . . ., 0rO) 
the relations 

( 1 . 3 5 ) FI I6(A> U Ã = 1,2, . . . ,R 

hold. Further, in the case of unbiased tests, the relations 

(1.36) Fi>eu > Fit% » = 1,2 r 

hold for any pair of 0O = (01O, 02O, . . ., 0rO) and 0x = (0U, 021, . . ., 0rl) with 
0O and 0j 

§. 2. The Class of Monotone, Compatible and Normed Combinations 

The solution of the combination problem is sought in the fo rm of a test, 
tha t is to say, in the form of some function of the moving levels. Since the 
number of experiments evaluated by tests tobe combined may differ from 
time to time, it is reasonable to seek at once for the solution in the form of 
a family of combinations, which supplies a combination for every num-
ber of experiments. The easiest way obtaining this is to fo rm the empi-
rical distribution of the "sample" consisting of the moving levels permitting 
in it different weights for the individual levels. For any number of experiments, 
this funct ion is a discrete distr ibution function defined on the interval 
[0,1]. Thus it is reasonable to seek the solution of the combination problem in 
the form of a functional <p(S) defined on the set S of all finite discrete distribu-
t ion functions S defined on the interval [0,1]. I t may be observed that , owing: 
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to the characterisabil i ty of tests by stat ist ics as discussed before, i t is suffi-
cient to rest r ic t the t r ea tmen t to the equivalence classes of functionals which 
are invar iant under any str ict ly increasing and cont inuous t ransformat ion. 

Let Et denote the (degenerated) distr ibut ion func t ion of the constant t, 
i. e. let be 

<2.1) Ùè) 
_ ( 0 for è  ̂ t 

\ 1 for è > t 

2. ábra 

If  the weights corresponding to t h e experiments are kx, k2, . . ., Xr 

kx + Ä2 -f . . . + Ár = 1) t h e n the weighted empiri-
cal distr ibut ion funct ion of the level set Lv L2,.. ., Lr is defined by the relation 

(2.2) 8 = 2 h F è • 

In an o ther form this funct ion is the following : 

(2.3) m = 2 h . 
u<t 

By any possible value of the number of levels, the weights and the levels, the 
functions S defined b y (2.2) or (2.3) are f ini te discrete distr ibution funct ions, i.e. 

(2.4) s à ë 

The intuitive interpretat ion of the " jo int" null-hypothesis explained 
above suggests to requi re from the functional cp to be monotone according 
to the par t ia l ordering defined in A. This is conta ined in the following 

Postulate 1. (monotony). For the functional cp 

(2.5) <p(Sx) < <p(S2) 
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should be hold for every pair of distribution funct ions from A with 

(2 .6) Sx < S2 . 

This postulates expresses the evident requirement that a set of levels 
should be more signif icant than another if the levels of the former are more 
signif icant than the corresponding levels of the o ther set. 

Weighting the elements of the set of levels the following problem arises : 
if  some set of levels with weighted elements are joined to an overall set of 
levels, how are the levels to be re weighted in this new set? Thus the demand 
arises for the weighting of the di f ferent set of level sets between each other, 
as well. Let Ay, A2y, . . ., A r j denote the weights corresponding to the elements 
of the set of levels LXJ, L2j, . . ., Lrpj (Aly Ë 0, A2y ^ 0, . . ., Xrpj 0 ; Aly + 
+ A2y- -f- . . . -f Xrj,j = 1). If  Wj denotes the weight corresponding to the set 
Lxj, L2j, . . .. Lrj,j (wx ^ 0,  w2 ^ 0,  .  .  .,  wk ̂  0 ;  wx + w2 + . . . + wk = 1), 
i t is reasonable to choose the weight of the level Ly in the overal l set Lxx, 
L2X,..., LrvV L12. L.2 Va,2' 'Ik' F2k, Lrk k to be Aiy wj (i = 1, 2, 
7 = 1 , 2 , . . ., 1c). According to this, the weighted empirical distr ibution func-
t ion S of the overall set of levels is 

(2.7) 

where 

(2 .8) 

S = 2WJ S J 

Sj-

1 = 1 

^ hj EUi 
I = I 

is the empirical distr ibut ion funct ion of the set Lxj, L2j,.... Lrj> j (/=1,2,.. .,/). 
I t is reasonable to demand of the combinat ion that in case of joining 

di f ferent sets of levels the value of the combined level should be uniquely deter-
mined by the values of the weights corresponding t o these sets and the values 
of the combined levels of the indiv idual sets of levels. This demand is exp-
ressed by the following 

Postulate 2 (compatibility). The identity 

(2.9) <P 

ê ê 

2 wi s ) = <p 2 w j s',-
u=i ' 0=i 

should he fulfilled by an arbitrary weight system wx, w2. ..., wk if  A, S '+A 
and 

(2.10) cp(S'j) = <p(S'j) 

( j = 1, 2, . . ., k). 
The following postulate is devoted to express the evident requirement, 

t ha t the value of the "combined" level of a "se t " consisting of a single level, 
should agree with the value of this level. 

Postulate 3 (normedness). The following ident i ty should be fulfi l led : 

( 2 . 11 ) tp{Et) = t for 0 t ^ 1 

These three postulates referring to the combinat ion, are equivalent to 
the conditions occurring in the characterization of the mean values. More 
precisely the following theorem is t rue : 
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Characterization of the mean values ( N A G U M O — K O L M O G O R O V— D E F I N E T T I ; 
see e. g. [7] pp. 158—163). For any functional cp satisfying Postulates 
1—3 a strictly increasing and continuous function x(t) can be given with the 
property 

(2 .12) V(S) = % - i (x(t)dS(t) for S . 

Here X'1 is the inverse function of x 
Conversely: any functional g> of the form (2.12) with average function 

X having the above properties satisfies Postulates 1 — 3 . 
I t should be observed here t h a t i'rom the fo rm 

(2.13) 
i'= 1 

of the dist r ibut ion funct ion S t h e following formula for <p can be 
obta ined : 

(2.14) 
i=i i=l 

This is equivalent to (2.12). From th i s form it is c lear tha t these funct ionals 
are the weighted means of the levels Lx, L2, . . ., Lr, weighted b y t h e weights 
X v 12, . . ., l r and averaged by the func t ion /(/) . 

