ON THE PROBABILISTIC GENERALIZATION
OF THE LARGE SIEVE OF LINNIK

by
ArrrEp RENYI

Let 8§ = [Q, of, P] be a probability space, i. e. 2 an arbitrary abstract
space, £ a o-algebra of subsets of £ and P a measure on o4, for which P(Q) = 1.
The elements of o# will be denoted by 4, B, ... etc. and called events. Let
&, &9y ooy &4, ... be a finite or infinite sequence of random variables on §.
Let us suppose first that the random variables &, are of the discrete type.
Let z,, (k =1, 2, ...) denote the possible values of &, ; let 4,, denote the
event §, =2, (n,k=1,2,...). We may suppose P(4,,) > 0 for all values
of k for which it is defined. Let us define

i A !
(1) (s ) = BUP | | _PlAmcAm) 1! for nm .
G| P(Ay) P(A)
{We denote by the product of two events the event consisting in the joint
occurrence of the two events.) Let us suppose that the quadratic form

2 2d<fn,«s X Ty

is bounded, i. e. there exists a constant 4 > 0 such that for any sequence
{z,} for which

Dt < + oo,
n
we have

) |2 2 d(En ) | <4 X at
| n#m

| n

If such a constant A exists we call the random variables {&} (pairwise)
almost independent with modulus A. (Clearly 4 = 0 if and only if the variables
&, are pairwise independent.) Let us denote by M {7} the mean value and
by D?{7} the variance of a random variable 7, and by M {7/} the conditional
mean value of 7 under the condition that the value of & is given. In case & is
a discrete random variable, taking on the values 2z, (we denote this event
by A4,) with the probability P(4,) (¢ =1, 2, ...), M{n/&} is a random
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variable which takes on the values M {7 4,} (K = 1,2, ...) with probabilities
P(4,) and thus

(3) MIM (&} = M@y} .
Let us put
4) D) = M {(M {8} — M (n))?]
i. e. D¥{7} is the variance of the random variable M {7 &}. Let us put further
g D2{n}
B Of{my = - -
D2 {n}

The positive square root 6:{n} of the quantity under (5) is the correlation
ratio introduced by K. Pearsox (see [1], p. 280—281).

Some years ago I have proved (see [3], and for a previous weaker ver-
sion [2]) the following

Theorem 1. Let &, &, ..., &, ... be a sequence of discrete random
variables, which are (pairwise) almost independent with modulus A. Let n
be an arbitrary random variable with finite mean and variance. Then we have

(6) Doz < 1+4).
n=1

I obtained Theorem 1. as the probabilistic generalization of the large
sieve of Y. V. LINNIK (see [4]). Theorem 1. has important applications, e. g.
in number theory.D

In [3], Theorem 1. is stated in a somewhat different form ; first of all
it is stated not only for discrete random variables &, ; this makes no essential
difference as the general case can easily be deduced from the particular case
of discrete variables, as will be pointed out below. Besides this, the theorem
is not expressed in terms of correlation ratios; as a matter of fact, when
writing the paper [3] it escaped my attention that this is the most simple
way of expression.

In the present paper we give an improvement of theorem 1. The im-
provement consists in that we prove the inequality (6)! by supposing instead
of the condition that the random variables &, should be ,,almost-independent’”
with modulus 4, only that they should be ,,weakly-dependent”, with
modulus B.

The ,,weak dependence” is defined as follows: Let ¢(&,, §,) denote
the mean square contingency [introduced by K. PEArsox (see [1], p. 282) |
of the random variables &, and §&,, i. e. let @(&,, &,) denote the positive
square root of the quantity

(P(Ank Am[) o P(Ank) P(‘llml))2
i 2 — A
) P ) 2 2 P(A,) P(4,,)

1) It contains as a special case the theorem which I used in proving (see [5]) that.
there exists a positive integer K such that every positive integer n can be represented
in the form n = p + P where p is a prime number and the number of prime factors
of P does not exceed K. An other application of the large sieve has been found by P. T.
BaTeEMaN, S. CHOwLA and P. ErDds [6].
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We call the sequence {&,} (pairwise) weakly dependent with modulus B,

if the quadratic form
22 ‘p(gn’ Em) xn xl"

n#m
is bounded with bound B, i. e. if for any sequence {,} such that

=} < + oo
n

we have

(8)

22 ¢(£n!§m) Xy Ty k < B . 2‘37% .
n#m n

We prove (Theorem 2.) that under condition (8) we have

(9) Doz < 1+B) .
n=1

As clearly

(10) (6 k) = (0 Em) -

we have

(11) B<4

and thus (9) is stronger than (6). Evidently B = 0 if and only if the variables
&, are pairwise independent.

