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Introduction 

In scientific research there are two types of statistical hypotheses. I n 
t he first it is desired to prove a systematic effect in presence of random 
errors and for this purpose a "nul l -hypothesis" is being t aken in order t o 
disprove it on ground of observations ; having at ta ined it the result is called 
"signif icant". In the second t y p e it is desired to prove a statistical law by the 
" f i t t i ng" of observations. According to this there are significance tests and 
tes ts of goodness of fit . In the theory of testing statistical hypotheses 
bo th kinds of tes ts are examined the same way. For this purpose the roles 
of al ternative hypotheses are changed. In the following the terminology of 
significance tes ts is going to be used. 

In the Neyman—Pearson theory the tests serving to decide between 
accepting or reject ing the null-hypothesis are characterized b y their critical 
set : the null-hypothesis is rejected if the sample observed belongs to this set. 
The level of a t e s t is the probabil i ty of the critical set (if the nullhypothesis 
is simple) or i ts upper bound ( i f i t is composite). 

The choice of the level of tes ts is determined by practical considerations : 
th i s is one of t he reasons why in practice families of tests are used containing 
a tes t for each level of significance between 0 and 1 characterized by the 
following p rope r ty : a sample being significant on a level a. is also significant 
on any level a ' > a . The level of significance is of ten not determined beforehand, 
ins tead of this t he minimal level is calculated for which the actual result is still 
significant. This "moving level" is being used for measuring the significancy of 
results. This pract ice is supposed to be originating f rom the early, "preclassical" 
per iod of the theory of test ing statistical hypotheses, at which peried the 
„devia t ion" of the results f rom the null-hypothesis was measured by the actual 
value of a sui tably chosen statistic. 

In any case i t is obvious t h a t the conscious use of this practice cannot 
l ead to any mistake, it being the same whether the actual value of the statistic 
is compared to a fixed critical value ("method of fixed level") or whether 
t he moving level is compared to a fixed level („method of moving level"). 
I n the first method this comparison leads only to a s ta tement of significancy 
or insignificancy, whereas in the second one by noting the actual value of 
t h e moving level we obtain some information which can he used in combining 
more tests. This is just Ihe subject of this paper . 

The following may he mentioned as an example. Significance tests were 
carried out in th ree experiments for the same problem. On the usual 5 % 
level of significance the results proved insignificant in every case. From this 
result no fur ther statistical inference can be derived. If it is known, however, 
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tha t the moving levels in each of the th ree cases were between 5 % and 30%, 
it may be s ta ted — supposing the independence of the experiments — t h a t 
the combined results of t h e three experiments are significant on a 5 % level. 

The pape r deals wi th the suitable combination of moving levels origina-
ting from stochastically independent t es t s (resp. statistics). The corresponding 
null-hypotheses are in t h e following connection with each other : either the 
null-hypothesis is t rue in each case, or some al ternat ive in all of them. 

The connection of null-hypotheses satisfies the above assumptions e. g. 
in the cases below : 

a) t h e case of observations of different sizes about the same null-
hypothesis ; 

b) t he case of observations made about the same null-hypothesis biased 
by unknown nuisance parameters ( test ing of normal i ty etc.) ; 

c) t h e case of moving levels originating f rom stochastically independent 
statistics. 

This combination problem has no t been, in such a generality, dealt 
with in t h e literature. The problem of combination of independent tests is 
treated f i r s t in R. A . F I S H E R ' S Statistical Methods for Research Workers 
(see [3], § 21.1). The problem is dealt with — though not stated — in case 
of simple hypotheses a n d of statistics with continous distribution. The 
theoretical aspects of t h e problem are not t reated here, only a formula for the 
combination is given. This "omnibus t e s t " may be reduced to the product 
(or, equivalently, to t h e geometrical mean) of the levels. The necessary t rans-
formation is based on t h e %2-table. K . P E A R S O N arr ived to the same results, 
independently of F I S H E R , but in another form [14]. I t was E. S . P E A R S O N who 
first investigated the efficiency of t he above omnibus test, but he did so 
under t h e same simple null-hypothesis and sample sizes [12]. The case of tes ts 
based on statistics wi th discrete distr ibution is t r ea ted in many papers (e. g. 
[8], [13], [17]) I. J . G O O D generalizes the "omnibus t es t " by introducing 
different weights of efficiency for the various tests. The transformation neces-
sary to t h e application of this test is much more complicated than the original 
t ransformation and i t is not tabulated. 

I n § 1 of this pape r the problem of moving levels is t reated quite generally. 
The moving level is proved to be a random variable having a distr ibution 
function which is equal t o or less t h a n the uniform distribution funct ion U 
over t he interval [0,1] if the null-hypothesis is t rue , and, in the unbiased 
case, i t is equal to or grea ter than U if the al ternat ive hypothesis is t rue . 

In § 2 the class of available combinations is narrowed down by three 
rational postulates. I t is possible to weight the various tests according to the 
possibly informations relating to the i r efficiency. 

I t is proved t h a t t he class M of combinations satisfying the mentioned 
postulates are the combinations generated by the weighted means of the 
levels. The average funct ion applied here may be a n y continuous and strictly 
increasing function def ined in the closed interval [0,1]. Here the results of 
NAGUMO — K O L M O G O R O V — D E F I N E T T I for characterization of mean values 
are available (see e. g. [7], pp. 158—163). The class M of available combinations 
is enlarged to the class M * of all combinations based on weighted means of 
levels wi th average funct ion being continuous only in the open interval (0,1). 

I n § 3 two theorems are proved : 1. Every element of M * is admissible, 
i. e. a combination problem can be given for every average function and for every 
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system of weights in which the combination generated by the weighted mean 
of levels based on this function ancl this system is the optimal solution of the 
problem. 2. Every element of M* as a test is unbiased if the levels are origin-
a ted f rom unbiased tests. 

In § 4 it is proved t h a t the postulate of monotony occurring in § 2 
is no t too restrictive ; namely every Bayes solution of the combination 
problem for a wide class of "good" tests has this proper ty . 

§ 5 is devoted to prove F I S H E R ' S "omnibus t e s t " to be the likelihood 
rat io test of the combination problem for a class of tests being essentially 
the same as above. 

Finally, in § 6 the combination generated by the inverse of the normal 
distr ibution funct ion is suggested instead of F I S H E R ' S "omnibus tes t" . This 
combination is optimal for a large class of tests for one-sided hypotheses. 
In addition, its application needs less numerical work and simpler tallies than 
t h e "omnibus t e s t " either in original form and even less numerical work and 
simpler tables in case of its weighted form introduced by GOOD. 

§ 1 The Problem of Combination of Moving Levels 

In this § the definitions which may be needed later on are given. 
Then the combination problem will be formulated as a problem of hypothesis 
tes t ing. 

À hypothesis concerning the distribution of a random variable may bo 
t e s ted by observing this variable. The result of observing the variable in any 
well-defined way is called a sample, the set of possible samples is the sample 
space. To the possible distributions of the random variable there corresponds 
a set of probabil i ty measures defined on the sample space, while a statistical 
hypothesis determines a subset of the set of possible probabil i ty measures. 

Let X be the sample space ando^thecr-algebra of its measurable subsets. 
The above probabili ty measures defined on the measurable space (X,d), 
i. e. the possible distributions of the sample x £ X, are indexed by an index 
space И. Thus the set of possible distributions of the sample is the system 
7 ) a ={P0 • 0 £ D}. The measures P0 are assumed to be different, i. e. for every 
pair 6X £ Q, 02 £ Q, вхфдч a set A £ d is supposed to exist for which 
Рв1(А)фРв,(А). 

The statistical hypothesis H0 (or the "null-hypothesis") determines 
a subset of фа or — being the same — tha t of Q, and H0 is the hypothesis 
supposing tha t the , , t rue" distribution of the sample is such t h a t the index 
belongs to this subset. Let Q0 be the above subset o î Q and, consequently, 
let фа = {P() : 0 Ç _Q0} be the distributions of the sample consistent with the 
null-hypothesis. I t is assumed t h a t Q0 ф 0 and Qx = Û — Q0 ф 0. The set of 
distr ibutions consistent with the alternative hypothesis is clearly фа = 

H0 is called a simple hypothesis if фQa (or Q0) consists of a single 
element. Otherwise, H0 is a composite hypothesis. 