I t is worth-whi le to quote the proof of this theorem, which comes actual ly 
f r om D E F I N E T T I . 

Le t us consider f i rs t the fo l lowing family Ý = [1, : 0 si t ^ 1} of f ini te 
discrete d ist r ibut ion funct ions where 

(2.15) I l = ( l - t ) E 0 + tE1 = E[-y<(S . 

Ev iden t l y 

(2.16) h = E0 and IX = EX , 

f u r the r for every pa i r of tv t2 w i th 0  ̂ tx < t2 g, 1 

(2.17) I h < I h 

holds. Moreover, for any weight ing system ßõ, /12, 
tv ig, . .., tr (0 + t, + 1 , » = 1, 2, . . ., r) 

\ and fo r any set 

(2 .18 ) 

holds. Le t now he 

(2.19) 

2 = / 

i= 1 
Z h 4 

<= 1 

h(t) = <p(I t) 0  ̂ t <. 1 

Owing to the relat ion (2.16) a n d to the mono tony of y>, h(t) is a str ict ly 
increasing funct ion of t, fur ther , on account of (2.15), 

(2.20) A(0) = 0 and A(l) = 1 
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I t can be proved tha t cp is cont inuous as well. Namely, if  h(t) would have, for 
instance, a right discontinuity in a point t0 £[0,1 ), that is to say, h(t0) < 
< h(t0 -f 0) would hold, there would be such a number h0 fo r which 

(2 .21 ) h(t0) < h0 < h(t0 + e) 

would hold for every arbi t rar i ly small posit ive value of e. From this i t 
would follow tha t 

(2 .22) E,Álo) < Åû < Eh0o+e) 

and, for an arb i t rary i £ [ 0 , l ] , 

(2.23) 2 ÅØ  î) + '2 F hit) < 2 EI,0 + \ Fh(t) < \ FhUo+E)+ \ Eh(t) 

and in such a way, on account of the monotony of <p, 

(2 .24) cp ( I Eh(ta) + ' E m )<At = cp(\Eh3+ ' ÅØ ) )<<p(\ ÅØî+ å) + \ ÅØ ) ) 

would hold. But 

( 2 .25 ) ñð{Åø )) = Ù)=ñð{1 1) , 

hence, from the compatibi l i ty of cp, 

(t0 + t 
( 2 .26 ) cp( 1 Eh(lt) + I Eh(t) )= cp ( \ I U + \ l t ) = cp ( I tj±L) = h 

2 

and , by a similar reasoning, 

(2 .27 ) cp( i E h ( t 0 + e ) + ' Eh(t) ) = cp ( Í I lo+E + [l t ) = cp (l,.+t+ e) = h 
2 

would follow, consequently, on the basis of (2.24) — (2.27), 

to + t + e 

(2 .28 ) 
t0 + t 

< At < h 
t0 + t + E 

a n d hence for every possible value of t 

(2.29) 
t0 + t 

< h 
t0 + t 

+ 0 

would hold what is impossible, since a monotone funct ion can have a t 
most a denumerable number of discontinuities. 

Thereafter the inverse of the str ict ly increasing and cont inuous function 
h(t) may be formed. Let us denote by it %(t). Evident ly 

(2.30) cp(E,) = t = h(X(t)) = <p(Ix(t)) 
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consequently on account of the compatibi l i ty of cp and because of (2.17) 

cp(S) = cp 

( 2 . 3 1 ) = h 
i= 1 Ã 1 J X ( t ) d S ( t ) 

Since the converse of the theorem is trivial, the proof is ended hereby. 
Apply ing this theorem to the combination problem it may be stated : 

the class M of monotone, compatible and normed combinations coincides with 
the class of those combinations which — as tests — are generated by one of the 
weighted means of the levels. As an average function any function which is strictly 
increasing and continuous in the interval [0,1] may figure. 

Considering the fac t t ha t a stat is t ic is determined in any case by its 
test only up to a strictly increasing and continuous t ransformat ion, the statist ic 
in (2.14) can he replaced by 

(2.32) 

A combination of M may be obta ined e. g. if  t h e inverse of the distri-
bution funct ion of a random variable is chosen to be % the density funct ion 
of which vanishes outside a finite interval, while it is posit ive within the same. 
Example : the variable is uniformly distr ibuted over t h e interval [0,1J, %(t)=t 
and the combination is based on the weighted ar i thmet ic mean of the levels. 

The same may no t be stated in t he relation of a n infinite interval : the 
inverse funct ion of such a distr ibution function has infinite l imit ing value 
either a t 0 or at 1 or bo th , and therefore it cannot be continuous in the closed 
interval [0,1]. Accordingly, the funct ional based on i t is monotone only if no 
level is equal to 0 or 1, respectively. Since in practice these cases are uninte-
resting, i t is reasonable to enlarge the class M to those combinations the 
generating statistics of which is of the form (2.32) b u t the function %(t) occur-
ring in i t is to be supposed continuous only in t h e open interval (0,1). 
Let M*  denote this class of the compatible, normed and "a lmost every-
where" monotone combinations. 

An element of i l /*  may be obtai i ied e. g. if  the inverse of the distr ibut ion 
funct ion of a random var iable is chosen to be % the densi ty funct ion of which 
vanishes outside an arbitrary (finite or infinite) interval, while within i t is posi-
tive. Example : the var iable is normal ly distr ibuted with expectat ion 0 and 
variance 1, %(t) — Ô_1(7) where 

(2.33) Ô(0 = = e 
Ó 2ë 

2 du 

is the (standardized) normal distr ibut ion funct ion. Also the geometrical, 
l iarmonical and a rb i t ra ry power means of the levels may be mentioned 
corresponding to %(t) = log t, t and t" respectively. The (ordinary) geometri-
cal mean is equivalent to F I S H E R ' S "omnibus t es t " [ 3 ] while the weighted 
one to i ts generalization introduced b y G O O D [ 4 ] . 
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I t is not intended to analyse in this paragraph how the choice of a 
combination from the class M* should be made. Here i t will  be given only 
how to calculate the combined level in case of a given averaging func-
tion and weighting system. 

