ON THE COMBINATION OF INDEPENDENT TESTS

by
Tamis LIPTAK

Introduction

In scientific research there are two types of statistical hypotheses. In
the first it is desired to prove a systematic effect in presence of random
errors and for this purpose a ‘“null-hypothesis” is being taken in order to
disprove it on ground of observations ; having attained it the result is called
“‘significant”. In the second type it is desired to prove a statistical law by the
“fitting” of observations. According to this there are significance tests and
tests of goodness of fit. In the theory of testing statistical hypotheses
both kinds of tests are examined the same way. For this purpose the roles
of alternative hypotheses are changed. In the following the terminology of
significance tests is going to be used.

In the Neyman—Pearson theory the tests serving to decide between
accepting or rejecting the null-hypothesis are characterized by their critical
set : the null-hypothesis is rejected if the sample observed belongs to this set.
The level of a test is the probability of the critical set (if the nullhypothesis
is simple) or its upper bound (if it is composite).

The choice of the level of tests is determined by practical considerations :
this is one of the reasons why in practice families of tests are used containing
a test for each level of significance between 0 and 1 characterized by the
following property: a sample being significant on a level a is also significant
on any level o’ > a. The level of significance is often not determined beforehand,
instead of this the minimal level is calculated for which the actual result is still
significant. This “moving level” is being used for measuring the significancy of
results. This practice is supposed to be originating from the early, “preclassical”
period of the theory of testing statistical hypotheses, at which pericd the
,,deviation” of the results from the null-hypothesis was measured by the actual
value of a suitably chosen statistic.

In any case it is obvious that the conscious use of this practice cannot
lead to any mistake, it being the same whether the actual value of the statistic
is compared to a fixed critical value (‘‘method of fixed level’’) or whether
the moving level is compared to a fixed level (,,method of moving level”).
In the first method this comparison leads only to a statement of significancy
or insignificancy, whereas in the second one by noting the actual value of
the moving level we obtain some information which can be used in combining
more tests. This is just the subject of this paper.

The following may be mentioned as an example. Significance tests were
carried out in three experiments for the same problem. On the usual 59,
level of significance the results proved insignificant in every case. From this
result no further statistical inference can be derived. If it is known, however,
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that the moving levels in each of the three cases were between 5%, and 30%,
it may be stated — supposing the independence of the experiments — that
the combined results of the three experiments are significant on a 5%, level.

The paper deals with the suitable combination of moving levels origina-
ting from stochastically independent tests (resp. statistics). The corresponding
null-hypotheses are in the following connection with each other : either the
null-hypothesis is true in each case, or some alternative in all of them.

The connection of null-hypotheses satisfies the above assumptions e. g.
in the cases below :

a) the case of observations of different sizes about the same null-
hypothesis ;

b) the case of observations made about the same null-hypothesis biased
by unknown nuisance parameters (testing of normality etc.);

¢) the case of moving levels originating from stochastically independent
statistics.

This combination problem has mnot been, in such a generality, dealt
with in the literature. The problem of combination of independent tests is
treated first in R. A. FisHER's Statistical Methods for Research W orkers
(see [3], § 21.1). The problem is dealt with — though not stated — in case
of simple hypotheses and of statistics with continous distribution. The
theoretical aspects of the problem are not treated here, only a formula for the
combination is given. This “omnibus test” may be reduced to the product
(or, equivalently, to the geometrical mean) of the levels. The necessary trans-
formation is based on the y2-table. K. PEARSON arrived to the same results,
independently of FisHER, but in another form [14]. It was E.S. PEArsoN who
first investigated the efficiency of the above omnibus test, but he did so
under the same simple null-hypothesis and sample sizes [12]. The case of tests
based on statistics with discrete distribution is treated in many papers (e. g.
[8], [13], [17]) I. J. Goop generalizes the ‘“omnibus test” by introducing
different weights of efficiency for the various tests. The transformation neces-
sary to the application of this test is much more complicated than the original
transformation and it is not tabulated.

In § 1 of this paper the problem of moving levels is treated quite generally.
The moving level is proved to be a random variable having a distribution
function which is equal to or less than the uniform distribution function U
over the interval [0,1] if the null-hypothesis is true, and, in the unbiased
case, it is equal to or greater than U if the alternative hypothesis is true.

In § 2 the class of available combinations is narrowed down by three
rational postulates. It is possible to weight the various tests according to the
possibly informations relating to their efficiency.

It is proved that the class M of combinations satisfying the mentioned
postulates are the combinations generated by the weighted means of the
levels. The average function applied here may be any continuous and strictly
increasing function defined in the closed interval [0,1]. Here the results of
Nacumo — Kormocorov—DbE FINETTI for characterization of mean values
are available (seee. g. [ 7], pp. 158—163). The class M of available combinations
is enlarged to the class M* of all combinations based on weighted means of
levels with average function being continuous only in the open interval (0,1).

In § 3 two theorems are proved : 1. Every element of M* is admissible,
i.e.a combination problem can be given for every average function and for every
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system of weights in which the combination generated by the weighted mean
ot levels based on this function and this system is the optimal solution of the
problem. 2. Every element of M* as a test is unbiased if the levels are origin-
ated from unbiased tests.

In § 4 it is proved that the postulate of monotony occurring in § 2
is not too 1estrictive ; namely every Bayes solution of the combination
problem for a wide class of ““good” tests has this property.

§ 5 is devoted to prove FisHER’s “omnibus test” to be the likelihood
ratio test of the combination problem for a class of tests being essentially
the same as above.

Finally, in § 6 the combination generated by the inverse of the normal
distribution function is suggested instead of FISHER’s “omnibus test’’. This
combination is optimal for a large class of tests for one-sided hypotheses.
In addition, its application needs less numerical work and simpler tables than
the “omnibus test’ either in original form and even less numerical work and
simpler tables in case of its weighted form introduced by Goobp.

§ 1 The Problem of Combination of Moving Levels

In this § the definitions which may be needed later on are given.
Then the combination problem will be formulated as a problem of hypothesis
testing.

A hypothesis concerning the distribution of a random variable may be
tested by observing this variable. The result of observing the variable in any
well-defined way is called a sample, the set of possible samples is the sample
space. To the possible distributions of the random variable there corresponds
a set of probability measures defined on the sample space, while a statistical
hypothesis determines a subset of the set of possible probability measures.

Let X be the sample space and o the o-algebra of its measurable subsets.
The above probability measures defined on the measurable space (X,o4),
i. e. the possible distributions of the sample 2 € X, are indexed by an index
space 2. Thus the set of possible distributions of the sample is the system
Py ={Py:0€L2}. The measures P, are assumed to be different, i. e. for every
pair 0, €0Q,0,€0Q, 0,40, a set A€ is supposed to exist for which
Py (A) 4 Py (4).

The statistical hypothesis H, (or the “null-hypothesis”) determines
a subset of 7, or — being the same — that of 2, and H is the hypothesis
supposing that the ,,true’ distribution Py« of the sample is such that the index
belongs to this subset. Let 2, be the above subset of 2 and, consequently,
let Py, = {Py: GE.QO} be the distributions of the sample consistent with the
null- hypothems It is assumed that Q, =+ @ and 2, = Q — Q o @. The set of
(hetrlbutlons consistent with the alternatne h} potheSIS is clearly @D, =
= {Py: 0€0,}.

H0 is called a simple hypothesis if D, (or £2;) consists of a single
element. Otherwise, H, is a composite hypothesza

A rule by the apph(dtlon of which the acceptance or rejection of H,
is decided according to the result of sampling is called a criterion.V) Every

1) Contrary to the usual termmology, the word test is reserved for a concept to
be introduced later.