A rule by the application of which the acceptance or rejection of H0 
is decided according to the result of sampling is called a criterionP Every 

4 C o n t r a r y t o t h e u s u a l t e r m i n o l o g y , t h e word test is r e s e r v e d f o r a concep t t o 
bo i n t r o d u c e d l a te r . 

3 * 
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criterion may be characterized by its critical set i. e. by the set of all samples 
to which the rejection of H0 is ordered by the rule. In other words the critical 
set is the set of significant samples. Only rules having measurable critical 
sets will be called criteria. 

In principle, any measurable set may be chosen as the critical set of 
a criterion. The problem of the theory of statistical hypothesis is to choose 
a set the use of which relatively seldom leads to false decisions. False decisions 
can occur with all criteria. An error of the first kind is committed if the null-
hypothesis gets rejected in spite of it being true ; an error of the second kind 
is arr ived at if the null-hypothesis is accepted in spite of it being false. 
С being the critical set, these two errors might occur in the following way: 
if 6* is the " t rue" index, i. e. the " rea l " distribution of the sample is Pe> £ ф а , 

(1.1) в*£й0 and x£C 

(error of the first kind) ; 

(1.2) e * £ Q x and x£X-C 

(error of the second kind). 
Thus it follows from the relation Рв(Х — C) = l — Pe(C) tha t a criterion 

is t he better, the smaller is the value of the power function 

(1.3) р(в) = Рв(С) 

in t he case of 0 £ l?0 and the larger it is if в £ I3V The probability of committing 
the error of the f irst kind is namely p(d*) (0*£i?o) and tha t of the error of the 
second type 1 - p(0*) (в*£й х ) . 

In case of a simple null-hypothesis the probability of committing an error 
of the first kind is called the size of the criterion. This definition may be 
immediately transferred to composite null-hypotheses in the case of cri-
ter ia having critical set С for which 

(1.4) Pe(G) = a e $ Q 0 

holds. The probability of committing an error of the first kind is determined 
b y the null-hypothesis in this case too. The size of such similar criteria is 
« given in (1.4). In general case the least upper bound of these probabi-
lities, i. e. 

(1.5) a = sup p(0) = sup Pe{C) 
6сЯ„ Cefl0 

i s called the size of the criterion. To a criterion having a size a at most, 

(1.6) p(0) — Pe(C) ^ a for Q(fQ0 

holds. 
I t is reasonable to require a criterion to reject the null-hypotliesis more 

o f t e n when it is false than to do so when it is true. In terms of the power 
funct ion, it is required for every pair 0О£ЙО, 0X £Qx tha t 

(1.7) P(6o) ^ P(0i) 
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should be t rue . If a denotes the size of the cr i ter ion, (1.7) is equiva len t to 

(1.8) }>( f l )ka for 0 £ ß o . 

Those criteria which fullfill the above requ i rements are called unbiased 
criteria. 

A family of cr i ter ia is called a test if 
1? for every level a (0 a < 1) there belongs a criterion h a v i n g the 

size a a t most ; 
2? a sample being significant on a level cq is also significant on any 

level a 2 > cq ; 
3? the set of samples being significant on a n a rb i t ra ry level a ' < a 

is identical with the set of samples being significant on the level a . 
Denot ing the critical set of t he criterion, corresponding to t h e level 

a . b y CA, the above condit ions are equivalent to t h e following : 
1? for every level a (0 ^ a ^ 1) 

(1.9) PE{CA)<OI f o r 0 £ . Q O ; 

2? for every pai r of levels 0 ^ cq < a 2 ^ 1 , 

(1 .10) CAI CC„2 

holds 
3? for every level a (0 ^ a ^ 1 ) 

(1.11) U Ca' = Ca 
a'<a 

A test is called continuous if for every level a (0 ^ a ^ 1) the cri terion 
hav ing CA as its critical set, is exac t ly of size a , i. e. ins tead of (1.9) 

(1.12) sup P e(C a) = « 
tei\ 

holds for 0 ^ . a ^ 1. 
The notiohs def ined earlier for cri teria may easily be extended t o cover 

tes t s as well. Thus a f ami ly of criteria is called a similar test or unbiased test, 
respectively, if it satisfies the conditions 1? — 3? and e v e r y one of i ts cri teria 
is similar or unbiased, respectively. 

The real valued measurable func t ions T(x) def ined on the sample space, 
a re called statistics. The dis t r ibut ion funct ion of t he s ta t i s t ic — in t h e case 
of P e — is the funct ion 

(1.13) F0(t) = Р0({х : T(x) < i}) . 

Tests can be der ived f r o m any s ta t is t ic T(x) e. g. in t h e following m a n n e r : 
the sample x is called signif icant on t h e level a if 

(1.14) T(x)<ta. 

The cons tants ta (0 ^ a ^ 1) mus t be so selected t h a t the system of t he 
corresponding critical sets 

(1.15) CI = {x : T(x) < ta} O ^ a ^ l 
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should satisfy t he conditions 1?—3? . For this purpose the upper envelope 
func t ion 
Í 1.16) F(t) = sup F„(t) = sup PMx : T(x) < ft) 

0eű„ 0eß„ 
of t h e distribution functions of Fe(t) according to the null-hypothesis and its 
generalised inverse,2* the funct ion F<--0(a) should be formed. 
T h e n the value of ta may be def ined by the following relation : 

( 1 . 1 7 ) ta = F(~ 0(a) O ^ a ^ l . 

I t can be easily seen, that the fami ly of criteria of the form (1.15) obtained 
in such a manner really forms a tes t . 

1. ábra 

Supposing t h a t g is a s t r ic t ly increasing and continuous funct ion defined 
o v e r the range of T, then t h e statistic QT defined by the relation 

(1.18) QT(x) = g{T{x)) 

generates the same test as T. I n other words : considering as equivalent the 
statistics tha t m a y be obtained b y strictly increasing and continuous t rans-
formation from one another, t o every equivalence class of statistics there corres-
ponds uniquely a test which is called the test generated by this equivalence class 
of statistics. 

The converse of this fac t is also t rue : to every test there corresponds 
uniquely an equivalence class of statistics any element of which generates this test 
in the form of (1.15). 

To demonstra te also the converse of the theorem, let us define the fol-
lowing statistic for the critical sets Ca occurring in the conditions 1?—3? : 

(1.19) L{x) = inf {a : x£ Ca} x £ X . 

2) The generalised inverse f u n c t i o n F^-l) Qf t } l e funct ion F m a y be determined 
e . g. in the fol lowing way : F(~')(a) = 0 for a <, 0 ; F(~'*(«) = 1 for a > 1 a n d 
F(-'\a) = >nf (t : F(t)>a) f o r 0 < « < 1 . 
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L{x) is the „smallest" level a t which the sample is still significant. This statistic 
is called the moving level of t he test having t h e sets {Ca} as critical sets. I t is 
clear that the tes t generated b y this statistic is identical wi th the original 
t e s t i. e. 

(1.20) GY = Ga 0 ^ a < 1 , 

(cf. e. g. [11], p. 80). This proves the converse of our assertion. 
I t should be observed here tha t in the relation (1.15) the signs ^ , > 

or + may figure instead of < as well, whereby everything t h a t has been s ta ted 
above so far would remain valid with suitable modifications. The tests used 
in practice are derived from statistics by the employment of the sign i i in 
(1.14) (i-test, r a t e s t etc.). 

Let us now proceed to t he distribution of the moving level L defined 
b y the relation (1.19). Let Fe(t) denote t he distribution function of L(x) 
in the case of Pe. I t follows f rom the definition of L(x), tha t for every O^Q the 
distribution funct ion Fg(t) is defined in the interval [0,1], i. e. 

(1.21) F„{ 0) = 0 and F<,(1 + 0) = 1 . 

Furthermore, let U denote the uniform distribution function over the interval 
[0,1], i. e. pu t 

0 for t ^ 0 

(1 .22) U(t) = t for 0 ^ t < 1 

1 for t > 1 . 

Then the following theorem is t rue : if the null-hypothesis is true the dist-
ribution function of the moving level of any test, is everywhere at most as 
large as the uniform distribution function over the interval [0,1], i. e. 

(1 .23) FeXt)^U{t) fo r в0£й0 , 0 üt 

Furthermore: the distribution function of the moving level of any unbiased test, 
in the case of any possible distribution consistent with the null-hypothesis is 
everywhere at most as large as the distribution function of it in the case of any 
possible distribution consistent with the alternative hypothesis, i. e. 