Let us take first the case in which all levels to be combined are uniformly 
distr ibuted over the interval [0,1] if  the null-hypotheses are true (this is 
the case of continuous tests, everywhere either the null-hypothesis is simple, 
or the test is similar). The random variables %{Üã), %(Lf), . . ., %{Lr) are 
independent and, in case of the nullhypotheses, they are identically dist-
r ibuted with the common distribution function Consequently, in this 
case the task — to determine the distribution function of the statistic of the 
form (2.32) if  the null-hypotheses are t rue — is reduced to determine the 
distribution function of a linear form of independent and identically dist-
ributed random variables. If this distribution function is Gy(t), the combined 
level L — taking the relations (1.14) — (1-17) into account — will  be given 
by the formula 

(2.34) L = Gx\2hx{Li) 

I n the cases when % is the inverse of the Cauchy- or t he normal distribution 
function, the determination of G^can be very easily achieved. If %(t) = C~l(t) 
where 

(2.35) C(t) = 
= ~ Í -71 J 1 

du 

+ w2 

is the (standardized) Cauchy distribution function, 

(2.36) Gx(t) = C(t) 

holds (see e. g. [1], p. 247, equ. (19.2.3)) and therefore we have 

(2.37) L = C ' At C-^Lt) 

If  X(t) — d>~x(t), where Ô(1) is the normal distr ibut ion function given 
in (2.33), 

(2.38) 

therefore we have 

(2.39) L — Ô 

Gx(t) = Ô 
][Al  + A2 + ... +A2j 

Ax Ô~\ÜÕ) + Äà Ô~1(£à) + ... + Àã Ô-ÖÜ,)  

][Al  + A%+ . . . +À* 

Concerning the general case we observe only t h a t in case of conti-
nuous tests the exact level is given by the above equations, otherwise 
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these values may also be used as upper estimates for the exact ones (see concer-
n ing this the papers [ 8 ] , [ 1 2 ] and [ 1 7 ] ) . 

§ 3. Admissibility  and Unbiasedness of the Elements of M* 

In this paragraph two good properties of the class of M * will  be shown 
t o support the restrictions introduced in § 2. 

First, the following theorem will  be proved : every element of M* is an 
admissible solution of the combination problem, i. e. there can be given a 
hypothesis testing problem for every strictly increasing and continuous function 
x(t) defined on the interval (0,1 ) and for every weight system Ax, A,, . . ., Ar in 
which the element of M* corresponding to the function % and the system Ax, 
A3, Ar is the optimal solution of the combination problem. 

To prove this theorem a simple al ternat ive testing problem will  be 
given for every element of M*. A simple alternative testing problem is a 
hypothesis test ing having the following structure: there are given only two pos-
sible distributions P0 and Pl on the sample space X. and the null-hypothesis 
s tate P0 to be the „true" distr ibut ion of the sample. The moving level of the 
tes t generated by the stat ist ic T(x) according to ( 1 . 1 4 ) — ( 1 1 7 ) is obviously 

(3.1) L(x)=G0(T(x)), 

where G0 is the distribution funct ion of T in the case of PQ. L(x) has the distri-
bution function 

(3.2) àä = àä = ÷ ^ Ù 

according as to P0 or P1 is t he „ true" distribution of the sample X. Here Gx 

denotes the distribution funct ion of T according to Pv and the general-
ized inverse of G0. 

Let r simple alternative testing problems be given where the statistics 
T i  (i = 1, 2, . . ., r) generat ing the tests are mutually independent random 
variables .The possible distr ibut ion functions Gi0 and of T, are supposed 
to be absolutely continuous wi th density functions gi0 and ga being positive 
in an interval and vanishing outside of it. Then the moving level L t is uni-
formly distr ibuted according to the null-hypothesis, i. e. its distribution 
function is 

(3.3) Fi0(t) = U(t) = t 0 á t á l ( i = l , 2 r 

in this case and it is 

( 3 . 4 ) Fa(t) = = R 

according to the alternative hypothesis. Here Gj^1 denotes the ordinary inverse 
of Gi0. 

The hypothesis testing problem equivalent to the combination of these 
independent tests can be solved optimally by the use of the fundamental 
lemma of N E Y M A B and P E A R S O N (see e. g. [ 1 ] , pp. 5 2 9 — 5 3 1 ) . The optimal 
test is generated by the stat ist ic 

<3.5) T(LX, . . . , 4 ) = Í > g ^ • 
i= 1 fn(Li) 
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Here / i 0 and / f l denote the density functions of the distr ibution functions 

F i 0 and F i v respectively. Since 

(3.6) fi0(t) = 1 

on account of (3.3) and 

(3.7) fa(t) = - Ga(Grom = 
dt l A 10 » gl0(GTt)) 

on account of (3.4), this optimal stat is t ic is the following : 

(3.8) T ( L l , L v . . . , L r ) = 2 l o g ^ f ^ . 

The combination generated by th is statistic is equivalent to the element 
of M*  characterized by the statistic 

r 
(3.9) > 4 z ( A ) 

;=i 

if  and only if there exists a strictly increasing and continuous funct ion g for 
which 

(3.10) = ? í l X { L l ) 
i= 1 9i ôë×Ù 

holds identically. I t follows that Q m a y be only a linear funct ion, hence 
the above condition may be rewri t ten in the following form : there should 
exist constants a > 0, bv ba, ... , br such tha t 

(311) l o g g t ^ L J > l = akiX{Ll) + bl i = 1 ,2 r , 

i. e. 