3*
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criterion may be characterized by its critical set i. e. by the set of all samples
to which the rejection of H, is ordered by the rule. In other words the critical
set is the set of significant samples. Only rules having measurable critical
sets will be called criteria.

In principle, any measurable set may be chosen as the critical set of
a criterion. The problem of the theory of statistical hypothesis is to choose
a set the use of which relatively seldom leads to false decisions. False decisions
can occur with all criteria. An error of the first kind is committed if the null-
hypothesis gets rejected in spite of it being true ; an error of the second kind
is arrived at if the null-hypothesis is accepted in spite of it being false.
C being the critical set, these two errors might occur in the following way:
if 6* is the “true” index, i. e. the “‘real” distribution of the sample is Py €D, ,

1:1) 0*cQ, and x€C
(error of the first kind) ;
(1.2) 6*c2, and z€X-C

(error of the second kind).
Thus it follows from the relation Py(X — C)=1— Py(C) that a criterion
is the better, the smaller is the value of the power function

(1.3) p(0) = Py(C)

in the case of 0 € £2, and the larger it is if 6 €£2,. The probability of committing
the error of the first kind is namely p(6*) (0* €£2,) and that of the error of the
second type 1 — p(0%) (6*€Q,).

In case of a simple null-hypothesis the probability of committing an error
of the first kind is called the size of the criterion. This definition may be
immediately transferred to composite null-hypotheses in the case of cri-
teria having critical set C for which

(1.4) P(0)=a heQ,

holds. The probability of committing an error of the first kind is determined
by the null-hypothesis in this case too. The size of such similar criteria is
a given in (1.4). In general case the least upper bound of these probabi-
lities, i. e.

(1.5) o = sup p(0) = sup Py(C)
6e2, e,

is called the size of the criterion. To a criterion having a size a at most,
(1.6) p(0) = Py(C) < a for 0€L,

holds.

It is reasonable to require a criterion to reject the null-hypothesis more
often when it is false than to do so when it is true. In terms of the power
function, it is required for every pair 0,€£,, 0, €2, that

(1.7) p(0p) < p(0,)
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should be true. If a denotes the size of the criterion, (1.7) is equivalent to
(1.8) p0)=a for 6H€2,.

Those criteria which fullfill the above requirements are called unbiased
criteria.

A family of criteria is called a test if

1° for every level a (0 < a < 1) there belongs a criterion having the
size @ at most ;

20 & samp]e being significant on a level o, is also significant on any
level O > 0y

32 the set of samples being significant on an arbitrary level o’ <
is identical with the set of samples being significant on the level a.

Denoting the critical set of the criterion, corresponding to the level
a, by C,, the above conditions are equivalent to the following :

17 for every level a (0 < a < 1)
(1.9) PyCo) <a for 0€Q,;
27 for every pair of levels 0 < a; < a, < 1,
(1.10) 0P =4

holds
32 for every level & (0 < a < 1)

(1.11) UCs =C,
A test is called continuous if for every level a (0 < a < 1) the criterion
having O, as its critical set, is exactly of size a, i. e. instead of (1.9)

(1.12) sup Pt =
e‘()
holds for 0 <.a < 1.

The notions defined earlier for criteria may easily be extended to cover
tests as well. Thus a family of criteria is called a similar test or unbiased test,
respectively, if it satisfies the conditions 17 — 37 and every one of its criteria
is similar or unbiased, respectively.

The real valued measurable functions T'(x) defined on the sample space,
are called statistics. The distribution function of the statistic — in the case
of P, — is the function

(1.13) Fyy=Pile: T(xy < ) .

Tests can be derived from any statistic 7'(z) e. g. in the following manner :
the sample @ is called significant on the level a if

(1.14) T(x) < ta

The constants ¢ (0 < a < 1) must be so selected that the system of the
corresponding critical sets

(1.15) 0 ={&: Tle) < k) o= a=<1
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should satisfy the conditions 17—37. For this purpose the upper envelope
function

(1.16) F(t)= sup Fy(t) = sup P{w: T(a) < 1))

of the distribution functions of Fy(¢) according to the null-hypothesis and its
generalised inverse,? the function F(-Y(a) should be formed.
Then the value of f, may be defined by the following relation :

{1am te = F(a) dazl .

It can be easily seen, that the family of criteria of the form (1.15) obtained
in such a manner really forms a test.

1

1. dbra

Supposing that g is a strictly increasing and continuous function defined
over the range of 7', then the statistic o7' defined by the relation

(1.18) oT(z) = Q(T(x))

generates the same test as 7. In other words : considering as equivalent the
statistics that may be obtained by strictly increasing and continuous trans-
formation from one another, to every equivalence class of statistics there corres-
ponds uniquely a test which is called the test generated by this equivalence class
of statistics.

The converse of this fact is also true : fo every test there corresponds
untquely an equivalence class of statistics any element of which generates this test
in the form of (1.15).

To demonstrate also the converse of the theorem, let us define the fol-
lowing statistic for the critical sets €, occurring in the conditions 1°—37:

(1.19) Liz) = inf {o: € Ca} x€EX .

2) The generalised inverse function FD of the function # may be determined
€. g. in the )f.'ollowing way : FOEYa)=0 for a<0; F(_l)(a) =1 for a>1 and
F(_l)(a)z Inf {t: Fiy=a) for O<a<x];
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L(x) is the ,,smallest* level at which the sample is still significant. This statistic
is called the moving level of the test having the sets {C.} as critical sets. It is
clear that the test generated by this statistic is identical with the original
test i. e.

(1.20) CL=0, 0<a<l,

(cf. e. g. [11], p. 80). This proves the converse of our assertion.

It should be observed here that in the relation (1.15) the signs <, >
or > may figure instead of < as well, whereby everything that has been stated
above so far would remain valid with suitable modifications. The tests used
in practice are derived from statistics by the employment of the sign = in
(1.14) (t-test, x2-test etc.).

Let us now proceed to the distribution of the moving level L defined
by the relation (1.19). Let Fy(¢) denote the distribution function of L(x)
in the case of P,. It follows from the definition of L(z), that for every 6 €2 the
distribution function F(t) is defined in the interval [0,1], i. e.

(1.21) Fy0)=0 and F,1+4+0)=1.

Furthermore, let U denote the uniform distribution function over the interval
fo,1], i. e. put

0 for £E<£0
(1.22) Uty={t for 0<t=<1
L dfor =10

Then the following theorem is true : f the null-hypothesis is true the dist-
ribution function of the moving level of any test, is everywhere at most as
large as the uniform distribution function over the interval [0,1], 7. e.

(1.23) Fo ) < U(@t) - for 0,68,, 02121,

Furthermore: the distribution function of the moving level of any unbiased test,
in the case of any possible distribution consistent with the mull-hypothesis s
everywhere at most as large as the distribution function of it in the case of any
possible distribution consistent with the alternative hypothesis, i. e.

(1.24) Fo(t) < Fo(t)

whenever 0,€ 2, and 0,€2,.

Both statements follow directly from the definition of tests and unbiased
tests, respectively.

If the test is continuous and either the null-hypothesis is simple
or the test is similar, equality holds identically in the relation (1.23). In other
words : in this case the moving level is uniformly distributed over the interval
{0.1] assuming the null-hypothesis to be true.

In the case of unbiased tests it is easy to give an intuitive interpretation
of the inequalities (1.23)—(1.24). For this purpose let us define a partial
ordering in the set (£ of all distribution functions F defined on the intervaj
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[0,1] in the following way : for two elements F,, F, of (F# the relation
F, < F, should mean the following :

(1.25) Fy(t) = Fy(t) forall 0<t<1
and
(1.26) Fy(to) > F(ty)

for some 0 < ¢, <1. Without the latter, the fulfillment of (1.25) is indicated as
follows : F; = F,. The sense of the “direction” of ordering is shown by the
following fact : in case of F, = F,, two random variables, & and &,, can be
given in such a way that the distribution function of &, is F,, the distribution
function of &, is F, with probability 1

(1.27) EE5,

holds and in case of #; < F, the event & < &, has a positive probability.