(1-24) Fe.(t) < ВД 

whenever 60£i20 and OïÇiQi. 
Both s ta tements follow directly from the definition of tes ts and unbiased 

tes ts , respectively. 
If the test is continuous and either t h e null-hypothesis is simple 

or the test is similar, equality holds identically in the relation (1.23). In other 
words : in this case the moving level is uniformly distributed over the interval 
[0 ,1] assuming the null-hypothesis to be true. 

In the case of unbiased tests it is easy to give an intuitive interpretation 
of the inequalities (1.23)—(1.24). For this purpose let us define a partial 
ordering in the set Cf, of all distribution functions F defined on the interval 
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[ОД] in the following way : for two elements Fx, F2 of Cf. the relation 
Fx < F2 should mean the following : 

(1.25) Fx(t) ^ F2(t) for all 0 ^ t ^ 1 

and 

( 1 . 2 6 ) Fx(t0) > F2(t0) 

for some 0 ^ t0 < 1. Wi thout the latter, t h e fulfillment of (1.25) is indicated as 
follows : Fx A F2. The sense of the "di rect ion" of ordering is shown b y the 
following f ac t : in case of Fx A F2, two random variables, and | 2 , c a n be 
given in such a way t h a t t he distribution function of is Fx, the distr ibution 
function of f 2 i s F2 with probabi l i ty 1 

(1-27) í x Í 2 

holds and in case of Fx < F., the event < | 2 has a positive probabil i ty . 
Turn ing to the problem of the moving level of unbiased tes ts , the 

relations (1.23)—(1-24) can be rewri t ten in the following way : if t h e null-
hypothesis is t rue i. e. for 0o£l2o, t he relation 

( 1 . 2 8 ) FSq > U 

holds, while for every pa i r 0o £ Ü0, d 1 ß Q 1 the relation 

(1.29) F% > Fdl 

holds. Intui t ively, this means that in case of the null-hypothesis a higher 
moving level may always be expected than in case of the al ternat ive 
hypothesis. Thus we are get t ing back to the intuitively evident f ac t t h a t the 
smallness of the moving level indicates the acceptance rather than t he alter-
nat ive hypothesis. 

The subject of the present paper is the following : A set of experiments 
is given in which the statistical hypotheses are in t he following connection 
with each other : either t he null-hypothesis is true in each experiment or the 
al ternat ive one is valid in each case.3* Each experiment is evaluated b y a test 
i. e. a statist ic is selected and the ac tual value of its moving level is obtained. 
I t is supposed tha t these statistics — hence their moving levels as well — are 
independent random variables in each cases.4 ' Considering the joint t r u t h of 
these null-hypothesis as a new null-hypothesis it is desiderable to evaluate 
this new problem by an "overal l" tes t , in other words : to combine t h e inde-
pendent moving levels t o one single moving level. This is called t h e combi-
nation problem. 

3) E x a m p l e s a)—c) f o r s u c h se t s of e x p e r i m e n t s h a v e b e e n given i n t h e In t ro-
duc t i on . 

4) T h i s will cert a i n l y b e t h e case if t h e e x p e r i m e n t s a r e i n d e p e n d e n t of e a c h other . 
I t m a y h a p p e n , however , t h a t , t o e v a l u a t e t h e s a m e e x p e r i m e n t , t w o d i f f e r e n t t e s t s have 
been e m p l o y e d a n d t h e s t a t i s t i c s g e n e r a t i n g t h e m a re s t o c h a s t i c a l l y i n d e p e n d e n t of 
each o t h e r i n case of e a c h poss ib le d i s t r i b u t i o n . The m o v i n g levels of t h e s e t e s t s m a y 
be t r e a t e d a s d i f fe ren t l eve l s f o r c o m b i n a t i o n . 
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Let 0X, 0 2 , . . . ., 0 r denote the index sets in the experiments, and let 

(1.30) 0 , = 0 i o и в а (0,0 n 0 ц = 0 ) 

be the decompositions of the index sets into the subset of the indices according 
to the null-hypothesis and t h a t of indices according to the alternative one. 
Because of the supposed connection of the null-hypotheses, e i ther one of t he 
indices (01O, 02o, . . ., 0rO) (0,o, £ 0 , o , i = 1, 2, . . ., r) or one of the indices 
(0U, 021, . . . , 0 r l) (0ц £ 0 (1 ,i — 1 , 2 , . . . , r) is t rue in the set of experiments. 
Let the r-dimensional distribution functions 

r 
(1-33) K(tvt2, ...,tr) = I I F M 

;= l 

be constructed f rom the distribution functions Fifii of the moving levels Lt 
according to the index 0, £ 0 , , b u t only for t h e indices 0 = (0X, 02, . . ., 0r) 
drawn from one of the direct product sets 01O x 02O x . . . x 0rO and 
0 j j x 0 2 1 x . . . x 0 r l . The distribution functions which can be obtained in 
this way will be indexed by a set Q . Let 

(1.34) Q = Q0[).Q1 ( Й о П й х = 0 ) 

be the decomposition of 0 i n t o the subsets according to the di rect sets above. 
Then the combination problem is equivalent to the following hypothesis testing 
problem: the possible probability distributions are generated b y the distribu-
tion functions (1.33) defined on the sample space K r (i. e. on t h e r-dimensio-
nal unit cube) and in case of the null-hypothesis (0O = (01O, 02O . . ., 0rO) 
the relations 

( 1 . 3 5 ) FII6(A> U Г = 1,2, . . . ,R 

hold. Further , in the case of unbiased tests, t he relations 

(1.36) Fi>eu > Fit% » = 1,2 r 

hold for any pair of 0O = (01O, 02O, . . ., 0rO) and 0x = (0U, 021, . . ., 0rl) with 
0O and 0j 

§. 2. The Class of Monotone, Compatible and Normed Combinations 

The solution of the combination problem is sought in the fo rm of a test , 
t h a t is to say, in the form of some function of t he moving levels. Since the 
number of experiments evaluated b y tests tobe combined m a y differ from 
time to time, it is reasonable to seek at once for the solution in the form of 
a family of combinations, which supplies a combination for every num-
ber of experiments. The easiest way obtaining this is to fo rm the empi-
rical distribution of the "sample" consisting of t he moving levels permitting 
in it different weights for the individual levels. For any number of experiments, 
this function is a discrete distribution function defined on the interval 
[0,1]. Thus it is reasonable to seek the solution of the combination problem in 
the form of a functional <p(S) defined on the set S of all finite discrete distribu-
tion functions S defined on the in terval [0,1]. I t m a y be observed tha t , owing: 
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to the characterisabili ty of tests by stat ist ics as discussed before, i t is suffi-
cient to res t r ic t the t r e a t m e n t to the equivalence classes of functionals which 
are invar iant under a n y strictly increasing and cont inuous t ransformat ion. 

Let Et denote the (degenerated) distr ibution f u n c t i o n of the cons tan t t, 
i. e. let be 

<2.1) Щи) 
_ ( 0 for и ^ t 

\ 1 for и > t 

2. ábra 

If the weights corresponding to t h e experiments are kx, k2, . . ., Xr 
kx + Д2 -f . . . + Ár = 1) t h e n the weighted empiri-

cal distr ibution function of the level set Lv L2,.. ., Lr is defined by t h e relation 

(2.2) 8 = 2 h F и • 

In an o ther form this funct ion is t he following : 

(2.3) m = 2 h . 
u<t 

By any possible value of the number of levels, the weights and t he levels, the 
functions S defined b y (2.2) or (2.3) a re finite discrete distribution functions, i.e. 

(2.4) s а л 

The intuitive interpretat ion of the " jo in t" null-hypothesis explained 
above suggests to requi re from the functional cp t o be monotone according 
to the par t ia l ordering defined in A. This is conta ined in the following 

Postulate 1. (monotony). For t he functional cp 

(2.5) <p(Sx) < <p(S2) 
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should be hold for every pair of distribution funct ions from A with 

(2 .6 ) Sx < S2 . 

This postulates expresses t he evident requirement tha t a set of levels 
should be more significant than another if the levels of the former are more 
significant than t he corresponding levels of the o ther set. 