(3.12) 9a(t) = 9io(t)e-a^'G 'M)-bi ã = 1,2, 

holds identical ly in t. 
Distr ibut ion funct ions Gi0 resp. Ga may be easily constructed which 

satisfy the conditions (3.12). To show this let H be any function which is 
strictly increasing and continuous, fu r the r , which maps the interval (—oo, oo) 
into (0, ñõý) (e. g. H{t) = e'). Let Gi0 be def ined by 

(ÇÄÇ) Gl0(t) = G0(t) = x-Vm) i = 1, 2, . . . , r 

where x~x{t) = 0 for t ^ ^(0) and x~x{t) = 1 for t ^ / (1) . Then the funct ions 

(3.14) 9io(t) = i 9 o { t ) = m f 0 r X M * 1 * ™ 
\ 0 for i < Z(0) or t > y(l) 

are probabi l i ty density funct ions and the integrals 

t 

(3.15) j' gi0(u)e~aX' "(">-»<  du ã = 1, 2, . . . , r 
— OO 

4 A Matemat ika i Kutató in tézet Közleményei I I I . /3—4. 
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def ine the a l te rnat ive distr ibut ion funct ions Ga, if  the constants a > 0 and 
b1, b2, .. ., br a re suitable chosen. Namely, let a = 1 and 

*0) 
(3.16) bj = log )' g0{u)e~bH(»)du i = l,2,...,r. 

z( 0) 

T h e integrals (3.15) and (3.16) exist according to 

(3.17) 0 < e-*"<«> ^ 1 

which follows f r o m ß,- > 0 and H(u) > 0. 
To see an example, pu t %(t) = Ô -1(<). Choosing now 

(3.18) Gio(t) = 0 

and 

t 

ajY^i) 
ã = 1,2, 

(3.19) a = 1, b,= -p=- ã = 1,2 r 
î,/)/ Tit 

wTith Oj > 0, rij  posit ive integer, < 0 (»' = 1, 2, . . . , r). Then 

(3.20) 0ö(*) = ô ( Ö + Ø  ã = 1 , 2 , . . . , ã . 

The constants nt , cti and should be chosen so t ha t the relations 

(3.21) + = — ^ ã = 1, 2, . . . , r 

be valid. 
This set of experiments can be in terpreted as follows : a sample of size 

n, was drawn in the i th exper iment for a random variable having known 
variance erf a n d expectat ion 0 in the case of null-hypothesis and < 0 in 
the al ternat ive case (ã = 1, 2, . . ., r). Fo r the combinat ion of these 
tests the method based on the statist ic (3.9) wi th x = i s optimal. 

In what follows it will  be fu r ther proved t h a t combining unbiased tests by an 
element of M* this combination — as a test used for the sample consisting of 
moving levels — is unbiased. I n other words : if  the relations (1.34) also a re 
val id for the possible distr ibut ion functions F,>ej of the levels besides of (1.33), 
and /(I) denotes any strictly increasing and continuous funct ion defined on 
the interval (0,1) and, fur ther , if  He is the distr ibut ion funct ion of the com-
bined level L in the combinat ion (from M*) generated b y the statistic 

(3.22) X - K Z h l ^ ) 
\ i=i 

in the case of then besides the relat ion 

(3.23) 
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being valid for every 0o£i2o , the relations 

(3.24) Í â à > Í â 1  

i. e. 

(3.25) Hea(t)<H0l(t) O f Z t ^ l 

hold for every pair and 0Î£É Î. 
Let Go denote the distr ibution function of the statistic (3.22) in the case 

0£i2. The relations (3.25) will  follow and so the theorem will  be proved if 
we succeed to show that 

(3.26) Goß) fZ Goßt) 

holds for all ÔQÇ^ and 0^ /2 ] . For this purpose let us consider a random 
variable t] uniformly distr ibuted over [0,1 J and, keeping f ixed the indices 

(3.27) 0O = (010,02 o , . . . , 0r o) € ^o and 0ã = (0U , 021 â ï) £ Qx 

occurring in (3.26), let us write : 

(3.28) f, 0 = i V b f o ) t = 1,2, . . . , r 

and 

(3.29) i a = F(r£(rl) » = 1 , 2 , . . . , r . 

Here Fißia resp. FiteH denote the distribution function of the moving level 
5 , in the case of 0O and 0V respectively. As i t is well-known, | ,0 is then distr i-
buted according to F,->9fo and £a according to Fiygu (see e .g . [15], p. 183), 
i. e. the distr ibution of the moving level À, coincides with tha t of f / 0 or £a 

according to whether 0O or 6X is the " t rue" index. Besides the empirical distr i-
bution function 

r 
(3.30) S = 2 k E L ( 

i=i 

of the levels Lv Z2, . . ., Lr, the functions 
r r 

(3.31) R0 = 2*iEt<. and R1 = 
1 = 1 1 = 1 

can be defined, observing that É 0£À and as well as S Denoting b y 
<px the statistic (3.22) in functional form 

(3.32) <px(S) = Z'1 1 
[7.(t) dS{t) 

î 

i t is obvious from the definition of R0 and Rx t h a t the distribution of the ran -
dom variable <px(S) coincides with tha t of <px(R0) or cpx{RA) according to whether 
0O or 0j is the " t rue " index. But the relations (1.33) and (1.34) imply that for 
every elementary event 

(3.33) f,0 ^ t : i 
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and therefore a t the same time 

(3.34) R 0 > R i 

holds, f rom which 

(3.35) <px(R0) è VX(Ri) 

follows for every elementary event, being the functional <px monotone. The 
desired relat ion between 6'éî and G0i can be easily derived from (3.35). 

§. 4. A Connection Between the Monotone and the Bayes Solutions of 
the Combination Problem. 

I t will  be proved in th is Section t h a t the postulate of monotony of 
combinations introduced in § 2 is not too restrictive in the following sense : 
for a ra ther typical class of tests every Bayes solution of the combinat ion 
problem is generated by a monotone stat ist ic. 

For th is purpose let the notion of Bayes solution of a hypothesis tes-
ting problem be defined. Le t ô à = {Ðâ '• Q be the system of possible distri-
butions def ined on the sample space X (precisely, on the measurable space 
(X, c4)), a n d let the null-hypothesis be characterized by the subset Q0 Ñ ß , where 
éîô0  a n d ßx = ß — ßu ô 0 is the subset corresponding to the a l ternat ive 
hypothesis. Considering some a-algebras <Ú0 and �i x consisting of subset of 
the index sets ßu and Qv respectively, prior distributions can be introduced, 
i. e. probabi l i ty measures Q0 and Qx in the measurable spaces (ß„, (B0) and 
(Qv <ÚÕ), respectively. Supposing the measurabil i tv of the functions Ðâî(À) 
and P e ( A ) for fixed . 4 + 7 with respect to <30 and respectively, t h e pos-
terior distributions 

(4-1) PQ,(A)= \ PBM)DQO%) 

fi. 
and 

(L2) PQ l ( A ) = f Pe , (A)dÇl (01 ) 

fi, 
can be fo rmed which are probabil i ty measures defined on the original measu-
rable space (X\.c4). 