It should be mentioned, that if the sequence of random variables &,
is finite, then the bound A resp. B always exist, and thus the inequalities
(6) resp. (9) have a sense for any finite sequence of discrete random vari-
ables {&,}.

For the proof we need the following lemma (see [7]), which is a direct
generalization of Bessel’s inequality for quasi-orthogonal functions (resp.
random variables) and which has been already used in [2] and [3].

Lemma. Let {, be a quasi-orthogonal sequence of random variables, with
bound C, 7. e. suppose that

(12) = 2 ME L) m ; L0 Xal

n m
for every sequence x, of real numbers for which

ot < too,
n
Then we have for any random variable 1), for which M{7?} exists,

(13) >M2{ng )} < CM{p3 .

n

For the sake of completeness we reproduce here the very easy proof
of this Lemma.



202 RENYI

Proof of the Lemma. We have clearly for any N and for any real
sequence a,

1 ~ |
M{(\n—ogangnh:
414 N N N
_ M{n2}_(27ZlanM{nCn}+$22anamM{éném} :

Putting @, = M{n,} and applying (12) to the last term on the right-hand
side of (14), we obtain, the left-hand side of (14) being evidently nonnegative,
the assertion of the Lemma.

Now we introduce the random variables &, defined as follows :

(15) - it & =7
0 otherwise

and put

(16) :k — gnk P(Anl\)

VP4

Let us put further

(17) Cnmkl = M{f Eﬁzl}

Then we have evidently

(18) Cnnkk = 11— P(Ank)

(19) Cnnit = — VP(Ap) P(4,) for k£l

(AnkAml) i ( niP(Aml)
VP(A,) P(4n)
Let us consider now the quadratic form

(21) Q y \ 22 Cnmpkl Tnk Tmi
where 2, is a double sequence such that
n k
Let us suppose that (8) is satisfied. We have
(22) 0 - 2‘ 2 xzk i 2 (2V VP-(;lr;IT)V wnl\')f2 + 2222 Cnmkl Tnk Tmi
n k n k n¥xm k

Let us put

(20) Crmil = for n=Em

(23) Y= (2 I2‘ll\) :
k
As by the inequality of Schwarz

(24) a— ( = VP( nk) xnk)z é ,n:/‘kz‘ ?1

n
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we have (again by the inequality of Schwarz)

(25) \Q\ = 2 2 xnk _T_.d 2 (p("&mg ynym
and thus by (8)
(26) <22+ BEs.

n k n

Thus we obtain
(27) Q<1+ B)Z‘;xﬁk :
n

Thus the system {&%.} is quasi-orthogonal with bound C =1 + B.
As, however, clearly

(28) k) M2y &} = DZ, {n}
it follows by the above Lemma that
(29) 2D < (1+B)M{r .

We may evidently suppose M(y) = 0, because putting 7' =7 — M(7)
we have M(n’) = 0 ard DZ (n') = D% (n); as M(n) = 0 implies M(?) = D2(z),
dividing both sides of (29) by D*{7n} we obtain (9).

Let us consider now two arbitrary random variables {; and {,. Let us
define ¢(;, {,) as the least upper bound of ¢@(f,({,), fo(Zs)) where f;, and 7,
are arbitrary (Borel measurable) step functions and thus f,(;) and f5(&,)
are discrete random variables. In view of the fact, that denoting by / and J
arbitrary real intervals, the two-dimensional interval function
(30) v x J) Msgﬁjii{51€l LeJY)?

is clearly subadditive, it follows (see the Lemma on p. 139. of [3] which is
evidently valid for interval functions on the plane too) that

(31) (SR |J (I x J)

where the integral of the interval-function on the right-hand side of (31)
is to be understood in the sense of BurkiLL, and extended over the whole
plane. We shall call the positive square root ¢(g, C2) of the quantity (31)
the mean square contingency of the random variables {; and &,.