Weighting the elements of t he set of levels t he following problem arises : 
if some set of levels with weighted elements a re joined to an overall set of 
levels, how are the levels to be re weighted in this new set? Thus the demand 
arises for the weighting of the different set of level sets between each other, 
as well. Let Ay, A2y, . . ., A r j denote the weights corresponding to the elements 
of the set of levels LXJ, L2j, . . ., Lrpj (Aly Л 0, A2y ^ 0, . . ., Xrpj 0 ; Aly + 
+ A2y- -f- . . . -f Xrj,j = 1). If Wj denotes the weight corresponding to the set 
Lxj, L2j, . . .. Lrj,j (wx ^ 0, w2 ̂  0, . . ., wk ̂  0 ; wx + w2 + . . . + wk = 1), 
i t is reasonable to choose the weight of the level Ly in the overall set Lxx, 
L2X,..., LrvV L12. L.2 Va,2' 'Ik' F2k, Lrk k t o be Aiy wj (i = 1, 2, 
7 = 1 , 2 , . . ., 1c). According to this, the weighted empirical distribution func-
t ion S of the overall set of levels is 

(2.7) 

where 

(2 .8 ) 

S = 2WJ S J 

Sj-

1 = 1 

^ hj EUi 
I = I 

is the empirical dis t r ibut ion function of the set Lxj, L2j,.... Lrj>j (/=1,2,.. .,/). 
I t is reasonable to demand of the combination that in case of joining 

different sets of levels t he value of the combined level should be uniquely deter-
mined b y the values of the weights corresponding t o these sets a n d the values 
of the combined levels of the individual sets of levels. This demand is exp-
ressed b y the following 

Postulate 2 (compatibility). The identity 

(2.9) <P 

к к 
2 wi s ) = <p 2 w j s',-

u=i ' 0=i 
should he fulfilled by an arbitrary weight system wx, w2. ..., wk if A, S '+A 
a n d 

(2.10) cp(S'j) = <p(S'j) 

( j = 1, 2, . . ., k). 
The following postula te is devoted to express the evident requirement, 

t h a t the value of the "combined" level of a " se t " consisting of a single level, 
should agree with the value of this level. 

Postulate 3 (normedness). The following iden t i ty should be fulfilled : 

( 2 . 1 1 ) tp{Et) = t for 0 t ^ 1 

These three postulates referring to the combination, are equivalent to 
the conditions occurring in the characterization of the mean values. More 
precisely the following theorem is t r u e : 
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Characterization of the mean values ( N A G U M O — K O L M O G O R O V — D E F I N E T T I ; 
see e. g. [7] pp. 158—163). For any functional cp satisfying Postulates 
1—3 a strictly increasing and continuous function x(t) can be given with the 
property 

(2 .12 ) V(S) = % - i (x(t)dS(t) for S . 

Here X'1 is the inverse function of x 
Conversely: any functional g> of the form (2.12) with average function 

X having the above properties satisfies Postulates 1 — 3 . 
I t should be observed here t h a t i'rom the f o r m 

(2.13) 
i'= 1 

of the dis t r ibut ion funct ion S t h e following formula for <p can be 
ob ta ined : 

(2.14) 
i=i i=l 

This is equivalent to (2.12). From t h i s form it is clear t ha t these funct ionals 
are the weighted means of the levels Lx, L2, . . ., Lr, weighted b y t h e weights 
Xv 12, . . ., l r and ave raged by the f u n c t i o n /(/) . 

I t is worth-while t o quote the p roof of this t heo rem, which comes actually 
f r o m D E F I N E T T I . 

L e t us consider f i r s t the fol lowing family Э = [1, : 0 si t ^ 1} of f inite 
discrete dis t r ibut ion funct ions where 

(2.15) Il = ( l - t ) E 0 + tE1 = E[-y<(S . 

E v i d e n t l y 

(2.16) h = E 0 a n d IX = EX , 

f u r t h e r for every pa i r of tv t2 wi th 0 ^ tx < t2 g, 1 

(2.17) I h < I h 

holds. Moreover, for a n y weight ing system Ях, /12, 
tv ig, . .., tr (0 + t, + 1 , » = 1, 2, . . ., r) 

\ a n d fo r any set 

( 2 . 1 8 ) 

holds. L e t now he 

(2.19) 

2 = / 

i= 1 
Z h 4 

<= 1 

h(t) = <p(It) 0 ^ t <. 1 

Owing to t he relat ion (2.16) a n d to the m o n o t o n y of y>, h(t) is a str ict ly 
increasing funct ion of t, fu r ther , on account of (2.15), 

(2.20) A(0) = 0 a n d A(l) = 1 
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I t can be proved t ha t cp is cont inuous as well. Namely, if h(t) would have, for 
instance, a right discontinuity in a point t0 £[0,1 ), tha t is t o say, h(t0) < 
< h(t0 -f 0) would hold, there would be such a number h0 f o r which 

( 2 . 2 1 ) h(t0) < h0 < h(t0 + e) 

would hold for every arbi t rar i ly small posit ive value of e. From this i t 
would follow t h a t 

( 2 . 2 2 ) E,Álo) < Еы < Eh0o+e) 

and , for an a rb i t ra ry i £ [ 0 , l ] , 

(2.23) 2 ЕШ о) + '2 F hit) < 2 EI,0 + \ Fh(t) < \ FhUo+E)+ \ Eh(t) 

a n d in such a way, on account of the monotony of <p, 

( 2 . 2 4 ) cp ( I Eh(ta) + ' E m )<At = cp(\Eh3+ ' ЕШ) )<<p(\ ЕШо+е) + \ ЕШ) ) 

would hold. But 

( 2 . 2 5 ) ср{Еш)) = Щ)=ср{11) , 

hence, from the compatibility of cp, 

(t0 + t 
( 2 . 2 6 ) cp( 1 Eh(lt) + I Eh(t) )= cp ( \ I U + \ l t ) = cp ( I tj±L) = h 

2 

a n d , by a similar reasoning, 

( 2 . 2 7 ) cp( i E h ( t 0 + e ) + ' Eh(t) ) = cp ( Í Ilo+E + [lt ) = cp (l,.+t+e) = h 
2 

would follow, consequently, on t h e basis of (2.24) — (2.27), 

to + t + e 

( 2 . 2 8 ) 
t0 + t 

< At < h 
t0 + t + E 

a n d hence for every possible value of t 

(2.29) 
t0 + t 

< h 
t0 + t 

+ 0 

would hold what is impossible, since a monotone function can have a t 
most a denumerable number of discontinuities. 

Thereafter the inverse of t he strictly increasing and continuous function 
h(t) may be formed. Let us denote by it %(t). Evident ly 

(2.30) cp(E,) = t = h(X(t)) = <p(Ix(t)) 
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consequently on account of the compatibil i ty of cp and because of (2.17) 

cp(S) = cp 

( 2 . 3 1 ) = h 
i= 1 Г 1 J X ( t ) d S ( t ) 

Since t he converse of the theorem is trivial, t he proof is ended hereby. 
Applying this theorem to the combination problem it may be s ta ted : 

the class M of monotone, compatible and normed combinations coincides with 
the class of those combinations which — as tests — are generated by one of the 
weighted means of the levels. As an average function any function which is strictly 
increasing and continuous in the interval [0,1] may figure. 

Considering the f a c t t h a t a s ta t is t ic is determined in any case b y its 
test only up to a strictly increasing and continuous t ransformat ion, the statistic 
in (2.14) can he replaced by 

(2.32) 

A combination of M may be obta ined e. g. if t h e inverse of t he distri-
bution funct ion of a r a n d o m variable is chosen to be % the density funct ion 
of which vanishes outside a finite interval , while it is posit ive within t he same. 
Example : the variable is uniformly distr ibuted over t h e interval [0,1J, %(t)=t 
and the combination is based on the weighted ar i thmet ic mean of t he levels. 

The same may n o t be stated in t h e relation of a n infinite in terval : the 
inverse funct ion of such a distribution function has infinite l imiting value 
either a t 0 or at 1 or bo th , and therefore it cannot be continuous in t he closed 
interval [0,1]. Accordingly, the funct ional based on i t is monotone only if no 
level is equal to 0 or 1, respectively. Since in practice these cases are uninte-
resting, i t is reasonable to enlarge t he class M to those combinations the 
generating statistics of which is of the fo rm (2.32) b u t t he function %(t) occur-
ring in i t is to be supposed continuous only in t h e open in terval (0,1). 
Let M * denote this class of the compatible, normed and "a lmost every-
where" monotone combinations. 