Then a new hypothesis testing problem can be considered the possible 
distr ibutions of which a re PQo and PQl and PQo corresponds to the new null-
hypothesis. The optimal solution of th is new problem can be determined by 
the fundamenta l lemma of NEYMAN a n d PEARSON ; th is test is called A Bayes 
solution (corresponding to the prior distr ibut ions (?0. of the original hypo-
thesis tes t ing problem.6 ' 

The theorem to be proved can now be formulated as follows. Let Ñ be the 
class of all tests the distribution function of the moving level of which is strictly 
increasing convex or concave function defined on the interval [0,1] according 
to whether the null-hypothesis or the alternative is true (Figure l) 7 ' . If a com-

6) T h e def in i t ion g i v e n here is a s i m p l e extens ion of t h e usual one (see e. g.[9] 
p. 5) f r o m cr i te r ia to t e s t s ( in sense of t h i s paper ) . 

7> E v e r y un i fo rmly m o s t power fu l , u n i f o r m l y most p o w e r f u l s imi la r o r unb iased 
test b e l o n g s t o t he class C. 
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bination problem contains only tests belonging to the class C, then every Bayes 
solution of this problem is generated by a statistic which is monotone in sense 
of the definition given in § 2. 

The impor tance of th is theorem is c lear f rom the f ac t t h a t the class of all 
Bayes solut ions in a relat ively wide a n d typical class of hypothesis t es t i ng 
problems are "comple te" , i. e. for every t e s t there can be g iven a Bayes so lut ion 
which is a t least as good as this test. (See e. g. [16], pp . 130—138.) 

In the proof of the above theorem t h e fac t will  be used tha t the pos te r io r 
distr ibut ions m a y be der ived f rom the posterior distribution functions de f ined 
by the re lat ions 

(4.3) FQo(tx, tv ...,tr)= ( ] ] F^ejtd dQ0(610, 620. . . ., âã0) 
J i=  I 

É. 
and 

(4.4) FQl(tv t2,...,tr) = ] ] Fi^ti) dQx(Qn, 02X, âãõ) 
J i=  1 
a, 

Here G0 and Gi are the pr ior distr ibut ions introduced on the sets Q0 a n d Qx , 
respectively, in such a way t h a t the func t ions F i A ù and Fi teu are measurab le 
with respect t o the corresponding u-algebras. 

As the funct ions £,,ei0 and Fi tgh are s t r ic t ly increasing and cont inuous, 
fu r ther the funct ions a r e convex a n d the funct ions Fi tgh are concave 
((=1,2,..., r), their der ivat ives 

(4.5) fi,ejt) = F+Jt) 
ã = 1,2,  . . .,r 

(4.6) fi,ei,(t) = F'i,eJt) 

exist and the funct ions in (4.5) are str ic t ly increasing, whi le the funct ions in 
(4.6) are s t r ic t ly decreasing. Since the possible density func t ions of the samp le 
of this poster ior hypothesis test ing problem are defined b y the relations 

, 4 ' T ) Ù ' ^ Ò ü Ã - Ì û « » " . 
é„ 

and 

(4.8) 
12> •  •  •  ;  " r l I > 

the statist ic occurr ing in t he fundamenta l lemma of N E Y M A N and P E A R S O N 

is given by 

(4.9) T(tx, tv . . ., tr) = 

Tli Mio(b) dQo^w dr0) J i= 1 

I  I I  ft,uSti) dQi(Qn, � 21,..., I 
J 1=1 

But this stat is t ic is a str ict ly increasing f unc t i on of tx, t2, . . ., tr. This p r o p e r t y 
of T is obviously equivalent t o the s ta tement of the theorem. 
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§. 5. A Properly of Fisher's "Omnibus Test" 

J. N E Y M A N and E . S . P E A R S O N in their paper [11] developed a principle 
to determine a "natural" test for composite hypotheses. This "principle of 
likelihood ra t io " is available in case of existence of the "likelihood funct ion" 
of the sample drawn to test the null-hypothesis. This statist ic is the f requen-
cy function of t h e sample, or, in exact terminology, the "generalized (Radon— 
Nikodym) dens i ty" of the sample distr ibution. Thus the existence of t he 
likelihood funct ion is connected to the assumption that t he possible distr i-
butions of the sample form a dominated set of measures (see [5]). Under the 
validity of th is assumption let 

(5.1) P0(A)= \ fe(x)dp(x) AicA 
� 

be the possible distrubitions of the sample x. Le t as before, Q0 resp. denote, 
the subsets of Q corresponding to the null-hypothesis resp. to the alternat ive 
one. y is a f ixed cr-finite measure defined on (X, <+). The measurable function to 
fo(x) occurring in (5.1) is the generalized density function of the sample. 

The principle of likelihood ratio means the following method: consider 
the — so-called likelihood ratio — statistic 

sup fe,(x) 
(5.2) R(x) - — 

sup fg{x) 
eefi 

and use the tes t generated by R in the sense of (1.14)—(1.17). This is the 
likelihood ratio solution of the problem. 

Various authors succeeded in proving several good properties of this 
principle (see e. g. [9]). Here only the following theorem — related to the 
combination problem — will  be proved: if the test to be combined is similar and 
the possible distribution functions of the levels are all belonging to the class Ñ defined 
in § 4, then the likelihood ratio solution of the combination problem is equivalent 
to Fisher's "omnibus test". 

To prove this theorem let us remark first that in the combination 
problem the likelihood funct ion is 

r 
(5.3) / å ( Ì 2 , . . . Ë ) = 7 7 / < , î Ä ) 

i= 1 

where, as before, /1>å( denotes the f requency function of the level L i in the 
case of 0 = (âó, 02, . . ., 6Ã) £ é (see (4.5)—(4.6). On account of the assumption 
of similarity, 

(5.4) fi,e(M = 1 » = 1,2, . . . , r 

if  e 0 = (01O, 02O, . . ., 0rO) £ D0 and thus for the likelihood ratio the relat ion 

1 
(5.5) R(ty, t2 ,tr) 

SUP / / fifiidi) 
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holds. But for any f ixed i and i, (0 ^ tt ^ 1, 1 si i  ̂ r) it follows f r o m the 
assumption of concavity of the functions Fi>ei that 

(5.6) sup h e f a ) = -
h 

where ! is the value, a t t = of the left der ivat ive of the distribution func t ion 
h 

„ I — for b <t<t: 
(5.7) Fi-u{t) = < tj ~ - ' 

( 1 for tt-é t é 1 

which is the upper envelope of some funct ions F,->9j (see Fig. 2). On account 
of (5.6), the likelihood rat io is 

(5.8) R(tv i2 tr) = tx t% ... tr 

which is equivalent to F I S H E R ' S "omnibus tes t " , this was to be proved. 

