ON THE CENTRAL LIMIT THEOREM FOR SAMPLES FROM A FINITE
POPULATION

by
Paur ERDOS and Avrréip RENYI

Let a4, a,, . . ., a, be arbitrary real numbers. Let us consider all possible

sums

L)

a,+a,+ ... +o,, 146, <<... <% <n

formed by choosing s arbitrary different elements of the sequence a4, a,,
.., a,. Let us put

i

Mn 7 > Ay,
=1
and
n 2
iD= ’/ Z(ak——%ﬂ ;
=1
further

5

D=2 p-2
n n

Let N, (x) denote the number of those sums a; + a;, + ...+ a;, which
do not exceed

sM,
£+ wD,,
and put
N2 (o
Fn,s(x) S n,n( ) s
8
We ask about conditions concerning the sequence {a,, ..., a,} and s under

which F, (z) will be approximately equal to the normal distribution function
D(z) defined by )

joh e
@ e S 2 .
(1) () Vam Je dt
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In what follows we shall suppose throughout that

M0
This is no essential restriction, because if M, == 0 we may consider instead
of the sequence {a,, . .., a,} the sequence {ay, .. ., a;} where a;, = a,— M,/n,
and for the new sequence a; we have evidently
n
’ ’
M= Sa,=0.
k=1

We may also suppose s < n/2, because evidently if M, = 0,

s n—s
2 Qe == .: '
i=1 =1
where 4, fa, - - ., jn_s are those among the numbers 1, 2, . . ., » which are not
contained in the sequence 7, 7y, . .., ¢, and therefore

Fn,n—s(x) T 1 W Fn,s(-x) ’

The problem can be interpreted statistically as follows: We choose

a sample {a;, a;,, . . ., a;} of size s from the finite population {a,, a,, .. ., a,}
and ask under which conditions will the mean

1

e

i=1

of the sample be distributed asymptotically normally about the mean ;5’

of the population. We shall prove that F,  (z) tends to @(x), e. g. when
n— + oo and s = §, >+ ©° in such a manner that putting

l n \32
nZkak.]

=1
ol T
[ > )
Lo =
we have
lim =2 =0;
n-o+e Sp
or more generally, if putting
g ot 2
n,s(e)——2 2 Ak -
n 1=k=n
lag|>€ Dy o

we havé for any & > 0
hmdy . (=10

n—o
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Clearly our question asks about the distribution of a sum of weakly
dependent random variables. As a matter of fact if we imagine the elements
of our sample as chosen successively without replacement and &, is the ele-
ment of the sequence which has been chosen at the k-th choice, then we have
to investigate the distribution of

Joss
;k%l&(,

- the random variables &;, ..., & being not independent. (They are however
equivalent.)

The special case, when all a, are equal to a or & a, the number of
those @, which are equal to a being a positive percentage <1 of n, is well-
known ; as a matter of fact, in this case our question reduces to the investi-
gation of the limiting distribution of the hypergeometric distribution, and it
is known (see e. g. BERNSTEIN [1]) that the Moivre—Laplace theorem can
be extended for the hypergeometric (instead of the binomial) distribution.

We shall express our principal result (Theorem 1.) as relating to the nth
row of an infinite triangular matrix with each row-sum being equal to 0 ;
we deduce from this theorem statements concerning sampling among the
first n terms of an infinite sequence (Theorem 2.).

We shall prove first the following.

Theorem 1. Let us consider an infinite triangular matriz

11
Aoy Qg
nn

@ Qoo v o

with real elements, such that the sum of elements in each row is zero;

(2) e Sy

Let us put o

3) 0.=] 3a, .

and 4%

(4) D"":Vi Ee ks Yo ex
n n

where s is an integer.

Let N, (x) for any real x denote the number of those sums

Upiy + iy + « .. + Ay, 1§i1<i2<...<is§n

4%
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the value of which does not exceed x D, s, . e. pul

(5) Ny o(%) = 2 1
Qniy+ « .+ Anig<XDp .
1=, <ip <. . <ig=n

and put
® ‘ B o) = 2]
[
Let us put for any € > 0, ‘
@ b)) == 3 ak

D2 |anx1>eDn,s

If s, < n/2 is chosen in such a manner that when n tends to infinity we have
for any € > 0

(®) lim dy, ,(¢) = 0,

n—o

it follows that for any real x we have

9) lim F,(x) = @)

n—+ «

where D(z) s the normal distribution function defined by (1).
Remark. Clearly if we modify our problem as follows: we denote ,

by N%(2) the number of those sums a,; + a,; + ...+ an;, which are

<aoD,,, where 1< 3, <n(k=1,2, ..., n), then

the question whether

*
llm Nn,Sn (x) s ¢(x)

n—oo ns

holds, can be answered according to the following theorem which is a special
case of a well-known theorem (see [2], p. 103):

Let &, (k=1, 2, . .., s) be independently and identically distributed
random variables with the distribution