Turning to the problem of the moving level of unbiased tests, the
relations (1.23)—(1.24) can be rewritten in the following way: if the null-
hypothesis is true i. e. for 0,€£,, the relation

(1.28) Fo=U
holds, while for every pair 6,€£2,, 0, € £, the relation
(1.29) Fo = Fy,

holds. Intuitively, this means that in case of the null-hypothesis a higher
moving level may always be expected than in case of the alternative
hypothesis. Thus we are getting back to the intuitively evident fact that the
smallness of the moving level indicates the acceptance rather than the alter-
native hypothesis.

The subject of the present paper is the following : A set of experiments
is given in which the statistical hypotheses are in the following connection
with each other : either the null-hypothesis is true in each experiment or the
alternative one is valid in each case.?> Each experiment is evaluated by a test
i. e. a statistic is selected and the actual value of its moving level is obtained.
It is supposed that these statistics — hence their moving levels as well — are
independent random variables in each cases. Considering the joint truth of
these null-hypothesis as a new null-hypothesis it is desiderable to evaluate
this new problem by an ‘“overall” test, in other words : to combine the inde-
pendent moving levels to one single moving level. This is called the combi-
nation problem.

i %) Examples a)—c) for such sets of experiments have been given in the Intro-
uction.

1) This will certainly be the case if the experiments are independent of each other.
It may happen, however, that, to evaluate the same experiment, two different tests have
been employed and the statistics generating them are stochastically independent of
each other in case of each possible distribution. The moving levels of these tests may
be treated as different levels for combination.
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Let 6©,, 6,, . ..., 0, denote the index sets in the experiments, and let
(1.30) 0,=0,U8, (O N Oy = @)

be the decompositions of the index sets into the subset of the indices according
to the null-hypothesis and that of indices according to the alternative one.
Because of the supposed connection of the null-hypotheses, either one of the

indices (0.g; Oags - - s Org) (01y; €G08 =1,2, ...,7) or one of the indices
(0115 Oy, - .., 0,) (0,€0;,i=1, 2, ..., r)is true in the set of experiments.
Let the r-dimensional distribution functions
r
(1.33) Fitote «ualll= [lI Fiplt)
i=
be constructed from the distribution functions ¥, of the moving levels Z;
according to the index 0, € @,, but only for the indices 0 = (8;, 0,, .. ., 0,)
drawn from one of the direct product sets @;yx Oy x ...x0, and

011X Oy X ... x 60,. The distribution functions which can be obtained in
this way will be indexed by a set 2 . Let

(1.34) R=0,UL, (2N =)

be the decomposition of £into the subsets according to the direct sets above.
Then the combination problem is equivalent to the following hypothesis testing
problem. the possible probability distributions are generated by the distribu-
tion functions (1.33) defined on the sample space K, (i. e. on the r-dimensio-

nal unit cube) and in case of the null-hypothesis (6, = (639, Os - - -, 0,5) €2;)
the relations

(1.35) Fio 22U Bi= 152 o
hold. Further, in the case of unbiased tests, the relations

(1.36) Fie = Fie, — 101325
hold for any pait 6f 5= (055, 0505 -1--5 Brp) ADd 0y = (0135 055 5020051 07) with

by €2, and 6, €2,.

§. 2. The Class of Monotone, Compatible and Normed Combinations

The solution of the combination problem is sought in the form of a test,
that is to say, in the form of some function of the moving levels. Since the
number of experiments evaluated by tests tobe combined may differ from
time to time, it is reasonable to seek at once for the solution in the form of
a family of combinations, which supplies a combination for every num-
ber of experiments. The easiest way obtaining this is to form the empi-
rical distribution of the “sample’ consisting of the moving levels permitting
in it different weights for the individual levels. For any number of experiments,
this function is a discrete distribution function defined on the interval
[0,1]. Thus it is reasonable to seek the solution of the combination problem in
the form of a functional ¢(S) defined on the set & of all finite discrete distribu-
tion functions 8 defined on the interval [0,1]. It may be observed that, owing
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to the characterisability of tests by statistics as discussed before, it is suffi-
cient to restrict the treatment to the equivalence classes of functionals which
are invariant under any strictly increasing and continuous transformation.

Let E, denote the (degenerated) distribution function of the constant ¢,
i. e. let be

0 for u <t
2.1 E(u)= i
&b 1) {1f0ru>t.
1
|
Fl,l |
|
|
/ :
I
I
[
7
/// |
I
[
|
0 b 1
2. dbra
If the weights corresponding to the experiments are A, 4y, ..., 4, (4 =

>0,%=>20,..,4=20; 4, +4+ ...+ 4 =1) then the weighted empiri-
cal distribution function of the level set L, L, . . ., L, is defined by the relation

(2.2) S=FV,E .
i=1

In an other form this function is the following :

(2.3) Sty=4; .

Li<t

By any possible value of the number of levels, the weights and the levels, the
functions § defined by (2.2) or (2.3) are finite discrete distribution functions, i.e.

(2.4) Sed.

The intuitive interpretation of the “joint” null-hypothesis explained
above suggests to require from the functional ¢ to be monotone according
to the partial ordering defined in §. This is contained in the following

Postulate 1. (monotony). For the functional ¢

2.5) #(8,) < 9(Sy)
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should be hold for every pair of distribution functions from § with
(2.6) & =8,

This postulates expresses the evident requirement that a set of levels
should be more significant than another if the levels of the former are more
significant than the corresponding levels of the other set.

Weighting the elements of the set of levels the following problem arises:
if some- set of levels with’ weighted elements are joined to an overall set of
levels, how are the levels to be reweighted in this new set? Thus the demand
arises for the weighting of the different set of level sets between each other,
as well. Let 4,;, 4y;, . . ., 4..j denote the weights corresponding to the elements
of the set of levels Ly;, Ly;, ..., Ly (Ay20,29; 20, ..., 4,,; 2 0; 4,; +
+ A+ ... +4,,;=1). If w; denotes the weight corresponding to the set
Lje Liggs wv sx gy (g Z 0, W = 0, . .., We =05 Wy + W+« .- +uy=1),
it is reasonable to choose the weight of the level L;; in the overall set Ly,
Liggs i35 o Ly Lovps Lo o + g By = = oy Abign Bty v o5 Dg DO DOA 0 [E=—1, %, o2 5 73
j=1,2, ... k). According to this, the weighted empirical distribution func-
tion § of the overall set of levels is

k
where
(2.8) 8;= 2 4y By,

i=1

is the empirical distribution function of the set L;, Ly, . . .. L,;; (j = 1, 2, .. ..k).
It is reasonable to demand of the combination that in case of joining
different sets of levels the value of the combined level should be uniquely deter-
mined by the values of the weights corresponding to these sets and the values
of the combined levels of the individual sets of levels. This demand is exp-
ressed by the following
Postulate 2 (compatibility). The identity

k
> W S}"]
=

should be fulfilled by an arbitrary weight system w;, w,, ..., w, if S}€8,87€S
and

(2.10) ¢(87) = 9(87)

(=L 20 e k)

The following postulate is devoted to express the evident requirement,
that the value of the ‘“combined” level of a “set” consisting of a single level,
should agree with the value of this level.