An element of i l /* m a y be obtaiiied e. g. if the inverse of the distr ibution 
function of a random variable is chosen to be % the densi ty function of which 
vanishes outside an arbitrary (finite or infinite) interval , while within it is posi-
tive. Example : the var iable is normally distributed with expectat ion 0 and 
variance 1, %(t) — Ф_1(7) where 

(2.33) Ф(0 = = e 
У 2л 

2 du 

is the (standardized) normal distr ibution function. Also the geometrical, 
liarmonical and a rb i t r a ry power means of the levels may be mentioned 
corresponding to %(t) = log t, t and t" respectively. The (ordinary) geometri-
cal mean is equivalent to F I S H E R ' S "omnibus t e s t " [ 3 ] while the weighted 
one to i ts generalization introduced b y G O O D [ 4 ] . 
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I t is not intended to analyse in this paragraph how the choice of a 
combination from the class M* should be made. Here i t will be given only 
how to calculate the combined level in case of a given averaging func-
tion and weighting system. 

Le t us take first the case in which all levels to be combined are uniformly 
distributed over the in terval [0,1] if the null-hypotheses are true (this is 
the case of continuous tests , everywhere either the null-hypothesis is simple, 
or the tes t is similar). The random variables %{Ьг), %(Lf), . . ., %{Lr) are 
independent and, in case of the nullhypotheses, they are identically dist-
ributed with the common distribution function Consequently, in this 
case the task — to determine the distribution function of the statistic of the 
form (2.32) if the null-hypotheses are t rue — is reduced to determine the 
distribution function of a linear form of independent a n d identically dist-
ributed random variables. If this distribution function is Gy(t), the combined 
level L — taking the relations (1.14) — (1-17) into account — will be given 
by the formula 

(2.34) L = Gx\2hx{Li) 

I n the cases when % is the inverse of the Cauchy- or t h e normal distribution 
function, the determination of G^can be very easily achieved. If %(t) = C~l(t) 
where 

(2.35) C(t) = 
= ~ Í -71 J 1 

du 
+ w2 

is the (standardized) Cauchy distribution function, 

(2.36) Gx(t) = C(t) 

holds (see e. g. [1], p. 247, equ. (19.2.3)) and therefore we have 

(2.37) L = C ' At C-^Lt) 

If X(t) — d>~x(t), where Ф(1) is the normal distr ibution function given 
in (2.33), 

(2.38) 

therefore we have 

(2.39) L — Ф 

Gx(t) = Ф 
][Al + A2 + ... +A2j 

Ax Ф~\ЬХ) + Да Ф~1(£а) + ... + Аг Ф-ЦЬ,)  
][Al + A%+ . . . +А* 

Concerning the general case we observe only t h a t in case of conti-
nuous tests the exact level is given b y the above equations, otherwise 
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these values m a y also be used as upper estimates for the exact ones (see concer-
n ing this the papers [ 8 ] , [ 1 2 ] a n d [ 1 7 ] ) . 

§ 3. Admissibility and Unbiasedness of the Elements of M* 

In this paragraph two good properties of the class of M * will be shown 
t o support the restrictions introduced in § 2. 

First, the following theorem will be proved : every element of M* is an 
admissible solution of the combination problem, i. e. there can be given a 
hypothesis testing problem for every strictly increasing and continuous function 
x(t) defined on the interval (0,1 ) and for every weight system Ax, A,, . . ., Ar in 
which the element of M* corresponding to the function % and the system Ax, 
A3, Ar is the optimal solution of the combination problem. 

To prove this theorem a simple al ternative testing problem will be 
given for every element of M*. A simple alternative testing problem is a 
hypothesis tes t ing having the following structure: there are given only two pos-
sible distributions P 0 and Pl on the sample space X. and t h e null-hypothesis 
s ta te P0 to be the „true" distr ibution of the sample. The moving level of the 
t e s t generated b y the statist ic T(x) according to ( 1 . 1 4 ) — ( 1 1 7 ) is obviously 

(3.1) L(x)=G0(T(x)), 

where G0 is the distribution funct ion of T in the case of PQ. L(x) has the distri-
bution function 

(3.2) ад = ад = ч ^ Щ 

according as t o P0 or P1 is t h e „true" distribution of the sample X. Here Gx 
denotes the distribution func t ion of T according to Pv and the general-
ized inverse of G0. 

Let r simple alternative testing problems be given where the statistics 
T i (i = 1, 2, . . ., r) generating the tests are mutually independent random 
variables .The possible distr ibut ion functions Gi0 and of T, are supposed 
t o be absolutely continuous wi th density functions gi0 and ga being positive 
in an interval and vanishing outside of it. Then the moving level L t is uni-
formly distr ibuted according to the null-hypothesis, i. e. its distribution 
function is 

(3.3) Fi0(t) = U(t) = t 0 á t á l ( i = l , 2 r 

in this case a n d it is 

( 3 . 4 ) Fa(t) = = R 

according to t he alternative hypothesis. Here Gj^1 denotes t he ordinary inverse 
of Gi0. 

The hypothesis testing problem equivalent to the combination of these 
independent tes ts can be solved optimally by the use of the fundamental 
lemma of N E Y M A B and P E A R S O N (see e. g. [ 1 ] , pp. 5 2 9 — 5 3 1 ) . The optimal 
test is generated by the s tat is t ic 

<3.5) T(LX, . . . , 4 ) = Í > g ^ • 
i=1 fn(Li) 
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Here / i 0 and / f l denote the density functions of the distribution functions 

F i 0 and F i v respectively. Since 

(3.6) fi0(t) = 1 

on account of (3.3) and 

(3.7) fa(t) = - Ga(Grom = 
dt l A 10 » gl0(GTt)) 

on account of (3.4), this optimal s ta t is t ic is the following : 

(3.8) T ( L l , L v . . . , L r ) = 2 l o g ^ f ^ . 

The combination generated by th is statistic is equivalent to the element 
of M* characterized b y the statistic 

r 
(3.9) > 4 z ( A ) 

;=i 
if and only if there exists a strictly increasing and continuous funct ion g for 
which 

(3.10) = ? í l X { L l ) 
i= 1 9i флЧЩ 

holds identically. I t follows that Q m a y be only a linear function, hence 
the above condition m a y be rewri t ten in the following form : there should 
exist cons tants a > 0, bv ba, ... , br such t ha t 

(311) l o g g t ^ L J > l = akiX{Ll) + bl i = 1 ,2 r , 

i. e. 

(3.12) 9a(t) = 9io(t)e- a^ 'G 'M)-bi г = 1 ,2 , 
holds identically in t. 

Distr ibut ion funct ions Gi0 resp. Ga may be easily constructed which 
satisfy the conditions (3.12). To show this let H be a n y function which is 
strictly increasing and continuous, f u r t h e r , which maps the interval (—oo, oo) 
into (0, схэ) (e. g. H{t) = e'). Let Gi0 be defined by 

(ЗДЗ) Gl0(t) = G0(t) = x-Vm) i = 1, 2, . . . , r 

where x~x{t) = 0 for t ^ ^(0) and x~x{t) = 1 for t ^ / (1) . Then the func t ions 

(3.14) 9io(t) = i 9 o { t ) = m f 0 r X M * 1 * ™ 
\ 0 for i < Z(0) or t > y(l) 

are probabil i ty density functions and t he integrals 
t 

(3.15) j' gi0(u)e~aX' "(">-»< du г = 1, 2, . . . , r 
— OO 

4 A Matemat ika i Kutató in téze t Közleményei I I I . / 3—4. 
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def ine the a l t e rna t ive distr ibution functions Ga, if the constants a > 0 a n d 
b1, b2, .. ., br a r e suitable chosen. Namely, let a = 1 and 

*0) 
(3.16) bj = log )' g0{u)e~bH(»)du i = l,2,...,r. 

z( 0) 

T h e integrals (3.15) and (3.16) exist according to 

(3.17) 0 < e-*"<«> ^ 1 

which follows f r o m Я,- > 0 a n d H(u) > 0. 
To see a n example, pu t %(t) = Ф-1(<). Choosing now 

(3.18) Gio(t) = 0 

a n d 

t 

ajY^i) 
г = 1,2, 

(3.19) a = 1, b,= -p=- г = 1,2 r 
о,/)/Tit 

wTith Oj > 0, rij positive integer, < 0 (»' = 1, 2, . . . , r). Then 

(3.20) 0ц(*) = ф ( Ц + Ш г = 1 , 2 , . . . , г . 