§ 6. Choice from M* : Combination by means of Ô - 1 

The question arises natural ly which combination should he used in 
practice. The answer is no t a unique one : the choice depends on the 
available informat ion concerning the exper iments and the tests used in t hem. 
As it was shown before, there corresponds a hypothesis testing problem to 
each combinat ion problem the optimal solut ion of which — if  it exists — gives 
the opt imal solution for the combination problem too. 

However, the need for combination of independent tests arises j us t in 
those cases in which no or scarce information only is avai lable : the in form-
at ion consists, at most of the number of observations of the individual exper i -
ments. Thus the restrictions introduced in § 2 are not too arbitrary : t h e y 
mean the necessary compromise with the insufficiency of information. 

Fur ther , the results of §§ 3 and 4 show t h a t Postulate 1 is a rather n a t u r a l 
one, Postulate 2 indicates an intrinsically desirable proper ty of combinat ions 
(according to later similar combination) whi le Postulate 3 means only a nor-
ming in the set of combinations. Thus the only thing to be done is to choose 
an element f rom M*. 

Any choice has some arbitrariness, b u t it is suggested by a n u m b e r 
of reasons to choose the combination the averaging funct ion of which is Ô - 1  

i. e. the inverse of the normal distribution funct ion 

1 f - — 
( 6 . 1 ) 0(t) = e 2 du . 

J 
00 

The formula of the combined level L of the levels Lx, L2, . . ., Lr with weights 
Ax, ß2, . . ., ).r, respectively, is the following : 

À1Ô-1(Õ1)+^3Ô-1(Õ3)+ . . . +ÀÃ Ô~\ÜÃ)\ 

Y4 + Ö + . . . + ÿ2 
(6.1) Ü = Ô 
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(cf. (2.39)). Th i s combinat ion needs very easy computat ional works and tab les , 
a n d , suitably choosing the weights , is op t ima l for a rather wide class of one-
s ided hypothes is test ing prob lems which m a y be character ized as fol lows : 
t h e possible d is t r ibut ions are generated b y densit ies belonging to the expo-
nent ia l fami ly (see e. g. (8.1) in [10] or (2.3) in [2]) and t h e nul l -hypotheses 
a re stat ing t h e val id i ty of a one-sided inequa l i t y for one of the pa ramete rs 
in the densi ty funct ion. Th is question a n d similar ones wil l  he t rea ted in 
more detail in a forthcoming p a p e r of the au tho r . 

The we igh ts occurring in (6.2) should be chosen as to express the e f f i -
ciencies (or t h e available in format ion concern ing these) of t h e tests used in 
t h e single exper iments . Thus A, should be chosen proport ional t o the „expec ted " 
difference b e t w e e n the nul l -hypothesis a n d t h e real s i tuat ion and inverse ly 
proport ional t o t he s tandard deviat ion of t h e statist ics used for tes t ing in 
t h e ith expe r imen t (ã = 1, 2, . . ., r). Genera l ly , this s t a n d a r d deviat ion is 
inversely p ropor t iona l to t h e square root of t he number of observat ions of 
t h i s exper iment . If there is n o in format ion avai lable b u t t h e number n, of 
observat ions in t h e exper iments (ã = 1, 2, . . ., r) the weights may be chosen 
proport ional t o t he square roo ts of these numbers , i. e. in th is case 

\!ÒÕÔ-\ÜÕ) + )'n2 Ô~\Ü2) + . .. + fnr0~\Lr) 

f n x + «g + . . . + Ï Ã 

Formulae (6.2) and (6.3) apply equal ly to signif icance tests and t o tes t s 
fo r goodness of f i t (e. g. for combinat ion tes t ings for normal i ty ) . In case of 
signif icance tes ts , however, t h e formulae 

ËÔ-×Ë - Lx)++ 2Ô:\\ - L2) + . . . + À,Ô-ÖÜÃ) 

Ù  + Ö+ . . . +A? 
a n d 

Ó÷ô-×1 - 4 ) + • •. + ]!ï ÃÔ-\i - Lr)\ 

+ nz + • • • + Ïã I 

(being equ iva len t to (6.2) a n d (6.3), respect ively) are more easily appl icable 
as the tables of the funct ion Ô~1( t ) (see e. g. [1] p. 557 or [15], p. 173) are 
given in de ta i l only for va lues of t near t o 1. 

(Received December 20, 1958) 
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FÜGGETLEN  MOZGÓ  SZINTES PRÓBÁK ÖSSZEVO.XT ÉRTÉKELÉSÉRÕL 

L I P T Á K T. 

Kivonat 

E dolgozatban szignifikancia-vizsgálatnál vagy illeszkedés-vizsgálatnál 
alkalmazható próbák mozgó szintjének nevezzük azt a legkisebb, i l letve 
legnagyobb szintet, melynél az eredményt még szignifikánsnak, illetve illesz-
kedõnek lehet mondani. A stat iszt ikai gyakor latban az egyes vizsgálatoknál 
e mozgó szint megadásával szokták jellemezni a kísérleti eredmények szigni-
f ikáns, illetve illeszkedõ voltát. Gyakran elõfordul, hogy ugyanazon (vagy 
hasonló) hipotézisre vonatkozólag egymástól függetlenül több kísérletet is 
végeznek, de a kísérleti feltételek különbözõ vo l ta és egyéb okok miatt az 
adatokat egyetlen mintává nem egyesíthetik (normalitásvizsgálat). Célszerû 
ilyenkor az egész kísérletsorozatot egyetlen mozgó szinttel jellemezni, más 
szóval az egyes kísérletekben kapot t mozgó szinteket összevonni. 