Taking into account, that if & is an arbitrary random variable, 0.(7) is
equal to the least upper bound of 6;:(71) where f is an arbitrary Borel-
measurable step-function, it follows, that (9) holds also if the variables &,
are not supposed to be of the discrete type.

Thus we have proved the following

Theorem 2. Let {§,} be a sequence of random variables. Let ¢(&,, &)
denote the mean square contingency of &, and &,,. Let us suppose that

Iz Z q)(’fn’ Em) xn :l‘m,} g B‘:' 1‘;21

n#m i n

5 A Matematikai Kutaté Intézet Kozleményei IT1./3—4.
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provided that

2x§,< -+ oo,
n

Let 1 be an arbitrary random variable with finite second moment. Then we
have, denoting by 0.{n} the correlation ratio of 7 on &,

(32) S y< 1+ B) .

(Received July 23, 1958.)
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A LINNIK-FELE NAGY SZITA VALOSZINUSEGSZAMITASI
ALTALANOSITASAROL

RENYI A.
Kivonat

A szerz6 1947 és 1949 kozott tobb irdnyban altaldnositotta LinNix
nagy szitdnak nevezett szdmelméleti modszerét, és bebizonyitott egy 1j
val6szinliségszamitdsi tételt, amely a Linnik-féle nagy szitdt specidlis eset-
ként tartalmazza. A Linnik-féle nagy szita Aaltalanositésa tette lehetdvé,
hogy a szerzl bebizonyithatta a kovetkezé szamelméleti tételt :

Létezik egy olyan K allandd, hogy minden n természetes szam el&allit-
haté n = p + P alakban, ahol p torzsszam és P torzstényezbinek szama
legfeljebb K.

E dolgozatban a szerzd a szobanforgé, a nagy szitdt tartalmazé vald-
szinliségszamitasi tétel egy élesitését bizonyitja be.

Legyenek &, &, ..., &, ... diszkrét eloszlast valdszinfiségi valtozok.
Jelolje z,,, (K = 1,2, ...) azokat az értékeket, amelyeket &, pozitiv valészinii-
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séggel vesz fel ; jelolje 4,, azt az eseményt, hogy &, a z,, értéket veszi fel,
és jelolje P(4,;) az A, esemény valosziniliségét.

Jelolje @(&,, &,) a §, és &, valtozok kozotti fiiggdség Prarson-féle
dtlagos négyzetes mérfszdmat (mean square contingency), vagyis legyen

bl (P(A i Ami) — P(Ani) P(Am))? |F
1 P(Ank) P(Aml)

Legyen 7 egy tetszéleges valészintiségi valtozd, jelolje M {7} az 7 valtozéd
varhaté értékét, M{7?} 1 miasodik momentumat és D*{7} 7 szérdsnégyzetét.
Jelolje M{n A} az 1 viltozé feltételes virhato értékét az A feltétel mellett.
Jelolje M{7|&,} az 7 véltozé feltételes varhato értékét &, rogzitett értéke
mellett ; M{7§,} tehit olyan valdszinliségi véltozs, amely az M{7|4,,}
értéket P(A,,;,) valdszinliséggel veszi fel. :

Jelolje 0: {7} az 7 valészintlségi valtozd &,-re vonatkozé PEARSON-
féle korrelaciés hanyadosit, vagyis legyen

(]) (p(’fm Em) =

k

2 02, ) = —
(2) ERU) D)

ahol D2{M {7 &,}} az M{7&,} valdszinliségi viltozo szordsnégvzete. Akkor
fenndll a kovetkezd
Tétel. Ha a

NN B N Do
et 2 (}7(5,1, 5m) Lp
n#m

kvadratikus alak korldatos és korlatja B, vagyis ha bdarmely olyan x, szimsoro-
zatra, amelyre

)