The constants n t , cti and should be chosen so t h a t the relations 

(3.21) + = — ^ г = 1, 2, . . . , r 

be valid. 
This set of experiments can be in terpre ted as follows : a sample of size 

n, was drawn in t he i th exper iment for a r andom variable having known 
variance erf a n d expectat ion 0 in the case of null-hypothesis and < 0 in 
t h e al ternat ive case (г = 1, 2, . . ., r). F o r the combination of these 
tes t s the me thod based on the statistic (3.9) wi th x = i s optimal. 

In what follows it will be fu r t he r proved t h a t combining unbiased tests by an 
element of M* this combination — as a test used for the sample consisting of 
moving levels — is unbiased. I n other words : if the relations (1.34) also a r e 
valid for the possible distr ibution functions F,>e j of the levels besides of (1.33), 
a n d /(I) denotes any strictly increasing and continuous func t ion defined o n 
t h e interval (0,1) and, fur ther , if H e is the distr ibut ion func t ion of the com-
bined level L in the combination (from M*) generated b y the statistic 

(3.22) X - K Z h l ^ ) 
\ i=i 

in the case of then besides the relation 

(3.23) 
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being valid for every 0o£i2o , the relations 

(3.24) Н в а > Н в 1  

i. e. 

(3.25) Hea(t)<H0l(t) O f Z t ^ l 

hold for every pair and 0О£ЙО. 
Let Go denote the distribution function of the statistic (3.22) in the case 

0£i2. The relations (3.25) will follow and so the theorem will be proved if 
we succeed to show that 

(3.26) Goß) fZ Goßt) 

holds for all ÔQÇ^ and 0 ^ / 2 ] . For this purpose let us consider a r a n d o m 
variable t] uniformly distributed over [0,1 J and , keeping f ixed the indices 

(3.27) 0O = ( 0 1 0 , 0 2 o , . . . , 0ro) € ^o and 0г = (0U , 021 вп) £ Qx 

occurring in (3.26), let us write : 

(3.28) f,0 = i V b f o ) t = 1,2, . . . , r 

and 

(3.29) i a = F(r£(r l) » = 1 , 2 , . . . , r . 

Here Fißia resp. FiteH denote the distribution function of the moving level 
5 , in the case of 0O and 0V respectively. As i t is well-known, | , 0 is then distri-
buted according to F,->9fo and £ a according to Fiygu (see e .g . [15], p. 183), 
i. e. the distribution of the moving level À, coincides with t h a t of f / 0 or £ a 

according to whether 0O or 6X is the " t rue" index. Besides the empirical distr i-
bution function 

r 
(3.30) S = 2 k E L ( 

i=i 

of the levels Lv Z2 , . . ., Lr, the functions 

r r 

(3.31) R0 = 2*iEt<. and R1 = 
1 = 1 1 = 1 

can be defined, observing tha t Й0£А and as well as S Denoting b y 
<px the statistic (3.22) in functional form 

(3.32) <px(S) = Z'1 1 
[7.(t) dS{t) 

о 

i t is obvious from the definition of R0 and Rx t h a t the distribution of the r a n -
dom variable <px(S) coincides with tha t of <px(R0) or cpx{RA) according to whether 
0O or 0j is the " t r u e " index. But the relations (1.33) and (1.34) imply that for 
every elementary event 

(3.33) f,0 ^ t : i 
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a n d therefore a t the same time 

(3.34) R 0 > R i 

holds, f rom which 

(3.35) <px(R0) è VX(Ri) 

follows for eve ry elementary event, being the functional <px monotone. The 
desired re la t ion between 6'йо and G0i can be easily derived from (3.35). 

§. 4. A Connection Between the Monotone and the Bayes Solutions of 
the Combination Problem. 

I t will be proved in th is Section t h a t the postula te of monotony of 
combinations introduced in § 2 is not t oo restrictive in the following sense : 
for a r a the r typical class of tests every Bayes solution of the combinat ion 
problem is generated by a monotone s tat is t ic . 

For t h i s purpose let t he notion of Bayes solution of a hypothesis tes-
ting problem be defined. L e t ф а = {Рв '• Q be the system of possible distri-
butions def ined on the sample space X (precisely, on t he measurable space 
(X, c4)), a n d let the null-hypothesis be characterized by the subset Q0 С ß , where 
йоф0 a n d ß x = ß — ß u ф 0 is the subse t corresponding to the a l ternat ive 
hypothesis. Considering some a-algebras <Ъ0 and Öix consisting of subset of 
the index sets ß u and Qv respectively, prior distributions can be introduced, 
i. e. probabi l i ty measures Q0 and Qx in t he measurable spaces (ß„, (B0) and 
(Qv <ЪХ), respectively. Supposing the measurabili tv of the functions Рво(А) 
and P e ( A ) for fixed . 4 + 7 with respect to <30 and respectively, t h e pos-
terior distributions 

(4-1) PQ,(A)= \ PBM)DQO%) 

fi. 
and 

(L2) P Q l ( A ) = f P e , (A)dÇ l (0 1 ) 

fi, 
can be fo rmed which are probability measures defined on the original measu-
rable space (X\.c4). 

T h e n a new hypothesis testing problem can be considered the possible 
distributions of which a r e PQo and PQl a n d PQo corresponds to the new null-
hypothesis. The optimal solution of t h i s new problem can be determined by 
the fundamenta l lemma of NEYMAN a n d PEARSON ; th is test is called A Bayes 
solution (corresponding t o the prior distr ibutions (?0. of the original hypo-
thesis t e s t ing problem.6 ' 

The theorem to be proved can now be formulated as follows. Let С be the 
class of all tests the distribution function of the moving level of which is strictly 
increasing convex or concave function defined on the interval [0,1] according 
to whether the null-hypothesis or the alternative is true (Figure l)7 ' . If a com-

6) T h e def in i t ion g i v e n here is a s i m p l e ex tens ion of t h e usual one (see e. g.[9] 
p. 5) f r o m c r i t e r i a to t e s t s ( in sense of t h i s paper ) . 

7> E v e r y un i fo rmly m o s t power fu l , u n i f o r m l y mos t p o w e r f u l s imi l a r o r unb i a sed 
test b e l o n g s t o t h e class C. 
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bination problem contains only tests belonging to the class C, then every Bayes 
solution of this problem is generated by a statistic which is monotone in sense 
of the definition given in § 2. 

The impor tance of th i s theorem is c lear f rom the f a c t t h a t the class of all 
Bayes solut ions in a re la t ively wide a n d typica l class of hypothesis t e s t i n g 
problems are "comple te" , i. e. for every t e s t there can be g iven a Bayes so lu t ion 
which is a t least as good as this test. (See e. g. [16], p p . 130—138.) 

In t he proof of the above theorem t h e f ac t will be used tha t the pos t e r io r 
dis tr ibut ions m a y be der ived f rom the posterior distribution functions d e f i n e d 
b y the re la t ions 

(4.3) FQo(tx, tv ...,tr)= ( ] ] F^ejtd dQ0(610, 620. . . ., вг0) 
J i= I 

Й. 
a n d 

(4.4) FQl(tv t2,...,tr) = ] ] Fi^ti) dQx(Qn, 02X, вгх) 
J i= 1 
a, 

Here G0 a n d Gi are the pr ior dis tr ibut ions introduced on t h e sets Q0 a n d Q x , 
respectively, in such a way t h a t the func t i ons F i A ù and Fi teu are measurab le 
with respect t o the corresponding u-algebras. 