A dolgozat 1. §.-ban megál lapít juk, hogy bármely próba mozgó szintje 
olyan valószínûségi változó, melynek eloszlásfüggvénye a nullhipotézis fenn-
állása esetén mindenüt t kisebb vagy legfeljebb akkora , min t a [0,1] inter-
val lumban egyenletes eloszlásfüggvény. Torzí tat lan próbák esetén az is igaz, 
hogy a mozgó szint eloszlásfüggvénye az a l ternat ív hipotézis fennállása 
esetén mindig nagyobb vagy legfeljebb egyenlõ, mint a nullhipotézis alat t . 
Mozgó szintek összevonásának kérdését így egy hipotézis-vizsgálati prob-
lémává lehet átfogalmazni. 

A 2. §.-ban k imuta t juk hogy néhány célszerû tulajdonság megkövetelésével 
az összevonások körét a mozgó szintek valamilyen súlyozott középértéke által 
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nyerhetõ összevonásokra lehet leszûkíteni. Ë szereplõ súlyok az egyes mozgó 
szintek megbízhatóságára, a megfelelõ próba efficienciájára vonatkozó esetleges 
információkból állapíthatók meg. E követelések lényegileg a következõk : 1. Az 
összevonás „monoton" legyen, tehát két szint-sorozat közül okvetlenül az elsõt 
minõsítse szignif ikánsabbnak (illetve illeszkedõbbnek), ha annak szintjei rendre 
szignifikánsabbak (illetve illeszkedõbbek), mint a másik sorozat megfelelõ 
szintjei. 2. Az összevonás „kompati l ibis" legyen, tehát tetszõleges szintcsopor-
tok esetén az egyes csoportok összevont szintjei, valamint az egyes csopor-
toknak tu la jdoní tot t súlyok értékei m á r egyértelmûen határozzák meg az 
egyesített színtcsoport összevont szintjének értékét. 3. Bármely egyelemû szint -
,,sorozat" összevont szintje egyezzék meg e szint értékével. 

Az összevonások fent i M*  osztálya tartalmazza az eddig használt 
EISHER-féle „omnibus tes t " -e t [3], sõt, annak GooD-féle általánosítását is [4]. 
A 3. §.-ban megmutat juk, hogy az M*  osztályba tar tozó összevonások vala-
mennyien a szokásos definíció szerint elfogadhatók és torzítatlanok. A 4. 
§.-ban bebizonyít juk, hogy amennyiben csak bizonyos t ipikusan ,,jó" próbákra 
szorítkozunk, az összevonási probléma valamennyi Bayes-megoldása a 2. §.-ban 
adott definíció értelmében monoton stat iszt ikára alapozott összevonás. A dol-
gozat 5. §.-át azon tény bizonyításának szenteljük, hogy a FISHER-féle 
„omnibus-test" lényegében ugyanezen próbák körében az összevonási prob-
léma „l ikelihood-hányados" megoldása. 

Végül a 6. §.-ban az M*  osztály elemei közül a normális eloszlásfügg-
vény inverze szerint közepeit összevonást ajánljuk, amelynél az összevont 
szint képlete a következõ : 

y j j  + Ë| + . . . + A2 I ' 

I t t Lv L2, . . ., Lr az összevonásra kerülõ mozgó szintek, ß1; A3, . . ., Ar pedig 
a nekik tu la jdoní tot t súlyok értékei. Egyéb információk hiányában A,~t az 
ã-edik kísérletben szereplõ megfigyelések nl számának négyzetgyökével ará-
nyosnak lehet venni. Ekko r a fenti képletben A, helyet t egyszerûen )jnrt 
kell írni. Viszonylag kicsiny szintek esetén célszerûbb a fentiekkel ekvivalens 
(6.4), i l letve (6.5) képletekkel számolni. 

(1) Ü = Ô 

Î  ÑÎÂÌÅÑÒÍÎÉ  ÎÖÅÍÊÅ  ÍÅÇÀÂÈÑÈÌÛÕ  ÎÏÛÒÎÂ 

Ò. LIPTÁK 

Ðåçþìå 

Â íàñòîÿùåé  ðàáîòå äâèæóùèìñÿ óðîâíåì  êðèòåðèè, ïðèìåíèìûõ 
ïðè  ïðîâåðêå çíà÷èìîñòè,  íàçûâàåòñÿ òîò íàèíèçøèé  óðîâåíü, ïðè 
êîòîðîì  ðåçóëüòàò ìîæåò åù¸  ñ÷èòàòüñÿ ñèãíèôèêàíòíûì.  Â ñòàòèñòè÷åñ-
êîé  ïðàêòèêå ïðè  îòäåëüíûõ èññëåäîâàíèÿõ çàäàíèåì ýòîãî äâèæóùå-
ãîñÿ óðîâíÿ  õàðàêòåðèçóþò ñèãíèôèêàíòíîñòü ðåçóëüòàòîâ îïûòîâ. 
×àñòî ñëó÷àåòñÿ, ÷òî îòíîñèòåëüíî  îäíîé  è òîé æå (èëè ïîõîæèõ) 
ãèïîòåç ïðîèçâîäèòñÿ íåçàâèñèìî  äðóã îò äðóãà íåñêîëüêî  îïûòîâ,  íî 
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èç-çà ðàçëè÷íîñòè óñëîâèé îïûòîâ  èëè ïî  äðóãèì ïðè÷èíàì  äàííûå  íå 
ìîãóò  áûòü îáúåäèíåíû  â åäèíñòâåííîé  âûáîðêå. Öåëåñîîáðàçíî  â ýòîì 
ñëó÷àå õàðàêòåðèçèðîâàòü ñåðèþ îïûòîâ  åäèíñòâåííûì  äâèæóùèìñÿ óðîâ-
íåì,  èíà÷å ãîâîðÿ, ñîâìåñòíî  îöåíèòü äâèæóùèåñÿ óðîâíè,  ïîëó÷åííûå 
â îòäåëüíûõ îïûòàõ. 