“Postulate 3 (normedness). The following identity should be fulfilled :

(2.11) p(E) =t for O =<1,

e
2.9) o| S, S}J —
j=

These three postulates referring to the combination, are equivalent to
the conditions occurring in the characterization of the mean values. More
precisely the following theorem is true :
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Characterization of the mean values (NAGUMO—KOLMOGOROV—DE FINETTI;
see e. g. [7] pp. 158—163). For any functional ¢ satisfying Postulates
1—3 a strictly increasing and continuous function x(t) can be given with the
property

1
(2.12) @(8)=x! j'x(t)dS(t)] for 8¢ .
0 )

Here = is the inverse function of y.

Conversely : any functional ¢ of the form (2.12) with average function
x having the above properties satisfies Postulates 1—3.

It should be observed here that from the form

r

(2.13) S= >AiEL,

i=1

of the distribution function § the following formula for ¢ can be
obtained :

= ! ( g;li Z(Li)] g

This is equivalent to (2.12). From this form it is clear that these functionals
are the weighted means of the levels L,, L,, . .., L,, weighted by the weights
A Ay, ..., A, and averaged by the function y(t).

It is worth-while to quote the proof of this theorem, which comes actually
from D FINETTI.

Let us consider first the following family &7 ={I,:0 < ¢ < 1} of finite
discrete distribution functions where

(2.14) P(8) = qo( = By,

(2.15) L=(1—-HE,+tE,=EDES .

Evidently

(2.16) Iy=E, and I,=2£FE, ,

further for every pair of ¢, {, with 0 < ¢, <t, < 1

(2.17) L = B

holds. Moreover, for any weighting system 4;, 4,, ..., 4, and for any set
bl v b 02621, i=1,8, .cud)

(2.18) %z,. I!‘.:Iié‘;iri

holds. Let now be

(2.19) h(t) = @1, O<it=<1 "~

Owing to the relation (2.16) and to the monotony of ¢, A(t) is a strictly
increasing function of ¢, further, on account of (2.15),

(2.20) h0)=0 and h(1)=1 .
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It can be proved that ¢ is continuous as well. Namely, if A(¢) would have, for
instance, a right discontinuity in a point ¢, €[0,1), that is to say, A(f) <
< h(t, + 0) would hold, there would be such a number %, for which

(2.21) h(ty) < hy < hity + &)

would hold for every arbitrarily small positive value of &. From this it
would follow that

(222) Eh({n) = Eho - Eh(1°+€)

and, for an arbitrary té[o,l],

(2.23) %Eh(eo) + %Eh(t) < % FyF % Ey < % Eo+e)+ % E

and in such a way, on account of the monotony of ¢,

(2.24) ¢ (% By + 3 B i) <4di=9o (%Eho +3 Eyp) < (p(%Eh(fo-FE) +3Em )
would hold. But

(2.25) P(E ) = h(t) = @) ,

hence, from the compatibility of ¢,

: b f
(2.26) ¢(21Eh(,n)+%Eh(r))=<P(%Ito+%L)=‘P(Iﬂ)=k[0+]
2

and, by a similar reasoning,

| | t, 4t 4 ¢
(2.27) ¢(%Eh(to+€) - %Eh(t) )= ( % Toiet %I,) = (P(It.,+t+e) =2 (ﬁ—ij
2

would follow, consequently, on the basis of (2.24) — (2.27),

(2.28) h [%THJ <A, <h {f‘i;ie]

and hence for every possible value of ¢

(2.29) h(%) <h(t°T+t+0

would hold what is impossible, since a monotone function can have at
most a denumerable number of discontinuities.

Thereafter the inverse of the strictly increasing and continuous function
h(t) may be formed. Let us denote by it y(f). Evidently

(2.30) o) = t = h(z(t) = ¢(Ly»)



184 LIPTAK
consequently on account of the compatibi]ity of p and because of (2.17)

[Z Al 0

(8) =

\AEL
i=

=9 (I):z, 7<L,>)

(2.31) =h(§xix<Li] —121 )—x |M )dS(t)

Since the converse of the theorem is trivial, the proof is ended hereby.

Applying this theorem to the combination problem it may be stated :
the class M of monotone, compatible and normed combinations coincides with
the class of those combinations which — as tests — are generated by one of the
weighted means of the levels. As an average function any function which is strictly
increasing and continuous in the interval [0,1] may figure.

Considering the fact that a statistic is determined in any case by its
test only up to a strictly increasing and continuous transtformation, the statistic
in (2.14) can be replaced by

(2.32) 2 AL
i=1

A combination of M may be obtained e. g. if the inverse of the distri-
bution function of a random variable is chosen to be yx the density function
of which vanishes outside a finite interval, while it is positive within the same.
Example : the variable is uniformly distributed over the interval [0,1], x(t)=(
and the combination is based on the weighted arithmetic mean of the levels.

The same may not be stated in the relation of an infinite interval : the
inverse function of such a distribution function has infinite limiting value
either at 0 or at 1 or both, and therefore it cannot be continuous in the closed
interval [0,1]. Accordingly, the functional based on it is monotone only if no
level is equal to 0 or 1, respectively. Since in practice these cases are uninte-
resting, it is reasonable to enlarge the class M to those combinations the
generating statistics of which is of the form (2.32) but the function y(¢) occur-
ring in it is to be supposed continuous only in the open interval (0,1).
Let M* denote this class of the compatible, normed and “almost every-
where” monotone combinations.

An element of M * may be obtainied e. g. if the inverse of the distribution
function of a random variable is chosen to be z the density function of which
vanishes outside an arbitrary (finite or infinite) interval, while within it is posi-
tive. Example : the variable is normally distributed with expectation 0 and
variance 1, y(t) = @—1(t) where

t

(2.33) D(t) = . J e 2 du

is the (standardized) normal distribution function. Also the geometrical,
harmonical and arbitrary power means of the levels may be mentioned
corresponding to y(t) = log t, t and t* respectively. The (ordinary) geometri-
cal mean is equivalent to FISHER’s ‘‘omnibus test’” [3] while the weighted
one to its generalization introduced by Goobp [4].
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It is not intended to analyse in this paragraph how the choice of a
combination from the class M/* should be made. Here it will be given only
how to calculate the combined level in case of a given averaging func-
tion and weighting system.

Let us take first the case in which all levels to be combined are uniformly
distributed over the interval [0,1] if the null-hypotheses are true (this is
the case of continuous tests, everywhere either the null-hypothesis is simple,
or the test is similar). The random wvariables x(L,), x(lLs), ..., x(L,) are
independent and, in case of the nullhypotheses, they are identically dist-
ributed with the common distribution function x~1(¢). Consequently, in this
case the task — to determine the distribution function of the statistic of the
form (2.32) if the null-hypotheses are true —is reduced to determine the
distribution function of a linear form of independent and identically dist-
ributed random variables. If this distribution function is G,(t), the combined
level L — taking the relations (1.14) — (1.17) into account — will be given
by the formula

(2.34) =g, (gzi x(L,.)J i

In the cases when x is the inverse of the Cauchy- or the normal distribution
function, the determination of G, can be very easily achieved. If y(t) = C~1(t)
where

t
1 du
2.35 ) = —
(2.35) Ve

is the (standardized) Cauchy distribution function,
(2.36) G,(t) = C(¥)
holds (see e. g. [1], p. 247, equ. (19.2.3)) and therefore we have

(2.37) =0 [ > 0—1(L,.)) .
i=1

If x(¢t) = @-(t), where @D(t) is the normal distribution function given
in (2.33),

t
2.38 G (t) =D .
e o (Vﬂ%+z%+...+z%]

therefore we have

(2.39) T _a [/11 O~y + 8P UE) + . o 1A <D—1(L,)J .

VE+2+ ... +2

Concerning the general case we observe only that in case of conti-
nuous tests the exact level is given by the above equations, otherwise
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these values may also be used as upper estimates for the exact ones (see concer-
ning this the papers 8], [12] and [17]).