As t he funct ions £,,ei0 a n d F i tgh a re s t r ic t ly increasing and con t inuous , 
fu r the r the func t ions a r e convex a n d the funct ions F i tgh are c o n c a v e 
((=1,2,..., r), their der ivat ives 

(4.5) fi,ejt) = F+Jt) 
г = 1,2, . . .,r 

(4.6) fi,ei,(t) = F'i,eJt) 

exist and t he funct ions in (4.5) are s t r ic t ly increasing, while the funct ions in 
(4.6) are s t r ic t ly decreasing. Since the possible density func t i ons of the s a m p l e 
of this pos ter ior hypothesis tes t ing problem a re defined b y the relations 

, 4 ' T ) Щ ' ^ Т ь Г - М ы « » " . 
й„ a n d 

(4.8) 
12> • • • ; "r l I > 

t he statistic occurr ing in t h e fundamenta l l emma of N E Y M A N and P E A R S O N 
is given by 

(4.9) T(tx, tv . . ., tr) = 

Tli Mio(b) dQo^w dr0) J i= 1 

I I I ft,uSti) dQi(Qn, ö21,..., I 
J 1=1 

B u t this s ta t is t ic is a str ict ly increasing f u n c t i o n of tx, t2, . . ., tr. This p r o p e r t y 
of T is obviously equivalent t o the s t a t emen t of the theorem. 
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§. 5. A Properly of Fisher's "Omnibus Test" 

J . N E Y M A N and E . S . P E A R S O N in their paper [11] developed a principle 
t o determine a "natural" tes t for composite hypotheses. This "principle of 
likelihood r a t io" is available in case of existence of the "likelihood func t ion" 
of the sample drawn to test the null-hypothesis. This statistic is the f requen-
cy function of t h e sample, or, in exact terminology, the "generalized (Radon— 
Nikodym) dens i ty" of the sample distribution. Thus the existence of t h e 
likelihood func t ion is connected to the assumption that t h e possible distri-
butions of t he sample form a dominated set of measures (see [5]). Under t h e 
validity of th is assumption let 

(5.1) P0(A)= \ fe(x)dp(x) AicA 
À 

be the possible distrubitions of the sample x. L e t as before, Q0 resp. denote , 
the subsets of Q corresponding to the null-hypothesis resp. t o the al ternative 
one. y is a f ixed cr-finite measure defined on (X, <+). The measurable function to 
fo(x) occurring in (5.1) is the generalized density function of the sample. 

The principle of likelihood ratio means the following method: consider 
the — so-called likelihood ratio — statistic 

sup fe,(x) 
(5.2) R(x) - — 

sup fg{x) 
eefi 

and use the t e s t generated b y R in the sense of (1.14)—(1.17). This is the 
likelihood ratio solution of the problem. 

Various authors succeeded in proving several good properties of this 
principle (see e. g. [9]). Here only the following theorem — related to t he 
combination problem — will be proved: if the test to be combined is similar and 
the possible distribution functions of the levels are all belonging to the class С defined 
in § 4, then the likelihood ratio solution of the combination problem is equivalent 
to Fisher's "omnibus test". 

To prove this theorem let us remark first that in the combination 
problem the likelihood funct ion is 

r 
(5.3) / е ( М 2 , . . . Л ) = 7 7 / < , о Д ) 

i= 1 
where, as before, /1>е( denotes the f requency function of the level L i in the 
case of 0 = (ву, 02, . . ., 6Г) £ й (see (4.5)—(4.6). On account of the assumption 
of similarity, 

(5.4) fi,e(M = 1 » = 1,2, . . . , r 

if e 0 = (01O, 02O, . . ., 0rO) £ D 0 and thus for the likelihood ratio the relat ion 

1 
(5.5) R(ty, t2 ,tr) 

SUP / / fifiidi) 
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holds. But for any fixed i and i, (0 ^ tt ^ 1, 1 si i ^ r) it follows f r o m the 
assumption of concavity of the functions Fi>ei tha t 

(5.6) sup h e f a ) = -
h 

where ! is the value, a t t = of the left der ivat ive of the distribution func t ion 
h 

„ I — for b <t<t: 
(5.7) Fi-u{t) = < tj ~ - ' 

( 1 for tt-й t й 1 

which is the upper envelope of some func t ions F,->9j (see Fig. 2). On account 
of (5.6), the likelihood rat io is 

(5.8) R(tv i2 tr) = tx t% ... tr 

which is equivalent to F I S H E R ' S "omnibus t e s t " , this was to be proved. 

§ 6. Choice from M* : Combination by means of Ф - 1 

The question arises natural ly which combination should he used in 
practice. The answer is no t a unique one : the choice depends on the 
available information concerning the exper iments and t he tests used in t h e m . 
As it was shown before, there corresponds a hypothesis testing problem to 
each combinat ion problem the optimal solution of which — if it exists — gives 
t he optimal solution for t he combination problem too. 

However, the need for combination of independent tests arises j u s t in 
those cases in which no or scarce information only is available : the inform-
at ion consists, a t most of the number of observations of t he individual exper i -
ments. Thus the restrictions introduced in § 2 are not too arbitrary : t h e y 
mean the necessary compromise with the insufficiency of information. 

Fur ther , the results of §§ 3 and 4 show t h a t Postulate 1 is a rather n a t u r a l 
one, Postulate 2 indicates an intrinsically desirable proper ty of combinations 
(according to la ter similar combination) while Postulate 3 means only a nor-
ming in the set of combinations. Thus the only thing to be done is to choose 
an element f rom M*. 

Any choice has some arbitrariness, b u t it is suggested by a n u m b e r 
of reasons to choose the combination the averaging funct ion of which is Ф - 1  

i. e. the inverse of the normal distribution function 

1 f - — 
( 6 . 1 ) 0(t) = e 2 du . 

J 
00 

The formula of the combined level L of t he levels Lx, L2, . . ., Lr with weights 
Ax, Я2, . . ., ).r, respectively, is the following : 

А1Ф-1(Х1)+^3Ф-1(Х3)+ . . . +АГ Ф~\ЬГ)\ 

Y4 + Ц + . . . + я2 
(6.1) Ь = Ф 
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(cf. (2.39)). T h i s combination n e e d s very easy computa t iona l works and t ab l e s , 
a n d , suitably choosing the weights , is op t ima l for a ra ther wide class of one-
s ided hypothes i s test ing p rob lems which m a y be character ized as follows : 
t h e possible d is t r ibu t ions a re generated b y densit ies belonging to the expo-
nen t i a l family (see e. g. (8.1) i n [10] or (2.3) in [2]) and t h e nul l -hypotheses 
a r e stat ing t h e val idi ty of a one-sided i n e q u a l i t y for one of the p a r a m e t e r s 
i n the densi ty funct ion. This question a n d similar ones will he t r e a t e d in 
m o r e detail in a for thcoming p a p e r of the a u t h o r . 

The w e i g h t s occurring in (6.2) should b e chosen as t o express t he e f f i -
ciencies (or t h e available in fo rmat ion concern ing these) of t h e tests used in 
t h e single expe r imen t s . Thus A, should be chosen proport ional t o the „ e x p e c t e d " 
difference b e t w e e n the null-hypothesis a n d t h e real s i tua t ion and inverse ly 
proport ional t o t h e s tandard deviation of t h e statistics used for t e s t ing in 
t h e ith e x p e r i m e n t (г = 1, 2, . . ., r). Genera l ly , this s t a n d a r d deviat ion is 
inversely p ropor t i ona l to t h e square root of t h e number of observat ions of 
t h i s exper iment . If there is n o informat ion available b u t t h e number n, of 
observations i n t h e exper iments (г = 1, 2, . . ., r) the weights may be chosen 
proport ional t o t h e square roo t s of these n u m b e r s , i. e. in t h i s case 

\!ТХФ-\ЬХ) + )'n2 Ф~\Ь2) + . .. + fnr0~\Lr) 

f n x + «g + . . . + ПГ 

Formulae (6.2) and (6.3) apply equal ly t o significance tes ts and t o t e s t s 
fo r goodness of f i t (e. g. for combinat ion t e s t ings for normal i ty ) . In case of 
significance t e s t s , however, t h e formulae 

ЛФ-ЧЛ - Lx)++2Ф:\\ - L2) + . . . + А,Ф-ЦЬГ) 

Щ + Ц+ . . . +A? 
a n d 

Учф-Ч1 - 4 ) + • •. + ]!пГФ-\i - Lr)\ 

+ nz + • • • + Пг I 

(being e q u i v a l e n t to (6.2) a n d (6.3), respect ively) are more easily appl icable 
as the tables of the funct ion Ф~ 1( t ) (see e. g. [1] p. 557 or [15], p. 173) a re 
given in de t a i l only for va lues of t near t o 1. 

(Received December 20, 1958) 
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FÜGGETLEN MOZGÓ SZINTES PRÓBÁK ÖSSZEVO.XT ÉRTÉKELÉSÉRŐL 
L I P T Á K T. 