- Tn < + o
croényes a

NN sl N
(3) ‘A\ .: (P(é-”, é:m) Ln ‘Lm! =2 — a“rz‘l
| n#m 1 n=1

eqyenlotlenség, akkor

(1) D6y < (1+B) .
n=1

0 TEOPETUKO-BEPOSITHOCTHOM OBOBLUEHUU BOJIBLIOIO PELIETA
JIMHHUKA

A. RENYI
Pe3wome

ABTOp B 1947—49 rojgax B HECKOJIbKUX HallpaBjeHUsIX 0000IUI METOJL
BBe/IeHHbII B Teoputo unces 0. B. JIunHMKOM ¥ Ha3biBaeMblit UM 0OJIBILIMM periie-
TOM, M JI0Ka3aJl 0jHO HOBYI) TEOPeTHKO-BePOSITHOCTHYIO TEOPEMY, CO/epyKallyio
00Jbil0e pemieTo JlunHuka B KayecTBe 4acTHOro ciayyas. O0o0ieHne 00JbIoro
pemiera JluHHuKA TI03BOJIMJIO aBTOPY J0Ka3aTh CJIEAYIOLYI0 TeOpeMy Teopun
YuCceJI :

I£3
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CyuiecTByeT TaKasl OCTOsIHHAsl K, 4TO BCSIKOE HATYPaJIbHOE YHCTIO 7 MOYKET
ObITb TIPEJICTABIIEHHO B BUjle » = p + P, rje p npocToe 4nciio, a Yuesio rmpocThix
jpenutesieid P He NpeBOCXOAUT K.

Myctb &.&,...,&,, ... CyTb CllyuyaiiHble BEJIMUMHbI C JIMCKPETHBIM pac-
upejeneHuem. 0003HauMM uepes 2, (k =1,2, ...) 3HAUeHUs, NPUHUMAEMbIE
&, C I0JI0)KUTEJIbHONH BEPOSITHOCTBIO, uepe3 A, co0biTHe, 3aKJIualoleecst B TOM,
yT0 &, NIPUHUMAET 3HAUeHUE Z,;, a uepe3 P(4,,) BeposSITHOCTL coObITUST A,

Obo3nauum vepe3 @(&,.&,) cpefHy0 KBajpaTUUHY0 Mepy (mean square
contingency) PEARSON-a 3aBHCHMOCTM Me)Kiy BeqmuvHamu &, u &, T. €. NyCTb

2 2 (P Ank Aml ( nl) P “Iml )2 :
(Anl) (

ml)

(1) P(Epns Em)

Mycts M{y} oGcsHauacT maTemaTiyeckoe oykuzanume, M{n% BTOpOi
MomeHT, a Dy} aucnepcuio cayvaiiHcit BeswukHbl 7. Tlyets M {n A} 00603-
HAayaeT YCJIOBHOE MaTemaTHuecKoe OYKMJaHHe BeJMUMHbI % Npu ycjoBun A.
O6GosHaunm yepe3 M{»n &,} ycjloBHOE MaTeMATMUECKGE O)KMjIaHME BeJIMUMHBL 7
Npu (PUKCHPOEAHHOM cHaueHun &, ; 1akum obpasom M {n &} 1aKkas ciydaiinas
BeJINUVHA, KOTOfasi Npr HAMaeT cHaucHue M {n 4,,} ¢ BepostiHocTbio P(A,)).

Mycts 0: {n} obozHAuaeT KOppesIMCHHOE OTHOUICHYe PEARSON-a ciy-
yaitHo#t Bes1Mulr Hbl 2 OTHOCHTEIEHO &, T. €. IyCTb

D{M(y &)}
D2{n}
rie D2{M{;&,}} nucnepcus ciyuaiincit Benwur Hel M{n&}. Torma umeer

MECTO CJIEAYHOLAst
Teopema. Ecau kéaopamuunan gopma

S v(p(é n» >m) l'n Im

n#m

(2) 0%, {n} =

02panudeHHa u B ee epanuya, m. e. ecau 044 6csakoil nocaedosameabHocmu %,
014 Komopotl

Srat <o
umeemnt mecmo HepaeeHCIN60

@) | ¥ plbudnl s, = B P,

n#m |

mo

(4) ooy <+ B)

n=1
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