§ 3. Admissibility and Unbiasedness of the Elements of M*

In this paragraph two good properties of the class of M* will be shown
to support the restrictions introduced in § 2.

First, the following theorem will be proved : every element of M* is an
admissible solution of the combination problem, i. e. there can be given a
hypothesis testing problem for every strictly increasing and continuous function

%(t) defined on the interval (0.1) and for every weight system A, 2o, . .., A in
which the element of M* corresponding to the function y and the system 2,
Asy oo A U8 the optimal solution of the combination problem.

To prove this theorem a simple alternative testing problem will be
given for every element of M*. A simple alternative testing problem is a
hypothesis testing having the following structure: there are given only two pos-
sible distributions P and P; on the sample space X.and the null-hypothesis
state P, to be the ,,true” distribution of the sample. The moving level of the
test generated by the statistic 7T'(x) according to (1.14)—(1.17) is obviously

(3.1) L) = Gy(T(=)) ,

where G, is the distribution function of 7' in the case of P,. L(x)hasthe distri-
bution function

(3.2) Folt) = GG I() or Fy(t) = G(G52()

according as to P, or P; is the , true” distribution of the sample X. Here G,
denotes the dlstrlbutlon fun( ‘tion of 7' according to P;, and G§ V) is the general-
ized inverse of G,.

Let simple alternative testing problems be given where the statistics
T, @=1, 2, ..., r) generating the tests are mutually independent random
variables .The posmblp distribution functions G, and G;; of T, are supposed
to be absolutely continuous with density functions g, and g belng positive
in an interval and vanishing outside of it. Then the moving level L; is uni-
formly distributed according to the null-hypothesis, i. e. its distribution
function is

(3.3) Fot)y=Ut) =t 0<t<1,i=12,...,r
in this case and it is
(3.4) Fa@) = G,-I(G,-;l(t)) == Bia=1,2....51

according to the alternative hypothesis. Here G denotes the ordinary inverse
of Gy,

“The hypothesis testing problem equivalent to the combination of these
independent tests can be solved optimally by the use of the fundamental
lemma of NEYMAN and PEArsoxN (see e. g.[1], pp. 529—531). The optimal
test is generated by the statistic

(3.5) T, ... L)= > logloL

i=1 le
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Here f,, and f; denote the density functions of the distribution functions
F;, and F, respectively. Since

(3.6) flt) =1

on account of (3.3) and

d = gil(GE)l(t))
3.7 fu(t) = — Gu(Gig* () = —=——"—=
A ' di {Gith) 9:0(Gio'(t))

on account of (3.4), this optimal statistic is the following :

4 AGAL;
(3.8) B L s s By s Do 9 Gio" (L))
i=1 91‘1(Gi_ol(Lz))
The combination generated by this statistic is equivalent to the element
of M* characterized by the statistic

(3.9) = Ao(L)
if and only if there exists a strictly increasing and continuous function p for
which

4 ACT:, r )
(3.10) - loggf"(G‘%IM =g l) A x(L,-)J
=1 guy(Gi(Ly) i=1
holds identically. It follows that ¢ may be only a linear function, hence
the above condition may be rewritten in the following form: there should

exist constants a > 0,6,,b,, ..., b, such that
. =T
(3.11) logg'—"(gﬂ(L’))-:alix(L,-)-f—bi $=1,2,..0f 3
) 9a(Gi (L))
el
(3.12) 9i1(8) = gio(t) e~ %2 Gesl®)—b; n=l1g2 et

holds identically in .

Distribution functions G resp. (;, may be easily constructed which
satisfy the conditions (3.12). To show this let H be any function which is
strictly increasing and continuous, further, which maps the interval (—oo, o)
into (0, o) (e. g. H(t) = €'). Let @, be defined by

(3,13) Gio(t) = Golt) = x~Y(H()) = 0 N
where y=1(t) = 0 for i < x(0) and y=(¢) = 1 for ¢t = %(1). Then the functions

Giolt) = {g"(t) = Golt) for x(0) <t < x(1)

(3.14)
0 for ¢ < x(0) or ¢t > x(1)

are probability density functions and the integrals

t
(3.15) j Fiolw) e—ak H@W~bi gy i=1,2,...,7

4 A Matematikai Kutaté Intézet Kozleményei I17./3—4.
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define the alternative distribution functions G, if the constants @ > 0 and
by, by, ..., b, are suitable chosen. Namely, let a = 1 and

(1)
(3.16) b, = log J Go(w) =4 dy i=1,2,...,r
2(0)

The integrals (3.15) and (3.16) exist according to
(3.17) 0 < e-4HE) <]

which follows from 4; > 0 and H(u) = 0.
To see an example, put x(f) = @-1(¢). Choosing now

[
(3.18) Gty =P ) i=12,...,r
ailVn;
and
(3.19) &= s . il B r
with ¢; > 0, »; positive integer, u; <0 (=1, 2, ..., 7). Then
t— u; ;
3.20 Gq () =D —= g =D e
: : o [m/VE)

The constants n;, o; and y; should be chosen so that the relations

=k
2 = ) = by
(3 ].) ll o_i/v—’,; ? 1, 2, r

be valid.

This set of experiments can be interpreted as follows : a sample of size
n; was drawn in the ¢th experiment for a random variable having known
variance ¢? and expectation O in the case of null-hypothesis and x; < 0 in
the alternative case (¢=1, 2, ..., r). For the combination of these
tests the method based on the statistic (3.9) with y = @-1 is optimal.

In what follows it will be further proved that combining unbiased tests by an
element of M* this combination — as a test used for the sample consisting of
moving levels — is unbiased. In other words : if the relations (1.34) also are
valid for the possible distribution functions F;, of the levels besides of (1.33),
and yx(t) denotes any strictly increasing and continuous function defined on
the interval (0,1) and, further, if H; is the distribution function of the com-

bined level L in the combination (from M*) generated by the statistic

(3.22) B (g;li X(Li))

in the case of 0€Q, then besides the relation

(3.23) Hy, = U
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being valid for every 6, € 2, the relations

(3.24) H,, = Hp,
i e.
(3.25) H;, (t) < Hy (1) ==l

hold for every pair 0,€Q, and 6,€Q,.

Let Gy denote the distribution function of the statistic (3.22) in the case
6€ Q. The relations (3.25) will follow and so the theorem will be proved if
we succeed to show that

(3.26) Go,(t) < Go,(t)

holds for all 6,€2, and 6,€£,. For this purpose let us consider a random
variable 7 uniformly distributed over [0,1] and, keeping fixed the indices

(3.27) 0= Wins Bogis o« s D) €00 88 Oy =05, 0y« o+ 04) €5
occurring in (3.26), let us write :

(3.28) Eio= F(,.'—elig (1) b= 10D o S
and

(3.29) En=F(D(n) t=1,2...,7r.

Here F,,, resp. F;g, denote the distribution function of the moving level
L; in the case of 6, and 0., respectively. As it is well-known, &, is then distri-
buted according to F;j, and &; according to Fi,, (see e.g. [15], p. 183),
i. e. the distribution of the moving level L; coincides with that of &, or &;
according to whether 6, or 6, is the “true” index. Besides the empirical distri-
bution function

(3.30) S=_1E,

of the levels L;, L,, ..., L, the functions

r

(3.31) Ry=2 LB

sio
i=1

and Rl = 221 Efi:
i=1

can be defined, observing that R,€S§ and R, €S as well as S€S. Denoting by
@, the statistic (3.22) in functional form

1
(3.32) w8 =7 z(t)dS(t)J ,
0

it is obvious from the definition of R, and R, that the distribution of the ran-
dom variable ¢,(8) coincides with that of ¢,(R,) or ¢,(R,) according to whether
0, or 0, is the “true” index. But the relations (1.33) and (1.34) imply that for
every elementary event

(3.33) §io =&y

A%
5
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and therefore at the same time

(3.34) R,= R,
holds, from which
(3.35) @,(Ry) = P,(R,)

follows for every elementary event, being the functional ¢, monotone. The
desired relation between Gy, and G, can be easily derived from (3.35).