Kivonat 

E dolgozatban szignifikancia-vizsgálatnál vagy illeszkedés-vizsgálatnál 
alkalmazható próbák mozgó szintjének nevezzük azt a legkisebb, illetve 
legnagyobb szintet, melynél az eredményt még szignifikánsnak, illetve illesz-
kedőnek lehet mondani . A stat isztikai gyakor la tban az egyes vizsgálatoknál 
e mozgó szint megadásával szokták jellemezni a kísérleti eredmények szigni-
fikáns, illetve illeszkedő voltát . Gyakran előfordul, hogy ugyanazon (vagy 
hasonló) hipotézisre vonatkozólag egymástól függetlenül t ö b b kísérletet is 
végeznek, de a kísérleti feltételek különböző vol ta és egyéb okok miatt az 
ada toka t egyetlen mintává nem egyesíthetik (normalitásvizsgálat). Célszerű 
ilyenkor az egész kísérletsorozatot egyetlen mozgó szinttel jellemezni, m á s 
szóval az egyes kísérletekben kapo t t mozgó szinteket összevonni. 

A dolgozat 1. §.-ban megállapít juk, hogy bármely próba mozgó szintje 
olyan valószínűségi változó, melynek eloszlásfüggvénye a nullhipotézis fenn-
állása esetén mindenüt t kisebb vagy legfeljebb akkora , min t a [0,1] inter-
val lumban egyenletes eloszlásfüggvény. Torzí ta t lan próbák esetén az is igaz, 
hogy a mozgó szint eloszlásfüggvénye az a l te rna t ív hipotézis fennállása 
esetén mindig nagyobb vagy legfeljebb egyenlő, mint a nullhipotézis a la t t . 
Mozgó szintek összevonásának kérdését így egy hipotézis-vizsgálati prob-
lémává lehet átfogalmazni. 

A 2. §.-ban k i m u t a t j u k hogy néhány célszerű tulajdonság megkövetelésével 
az összevonások körét a mozgó szintek valamilyen súlyozott középértéke által 
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nyerhető összevonásokra lehet leszűkíteni. Л szereplő súlyok az egyes mozgó 
szintek megbízhatóságára, a megfelelő p róba efficienciájára vonatkozó esetleges 
információkból állapíthatók meg. E követelések lényegileg a következők : 1. Az 
összevonás „monoton" legyen, tehát két szint-sorozat közül okvetlenül az elsőt 
minősítse szignifikánsabbnak (illetve illeszkedőbbnek), ha annak szintjei rendre 
szignifikánsabbak (illetve illeszkedőbbek), mint a másik sorozat megfelelő 
szintjei. 2. Az összevonás „kompatilibis" legyen, tehát tetszőleges szintcsopor-
tok esetén az egyes csoportok összevont szintjei, valamint az egyes csopor-
toknak tu la jdoní tot t súlyok értékei m á r egyértelműen határozzák meg az 
egyesített színtcsoport összevont szintjének értékét. 3. Bármely egyelemű szint -
,,sorozat" összevont szintje egyezzék meg e szint értékével. 

Az összevonások fen t i M* osztálya tartalmazza az eddig használt 
EISHER-féle „omnibus t e s t " - e t [3], sőt, annak GooD-féle általánosítását is [4]. 
A 3. §.-ban megmutat juk, hogy az M * osztályba tar tozó összevonások vala-
mennyien a szokásos definíció szerint elfogadhatók és torzítatlanok. A 4. 
§.-ban bebizonyítjuk, hogy amennyiben csak bizonyos t ipikusan ,,jó" próbákra 
szorítkozunk, az összevonási probléma valamennyi Bayes-megoldása a 2. §.-ban 
adott definíció értelmében monoton statisztikára alapozott összevonás. A dol-
gozat 5. §.-át azon t ény bizonyításának szenteljük, hogy a FISHER-féle 
„omnibus-test" lényegében ugyanezen próbák körében az összevonási prob-
léma „likelihood-hányados" megoldása. 

Végül a 6. §.-ban az M* osztály elemei közül a normális eloszlásfügg-
vény inverze szerint közepeit összevonást ajánljuk, amelynél az összevont 
szint képlete a következő : 

y j j + Л| + . . . + A2 I ' 

I t t Lv L2, . . ., Lr az összevonásra kerülő mozgó szintek, Я1; A3, . . ., Ar pedig 
a nekik tu la jdoní tot t súlyok értékei. E g y é b információk hiányában A,~t az 
г-edik kísérletben szereplő megfigyelések n l számának négyzetgyökével ará-
nyosnak lehet venni. E k k o r a fenti képletben A, helyet t egyszerűen )jnrt 
kell írni. Viszonylag kicsiny szintek esetén célszerűbb a fentiekkel ekvivalens 
(6.4), i l letve (6.5) képletekkel számolni. 

(1) Ь = Ф 

О СОВМЕСТНОЙ ОЦЕНКЕ НЕЗАВИСИМЫХ ОПЫТОВ 
Т. LIPTÁK 

Резюме 

В настоящей работе движущимся уровнем критерии, применимых 
при проверке значимости, называется тот наинизший уровень, при 
котором результат может ещё считаться сигнификантным. В статистичес-
кой практике при отдельных исследованиях заданием этого движуще-
гося уровня характеризуют сигнификантность результатов опытов. 
Часто случается, что относительно одной и той же (или похожих) 
гипотез производится независимо друг от друга несколько опытов, но 
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из-за различности условий опытов или по другим причинам данные не 
могут быть объединены в единственной выборке. Целесообразно в этом 
случае характеризировать серию опытов единственным движущимся уров-
нем, иначе говоря, совместно оценить движущиеся уровни, полученные 
в отдельных опытах. 

В первом параграфе работы доказывается, что движущийся уровень 
любой критерии есть такая случайная величина, функция распределения 
которой, в случае выполнения нуль-гипотезы, не превосходит функции 
распределения, равномерной на отрезке [0,1]. В случае проб без искажения 
верно и то, что, в случае выполнения алтернативной гипотезы, имеет место 
обратное неравенство. С помощью этого вопрос о совместной оценке движу-
щихся уровней может быть переформулирован как проблема об изучении 
гипотезы. 

Во втором параграфе, требуя несколько целесообразных свойств, 
вопрос сводится к совместных оценкак, получаемых с помощью какого-
нибудь средного значения с весом движущихся уровней. Фигурирущие 
веса могут быть определены из информации относительно надёжности 
отдельных движущихся уровней, эффициенции соответствующей критерии. 
Требования в сущности следующие : 1. совместная оценка должна быть 
«монотонной», т. е. квалифицирует последовательность уровней более сиг-
нификантной, чем другую, если уровни первой сигнификантней, чем соот-
ветствующие уровни последней. 2. совместная оценка должна быть «ком-
батибильна», т. е. в случае любых групп уровней значения совместного 
уровней отдельных групп и значения весов, соответствующих отдельным 
группам, уже единственным образом определяют значение собместного 
уровня объединенной группы уровней. 3. совместное значение любой одно-
элементной «последовательности» уровней должно совпадать со значением 
уровня. 

Указанный выше класс совместных оценок М* содержит использо-
ванное до сих пор «omnibus test» FiSHER-a [3] и её обобщение, данное 
GOOD-OM [4]. В третьем параграфе доказывается, что все совместные оценки, 
принадлежащие классу М*, допустимы и не искажённы. В четвертом 
параграфе доказывается, что, если ограничиться некоторыми типичными 
допустимыми критериям, все решения BAYES-a проблемы концентрации 
монотонны в смысле определения § 2. В параграфе 6. работы доказывается, 
что «omnibus test» FiSHER-a в круге этих же критериев есть решение 
проблемы «likelihood-частного». Наконец, в параграфе 5 из элементов 
класса М* предлагается то в котором усреднение производится с помощью 
обратной нормальной функции распределения, для которой формула сов-
местного уровня такова : 

Х1Ф-\Ь1) + Х^Ф-Цфг)+ . . . +1 Ф~\ЬГ) 
\Я\ +ЯI + . . . + Я2 

Здесь Lv L2, . . . , Lr концентрируемые движущиеся уровни отдельных 
опытов, а Яь Я2, . . . , Яг значения приписанных им весов. Доказывается, что 
этот способ оптимален в некотором достаточно широком классе изучений 
односторонных гипотез. 
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