Â ïåðâîì  ïàðàãðàôå ðàáîòû äîêàçûâàåòñÿ, ÷òî äâèæóùèéñÿ óðîâåíü 
ëþáîé  êðèòåðèè åñòü òàêàÿ ñëó÷àéíàÿ âåëè÷èíà, ôóíêöèÿ ðàñïðåäåëåíèÿ 
êîòîðîé,  â ñëó÷àå âûïîëíåíèÿ  íóëü-ãèïîòåçû, íå  ïðåâîñõîäèò ôóíêöèè 
ðàñïðåäåëåíèÿ, ðàâíîìåðíîé  íà  îòðåçêå [0,1]. Â ñëó÷àå ïðîá  áåç èñêàæåíèÿ 
âåðíî  è òî, ÷òî, â ñëó÷àå âûïîëíåíèÿ  àëòåðíàòèâíîé ãèïîòåçû, èìååò ìåñòî 
îáðàòíîå  íåðàâåíñòâî. Ñ ïîìîùüþ  ýòîãî âîïðîñ  î  ñîâìåñòíîé  îöåíêå  äâèæó-
ùèõñÿ óðîâíåé  ìîæåò áûòü ïåðåôîðìóëèðîâàí  êàê ïðîáëåìà  îá  èçó÷åíèè 
ãèïîòåçû. 

Âî  âòîðîì  ïàðàãðàôå, òðåáóÿ íåñêîëüêî  öåëåñîîáðàçíûõ ñâîéñòâ, 
âîïðîñ  ñâîäèòñÿ ê ñîâìåñòíûõ  îöåíêàê, ïîëó÷àåìûõ  ñ ïîìîùüþ  êàêîãî-
íèáóäü ñðåäíîãî  çíà÷åíèÿ ñ âåñîì  äâèæóùèõñÿ óðîâíåé. Ôèãóðèðóùèå 
âåñà ìîãóò  áûòü îïðåäåëåíû  èç èíôîðìàöèè  îòíîñèòåëüíî  íàä¸æíîñòè 
îòäåëüíûõ äâèæóùèõñÿ óðîâíåé, ýôôèöèåíöèè ñîîòâåòñòâóþùåé êðèòåðèè. 
Òðåáîâàíèÿ â ñóùíîñòè  ñëåäóþùèå : 1. ñîâìåñòíàÿ  îöåíêà  äîëæíà áûòü 
«ìîíîòîííîé»,  ò. å. êâàëèôèöèðóåò ïîñëåäîâàòåëüíîñòü óðîâíåé  áîëåå ñèã-
íèôèêàíòíîé,  ÷åì  äðóãóþ, åñëè óðîâíè  ïåðâîé  ñèãíèôèêàíòíåé, ÷åì  ñîîò-
âåòñòâóþùèå óðîâíè  ïîñëåäíåé. 2. ñîâìåñòíàÿ  îöåíêà  äîëæíà áûòü «êîì-
áàòèáèëüíà», ò. å. â ñëó÷àå ëþáûõ ãðóïï  óðîâíåé  çíà÷åíèÿ ñîâìåñòíîãî 
óðîâíåé  îòäåëüíûõ ãðóïï  è çíà÷åíèÿ âåñîâ, ñîîòâåòñòâóþùèõ îòäåëüíûì 
ãðóïïàì,  óæå åäèíñòâåííûì  îáðàçîì  îïðåäåëÿþò çíà÷åíèå ñîáìåñòíîãî 
óðîâíÿ  îáúåäèíåííîé  ãðóïïû  óðîâíåé. 3. ñîâìåñòíîå  çíà÷åíèå ëþáîé  îäíî-
ýëåìåíòíîé  «ïîñëåäîâàòåëüíîñòè» óðîâíåé  äîëæíî  ñîâïàäàòü ñî çíà÷åíèåì 
óðîâíÿ. 

Óêàçàííûé  âûøå êëàññ ñîâìåñòíûõ  îöåíîê  Ì*  ñîäåðæèò èñïîëüçî-
âàííîå  äî  ñèõ ïîð «omnibus test» FiSHER-a [3] è å¸ îáîáùåíèå,  äàííîå 
GOOD-OM [4]. Â òðåòüåì ïàðàãðàôå äîêàçûâàåòñÿ, ÷òî âñå ñîâìåñòíûå  îöåíêè, 
ïðèíàäëåæàùèå êëàññó Ì*,  äîïóñòèìû  è íå  èñêàæ¸ííû.  Â ÷åòâåðòîì 
ïàðàãðàôå äîêàçûâàåòñÿ, ÷òî, åñëè îãðàíè÷èòüñÿ íåêîòîðûìè  òèïè÷íûìè 
äîïóñòèìûìè  êðèòåðèÿì, âñå ðåøåíèÿ BAYES-a ïðîáëåìû  êîíöåíòðàöèè 
ìîíîòîííû  â ñìûñëå îïðåäåëåíèÿ § 2. Â ïàðàãðàôå 6. ðàáîòû äîêàçûâàåòñÿ, 
÷òî «omnibus test» F iSHER-a â êðóãå ýòèõ æå êðèòåðèåâ åñòü ðåøåíèå 
ïðîáëåìû «likelihood-÷àñòíîãî». Íàêîíåö,  â ïàðàãðàôå 5 èç ýëåìåíòîâ 
êëàññà Ì*  ïðåäëàãàåòñÿ òî â êîòîðîì  óñðåäíåíèå ïðîèçâîäèòñÿ ñ ïîìîùüþ 
îáðàòíîé  íîðìàëüíîé  ôóíêöèè  ðàñïðåäåëåíèÿ, äëÿ êîòîðîé  ôîðìóëà  ñîâ-
ìåñòíîãî  óðîâíÿ  òàêîâà : 

Õ1Ô-\Ü1) + Õ^Ô-Öôã)+ . . . +1 Ô~\ÜÃ) 
\ß\ +ßI + . . . + ß2 

Çäåñü Lv L2, . . . , Lr êîíöåíòðèðóåìûå  äâèæóùèåñÿ óðîâíè  îòäåëüíûõ 
îïûòîâ,  à ßü ß2, . . . , ßã çíà÷åíèÿ ïðèïèñàííûõ  èì  âåñîâ. Äîêàçûâàåòñÿ, ÷òî 
ýòîò ñïîñîá  îïòèìàëåí  â íåêîòîðîì  äîñòàòî÷íî  øèðîêîì  êëàññå èçó÷åíèé 
îäíîñòîðîííûõ  ãèïîòåç. 
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