§. 4. A Connection Between the Monotone and the Bayes Solutions of
the Combination Problem.

It will be proved in this Section that the postulate of monotony of
combinations introduced in § 2 is not too restrictive in the following sense :
for a rather typical class of tests every Bayes solution of the combination
problem is generated by a monotone statistic.

For this purpose let the notion of Bayes solution of a hypothesis tes-
ting problem be defined. Let (o = {Py : 0 €£2} be the system of possible distri-
butions defined on the sample space X (precisely, on the measurable space
(X, o)), and let the null-hypothesis be characterized by the subset 2, C 2, where
2,#+2 and 2, = 2 — Q, # & is the subset corresponding to the alternative
hypothesis. Considering some o-algebras @, and @&, consisting of subset of
the index sets £, and £,, respectively, prior distributions can be introduced,
i. e. probability measures @, and ¢, in the measurable spaces (2,, @B,) and
(2,, B,), respectively. Supposing the measurability of the functions P (A4)
and P, (A4) for fixed A€ £ withrespect to B, and B,, respectively, the pos-
terior distributions

(1) Po,(4) = | Pu,(4)dQu(60)
and G
(4.2) Po,(4) = [ Pu,(4)dQy8)

0
2,

can be formed which are probability measures defined on the original measu-
rable space (X, A).

Then a new hypothesis testing problem can be considered the possible
distributions of which are Pg and Py and Py, corresponds to the new null-
hypothesis. The optimal solution of this new problem can be determined by
the fundamental lemma of NEymax and PrEarson ; this test is called a Bayes
solution (corresponding to the prior distributions @,, @,) of the original hypo-
thesis testing problem.®

The theorem to be proved can now be formulated as follows. Let C be the
class of all tests the distribution function of the moving level of which s strictly
increasing convex or concave function defined on the interval [0,1] according
to whether the null-hypothesis or the alternative is true (Figure 1)7). If a com-

8) The definition given here is a simple extension of the usual one (see e. g.[9]
p. 5) from criteria to tests (in sense of this paper).

7) Every uniformly most powerful, uniformly most powerful similar or unbiased
test belongs to the class C.
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bination problem contains only lests belonging to the class C, then every Bayes
solution of this problem is generated by a statistic which is monotone in sense
of the definition given in § 2.

The importance of this theorem is clear from the fact that the class of all
Bayes solutions in a relatively wide and typical class of hypothesis testing
problems are ““‘complete’, i. e. for every test there can be given a Bayes solution
which is at least as good as this test. (See e. g.[16], pp. 130—138.)

In the proof of the above theorem the fact will be used that the posterior
distributions may be derived from the posterior distribution functions defined
by the relations

(4.3) FQo(tl’ by s ty) = j HFi,Osu(ti) on(em) 020* ««+s0r9)
o =1

and '

(44) FQl(tlv t23 CECEY ] tr) == ‘ H Fi,‘fsl(ti) dQl(ell’ 021’ L Grl)
o I=]

Q

Here @, and @, are the prior distributions introduced on the sets 2, and Q,,
respectively, in such a way that the functions F;. and F;., are measurable
with respect to the corresponding o-algebras.

As the functions F;, and F;,, are strictly increasing and continuous,
further the functions F;., are convex and the functions F;,, are concave
(¢=1,2,... r), their derivatives

(4.5) Tigu(t) = Fie(t)
(4.6) fiou(t) = Fi e, (2)

exist and the functions in (4.5) are strictly increasing, while the functions in
(4.6) are strictly decreasing. Since the possible density functions of the sample
of this posterior hypothesis testing problem are defined by the relations

b—=1,12:1 . 57T

- s lbi by ool g
wn el ol) [ 1T fi0t) 20000 - 1B
o,
and
BTl o il h
SO = I it dQ@u(613 s, . 6,)
20t )i

the statistic occurring in the fundamental lemma of NEymMaN and PeEArRsoN
is given by

J lll- fi,ﬁ[,,(ti> dQO(OIO ) 620 3w 6,0)

(4.9) Tty by, . .o t) = L —
J I 1t 440 8.6
o)

But this statistic is a strictly increasing function of ¢, ¢,, . . ., ¢,. This property
of T is obviously equivalent to the statement of the theorem.
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§. 5. A Property of Fisher’s ¢*Omnibus Test”

J. NEymaN and E. S. PEARSON in their paper [11] developed a principle
to determine a ‘‘natural” test for composite hypotheses. This “principle of
likelihood ratio’ is available in case of existence of the “likelihood function’
of the sample drawn to test the null-hypothesis. This statistic is the frequen-
cy function of the sample, or, in exact terminology, the ““generalized (Radon—
Nikodym) density” of the sample distribution. Thus the existence of the
likelihood function is connected to the assumption that the possible distri-
butions of the sample form a dominated set of measures (see [5]). Under the
validity of this assumption let

(5.1) Py(4) = | fow) du(a) Acot
A

be the possible distrubitions of the sample z. Let as before, 2, resp. £, denote,
the subsets of £ corresponding to the null-hypothesis resp. to the alternative
one. uis a fixed o-finite measure defined on (X, c#). The measurable function to
fo(z) occurring in (5.1) is the generalized density function of the sample.

The principle of likelihood ratio means the following method: consider
the — so-called likelihood ratio — statistic

sup fo,()
(5.2) R(z) = %2
BUD Jlet

and use the test generated by R in the sense of (1.14)—(1.17). This is the
likelihood ratio solution of the problem.

Various authors succeeded in proving several good properties of this
principle (see e. g.[9]). Here only the following theorem — related to the
combination problem — will be proved: if the test to be combined is similar and
the possible distribution functions of the levels are all belonging to the class C defined
in § 4, then the likelihood ratio solution of the combination problem is equivalent
to Fisher’s “ommnibus test”.

To prove this theorem let us remark first that in the combination
problem the likelihood function is

(5.3) foty tas . ot) = T oot

where, as before, f;;, denotes the frequency function of the level L; in the
case of 0 = (0,,0,, ..., 0,) €2 (see (4.5)—(4.6). On account of the assumptlon
of similarity,

(5-4) fl@;o =1 0§t,‘§1, p=1s2 5l
if 6, = (049, Osg, - - -, 0,9) €82, and thus for the likelihood ratio the relation
(55) -R(tly tg, c ey tr) — L

sup ]_[ finto)

6=(61,02,...,5 )62 ;=
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holds. But for any fixed z and ¢; (0 < ¢, < 1,1 <7 < r) it follows from the
assumption of concavity of the functions F;,, that

1 |
(5.6) S@ﬁd@z;
where tl is the value, at ¢ = ¢,, of the left derivative of the distribution function
i for 0 <t <t
(5.7) Fi )=t ety

1 forf;<t=<1

which is the upper envelope of some functions F;g, (see Fig. 2). On account
of (5.6), the likelihood ratio is

(5.8) i S R T R

which is equivalent to FisHER’s “omnibus test”. this was to be proved.

§ 6. Choice from J/*: Combination by means of ®-!

The question arises naturally which combination should be used in
practice. The answer is not a unique one: the choice depends on the
available information concerning the experiments and the tests used in them.
As it was shown before, there corresponds a hypothesis testing problem to
each combination problem the optimal solution of which — if it exists — gives
the optimal solution for the combination problem too.

However, the need for combination of independent tests arises just in
those cases in which no or scarce information only is available : the inform-
ation consists, at most of the number of observations of the individual experi-
ments. Thus the restrictions introduced in § 2 are not too arbitrary : they
mean the necessary compromise with the insufficiency of information.

Further, the results of §§ 3 and 4 show that Postulate 1 is a rather natural
one, Postulate 2 indicates an intrinsically desirable property of combinations
(according to later similar combination) while Postulate 3 means only a nor-
ming in the set of combinations. Thus the only thing to be done is to choose
an element from M*.

Any choice has some arbitrariness, but it is suggested by a number
of reasons to choose the combination the averaging function of which is @-1
i. e. the inverse of the normal distribution function

t u

1 St
6.1 q) — e 2 .
(6.1) (t) Vam j e du

—

The formula of the combined level I of the levels Lj, L, . . ., L, with weights
Ay Ags ..., A, Tespectively, is the following :

WP NLy) + 4,9 L) + ... +4PNL)
Va2+3+ ... +4

(6.1) L=0o
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(ct. (2.39)). This combination needs very easy computational works and tables,
and, suitably choosing the weights, is optimal for a rather wide class of one-
sided hypothesis testing problems which may be characterized as follows :
the possible distributions are generated by densities belonging to the expo-
nential family (see e. g. (8.1) in [10] or (2.3) in [2]) and the null-hypotheses
are stating the validity of a one-sided 1nequahty for one of the parameters
in the density function. This question and similar ones will be treated in
more detail in a forthcoming paper of the author.

The weights occurring in (6.2) should be chosen as to express the effi-
ciencies (or the available information concerning these) of the tests used in
the single experiments. Thus 4; should be chosen proportional to the ,,expected”
difference between the null-hypothesis and the real situation and inversely
proportional to the standard deviation of the statistics used for testing in
the ith experiment (i =1, 2, ..., r). Generally, this standard deviation is
inversely proportional to the square root of the number of observations of
this experiment. If there is no information available but the number n; of
observations in the experiments (¢ =1, 2, . . ., r) the weights may be chosen
proportional to the square roots of these numbers, i. e. in this case

(6.3) I= @(W DYLy) + Vng D NLy) + ... + Vo, PXL
V'n1+n2+ ee. +m,

Formulae (6.2) and (6.3) apply equally to significance tests and to tests
for goodness of fit (e. g. for combination testings for normality). In case of
significance tests, however, the formulae

A O-1(1 — L)+ 4, D11 — L)+ ... +4DYL,)
Vﬂ%—}—lg—}—...-}—l% )

~

84 T=1-=-90

and
L T, [ (V”I‘p (1—Ly)+ Vny @21 — Ly) +-... + Vo, @711 — L,)‘)

Vn1+n2+...

(being equivalent to (6.2) and (6.3), respectively) are more easily applicable
as the tables of the function @-1(¢) (see e. g. [1] p. 557 or [15], p. 173) are
given in detail only for values of ¢ near to 1.

(Received December 20, 1958)
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FUGGETLEN MOZGO SZINTES PROBAK OSSZEVONT ERTEKELESEROL
LIPTAK T,

Kivonat

E dolgozatban szignifikancia-vizsgalatnal vagy illeszkedés-vizsgdlatnél
alkalmazhaté prébak mozgé szintjének nevezzitk azt a legkisebb, illetve
legnagyobb szintet, melynél az eredményt még szignifikdnsnak, illetve illesz-
ked6nek lehet mondani. A statisztikai gyakorlatban az egyes vizsgilatoknal
e mozg6 szint megadasaval szoktak jellemezni a kisérleti eredmények szigni-
fikans, illetve illeszkedd voltat. Gyakran el6fordul, hogy ugyanazon (vagy
hasonlé) hipotézisre vonatkozélag egyméstdl fiiggetlentl tobb kisérletet is
végeznek, de a kisérleti feltételek kiilonbozd volta és egyéb okok miatt az
adatokat egyetlen mintivd nem egyesithetik (normalitisvizsgalat). Célszerii
ilyenkor az egész kisérletsorozatot egyetlen mozgé szinttel jellemezni, mas
szoval az egyes kisérletekben kapott mozgé szinteket Gsszevonni.

A dolgozat 1. §.-ban megallapitjuk, hogy barmely préba mozgé szintje
olyan valdszintiségi valtozd, melynek eloszlastiiggvénye a nullhipotézis fenn-
alldsa esetén mindeniitt kisebb vagy legfeljebb akkora , mint a [0,1] inter-
vallumban egyenletes eloszlasfiiggvény. Torzitatlan prébék esetén az is igaz,
hogy a mozgé szint eloszlasfiiggvénye az alternativ hipotézis fennillisa
esetén mindig nagyobb vagy legfeljebb egyenls, mint a nullhipotézis alatt.
Mozgé szintek Osszevondsanak kérdését igy egy hipotézis-vizsgalati prob-
Iémava lehet atfogalmazni.

A 2.§.-ban kimutatjuk hogy néhiny célszerti tulajdonsig megkovetelésével
az Osszevonasok korét a mozgd szintek valamilyen stlyozott kozépértéke altal
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nyerhetd Osszevondsokra lehet lesziikiteni. A szerepld sulyok az egyes mozgé
szintek megbizhatosagara, a megtelel6 proba efficiencidjara vonatkozo esetleges
informaciékbol allapithatok meg. E kovetelések lényegileg a kovetkezok: 1. Az
‘Osszevonas ,,monoton” legyen, tehat két szint-sorozat koziil okvetleniil az els6t
mindsitse szignifikansabbnak (illetve illeszkedSbbnek), ha annakszintjei rendre
szignifikinsabbak (illetve illeszked6bbek), mint a mésik sorozat megfelels
szintjei. 2. Az Osszevonas ,,kompatilibis’” legyen, tehit tetszéleges szintesopor-
tok esetén az egyes csoportok Osszevont szintjei, valamint az egyes csopor-
toknak tulajdonitott sulyok értékei mar egyértelmiien hatirozzak meg az
egyesitett szintcsoport dsszevont szintjének értékét. 3. Barmely egyelem i szint-
,,sorozat’’ Osszevont szintje egyezzék meg e szint értékével.

Az Osszevonisok fenti M* osztdlya tartalmazza az eddig hasznalt
Fisuer-féle ,,omnibus test’-et [3], s6t, annak Goop-féle altalinositiasat is [4].
A 3. §.-ban megmutatjuk, hogy az M* osztilyba tartozé Gsszevonasok vala-
mennyien a szokasos definicié szerint elfogadhaték és torzitatlanok. A 4.
§.-ban bebizonyitjuk, hogy amennyiben csak bizonyos tipikusan ,,j6’’ probakra
szoritkozunk, az 6sszevondsi probléma valamennyi Bayes-megolddsa a 2. §.-ban
adott definicié értelmében monoton statisztikira alapozott osszevonas. A dol-
gozat 5. §.-4t azon tény bizonyitdsinak szenteljik, hogy a Fismer-féle
,,omnibus-test” lényegében ugyanezen proébak korében az Gsszevonasi prob-
léma ,likelihood-hidnyados™ megoldisa.

Végiil a 6. §.-ban az M* osztaly elemei koziil a normalis eloszlasfiigg-
vény inverze szerint kozepelt Osszevonast ajanljuk, amelynél az OGsszevont
szint képlete a kovetkezd :

Q) 7_o[hP M)+ AP )+ ... + 4 ‘p‘l(Lr)‘)
VB+2+.. +2 '

Itt Ly, L,, ..., L, az Osszevondsra keriil§ mozgé szintek, 4, 4,, . . ., 4, pedig

a nekik tulajdonitott stlyok értékei. Egyéb informéciék hidnydban A-t az

i-edik kisérletben szereplé megfigyelések =, szimanak négyzetgyokével ard-

nyosnak lehet venni. Ekkor a fenti képletben 4, helyett egyszertien |n-t

kell irni. Viszonylag kicsiny szintek esetén célszertibb a fentiekkel ekvivalens
(6.4), illetve (6.5) képletekkel szadmolni.

0 COBMECTHOM OLEHKE HE3ABUCUMBIX OIbITOB
T. LIPTAK

Pe3ome

B Hacrosieit padoTe JABHKYLIMMCS YPOBHEM KpHUTEpHH, IPUMEHHMMbIX
TIpM NIpOBEpPKEe 3HAYMMOCTH, HA3bIBAETCS TOT HAWHMU3UIMA YPOBEHb, TpPHU
KOTOPOM pe3yJIbTaT MOYKET ellé CYATAThbCsl CUTHUQUKAHTHBIM. B craTucruyec-
KO NpaKTHKe IIPU OTHEJIbHBIX HCCJIE[IOBAHUSAX 3aJaHMeM 3TOr0 JIBHIKYILe-
rocsi YpOBHSl XapaKTepPU3YWT CUTHU(PUKAHTHOCTL PE3YJILTaTOB  OIBITOB.
Yacto ciyyaeTcsi, yTO OTHOCHTEJIbHO OfHOH M TOH J>Ke (MIM ITOX0IXKHX)
THU0TE3 TIPOM3BOJMTCST HE3aBUCHMO JPYr OT Jpyra HeCKOJbKO OIIBITOB, HO
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W3-32 Pas3JMYHOCTU YCJIOBUIi ONBITOB MM MO JPYTMM NPUUMHAM JaHHbBIE He
MOryT ObITb 00BEJMHEHbl B €IMHCTBEHHOW BbIOOpKe. LlenecooOpasHo B 3TOM
cllyyae XapaKTepHU3MpPOBaTh CEPUI0 OINBITOB €IMHCTBEHHBIM JBH KYLIUMCS YPOB-
HeM, UHaue TOBOPS, COBMECTHO OLIEHHTb [BMXKYIUMECS YPOBHH, I0JyYeHHbIE
B OT/IeJIbHBIX OIbITAX.

B nepBom maparpagde paboTbl J10Ka3blBAETCSI, UYTO JABM)KYIUMICS YpOBEHb
J1000if KpUTEpUU eCcTb TaKasl cJlyyaiiHasi BeJIMYMHA, (YHKUMST paclpejeieHust
KOTOpO#H, B cjyuyae BbIIOJIHEHHUsS] HYJIb-TUIIOTE3bI, HE IIPEBOCXOAUT (YHKLMU
pacnpeiesieHusi, paBHOMepHOi Ha otpeske [0,1]. B ciiyuae npo6d 0e3 McKa)kKeHUS
BEPHO U TO, YTO, B CJlyyae BBHIIIOJIHEHHS aTePHATUBHON TMIIOTE3bl, UMEET MECTO
oOpartHoe HepaBeHCTBO. C MOMOLIBIO 3TOT0 BOIIPOC O COBMECTHOM OI[eHKe JBHIKY-
LIMXCST YPOBHEH MoyKeT ObITh IepedopMyIMpoBaH Kak Ipobsiema 00 M3yuyeHUH
TUIIOTE3BI.

Bo BTOpom mnaparpage, TpeOysi HECKOJIBKO I1eJlec000pasHbIX CBOMCTB,
BOTIPOC CBOAMTCSI K COBMECTHBIX OLIEHKAK, MOJy4YaeMblX C TOMOUIbI0 KaKOIro-
HUOYAb CPEIHOTO 3HAUYEHMS C BECOM [BH)KYIUMXCST YpOBHeH. Purypupyume
Beca MOryT OBITH OIpelesieHbl M3 WH(POPMALMA OTHOCHTEJIBLHO HAa/EXKHOCTH
OT/IEJIBHBIX JIBUYKYLIMXCSl YPOBHEH, a(GUIMEHIIMM COOTBETCTBYIOIEN KpUTepHUH.
TpeGoBauusi B CyHHOCTH cjeayouye : 1. COBMECTHas OlieHKa /J0JDKHA OblTh
(MOHOTOHHO!», T. €. KBaJIU(QUUUPYeET I0C/Ie0BATeJIbHOCTL yYPOBHEH OoJsiee CHUr-
HU(DUKAHTHOH, yeM APYTrylo, ecii YPOBHH NEPBOA CUIHUYUKAHTHEH, YeM COOT-
BETCTBYIOLIME YPOBHM IOCJIe/IHEH. 2. COBMECTHAsI OILlEHKA J0JI)KHA OBITb (KOM-
OatubuiabHay, T. €. B cJyyae JIIOOBIX IPYNN YPOBHEH 3HAUeHWsI COBMECTHOI'O
YPOBHe#l OT/eJIbHBIX TPYII ¥ 3HAYEHHs1 BECOB, COOTBETCTBYIOIIMUX OTAEJIbHBIM
rpynnaM, y>ke eJIMHCTBEHHbIM 00pa3oM OIpeIeJIsIIOT 3HaueHWe COOMeCTHOTrO
YPOBHS 00beIMHEHHON T'pyNIbl YPOBHEi. 3. COBMeCTHOe 3HaueHue JI00it 01HO-
3JIeMeHTHON «10CJ1eI0BATEIbHOCTHY YPOBHEHl J0J)KHO COBMNAjaThb CO 3HAUeHHEM
YPOBHS.

VYKaszavHblil BBILIE KJIaCC COBMECTHBIX OLIEHOK M* COep >KUT HUCI0JIb30-
BaHHOe 10 cuX Nop «omnibus testy Fisagr-a [3] u eé o000ueHHe, TaHHOE
Goop-om [4]. B TpeTbem naparpade 10Ka3biBaeTCs1, YTO BCe COBMECTHBIE CLIEHKH,
NpUHA/UIeKalMe Kyaccy M*, nonycTMMbl M He MCKa)KéHHbl. B ueTBepTOM
naparpage 10Ka3blBaeTCsl, YTO, €CJAM OrPaHUUYMUTHCST HEKOTOPHIMU THITHYHBIMU
JIOITyCTUMBIMH KPUTEpPUsIM, Bce pelieHusi BAYES-a mpo06iemMbl KOHIEHTPALMK
MOHOTOHHBI B CMbICJIe oTipejesieHus1 § 2. B maparpade 6. paGoTbl JoKa3bIBaeTCs1,
4yro omnibus testy FISHER-a B Kpyre aTHX »Ke KpHUTepHeB €CThb pelieHHe
npobiemsl «ikelihood-uactHoroy». Haxonew, B maparpage 5 u3 3J1eMEHTOB
Knacca M* mpeasaraercss ToO B KOTOPOM YCpefHeHHMe ITPOU3BOAUTCST C MOMOLLBIO
00paTHO! HOpPMaJIbHOH (YHKUMH pacrpeieseHusi, st KoTopoi ¢opmyna COB-
MEeCTHOT0 YPOBHSI TaKOBa :

P A ¢~1(L1) + 4, YL, 4 ...+ 4, Q_I(LL)

L=®
Vaz+224 ... +22
3necs Ly, L,, ..., L, KOHUEHTPHpPYeMble [BH)KYILLMECS YPOBHH OT/IeJbHBIX
OMNBITOB, a Ay, 4y, ..., A, 3HaUEHHs] IPUIIMCAHHBIX UM BecOB. [[0Ka3bIBAeTCsI, UTO

3TOT €rnocod onTUmalieH B HEKOTOPOM [J0CTATOYHO IIMPOKOM KJlacce HSyl{EHHﬁ
O/THOCTOPOHHBIX THIIOTE3.
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