1 g
P{gnk:anj}z}z (7:1,2,.,.,71).
Then the sums
Zgnj
Cns:]=1
Dn,s

are in the limit for » — -+ oo normally distributed if and only if (8) holds
for every & > 0. Thus our theorem shows that if we take a sample without
replacement from a finite population, the distribution of the sample mean will
be in the limat normal, under the same condition as that which is known for sam-
pling with replacement.
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Proof of Theorem 1. Let us put for any real ¢

-+
. 1 :
(10) (Pn,s(t) == J e*xd Fn,s(x) o] e eit(@niy+aniyt . . .+ ani;) |
= O ( 1Sl -i<lySh
S

To prove Theorem 1. we have to show that if (8) holds, we have

12
Pas ] e B
Dy, S

]

(11) llm Pn,s,

Nn—+

Now evidently, putting =

n
and
n

(13) Boot) = || ] (1 — pyrs
we have

. +7n
(14) Pn,s, () : J[lﬂ[(l 1 pei®+uam) | e—itsng §

sSn o J— e Uapy; e— 05 s
i 27 Bp,s,(p) k=1 ot ]

-7

Taking (2) into account we can write
1 o
(15)  Pna(W)= —— J (1 — p) =P+ 1) 4 peill=p)@+ua) 1.0 .
: 37 Bpa(p) ) A4 ]

Now as well-known, if n — + oo and s,— + o (which follows clearly from (8))

1

(16) Bn,sn(p) TN i e

: V2anp (1 — p)

and thus we have, substituting u = SRl et T i
B V’ﬂp(l 5 p)
; i +a)np(1—p) 2
5 ol rom et k[:[lek(w )[4y

—alnp(1—p)

where

U tank “

L fpdiat s s S i(1_)_.__'”_+'_a'i
(18) ok(y.t) = (1 —p)e (V"”“—”’ Duan 4 pe p( )

Vnp(1—p)  Dus,) .
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In what follows Cy, €5, ... are absolute constants. Let us choose an
€ > 0. If £ is such that

4] onal _
n,s

and |y| < 2¢)np(l —p), we have

i _p(l —p) p tank 4 D
(19 eupy=1-BZ Bl ¥ 4 Bullup o

with |#;| < C;. On the other hand, we have for an arbitrary k

-

Pl—p)v* | p(l—p)ltyva,|  pl — p)ad,
20 ,0)—1 =0 L ! Ry
iy le(’/’ ) | 2( 2n 2 I/nDn,sn 8.D3 ;.

It follows that for |¢| < 2¢)np (1 — p) we have

y? 2

(21) JTew.)=¢ 2 2.1+,
k=1
where /

2 SR
L ¥pd—p) lg)

n

b &
1] = os(d,,,,,(m

where

I, = o
1<k=<n

|@nk|> - Dn,sn

IA
A

—~

As by the inequality of ScHWARZ we have

2
= it ne dn-. (8)
e p(l — p) e
we obtain

(22) liime=—1)x

N—+®

On the other hand if [y| = 2¢np(1 — p) we use the following estimates :

|
if 1t] |@n,e| >e then |gy,h) <1
n,n :
and
4 1a’n‘k! ‘tl > s o e
if <e, we have |g(y,t)|<1—p(1— p)(1 —cose)

n,Sn
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‘and thus
O(e) sn
n

J ]nf@k(w’t)dwigznh_
k=1

2¢)/ np(1—p)=<|y|<alnp(1—p)

n o - .
J Vs, < 2me S Vs

where C(e) > 0 is a constant depending only on e.

Thus (11) holds and therewith our theorem is proved.

Remark. Clearly our condition (8) is a condition of Lindeberg’s type.
It is easy to see that the following condition of Liapounoff’s type implies (8) :

2 |ank|]
[zank

(23) lim =

As a matter of fact, if S < b3 we have
: n

n

3 lau® Vz (zu

1 =
dn‘sn(s) -—S— ey o e <

n,Sy

.13

2.
Ay,

|
IZ

k=1

Il

Thus (28) is a sufficient condition for the vahdlty of (9).

For the special case when a,,;, = a, doesnot dependon n (k = 1,2, ... n)
we obtain from Theorem 1. the following

Theorem 2. Let {a,} be an arbitrary sequence of real numbers. Put

M Za,

D_V a——

D,,,S=Vi l—i)D
n n

Let N, ((x) denote the number of those sums

(24)
32

and

ai1+aiz_+—"'+a’i; : 1§i1<i2<....<is§n

which do ;mt exceed

ﬂn_” _+. an.s

n
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and put

e o) = Tneld)

i

M
If putting a);, = ak—T", and

]
26 diile)=— a|?
(26) nale) = 7 2 16
1=k=n

if m—>oo, s=s, < — depends in such a manner on n that for any & > 0

2
(27) limrdp, ¢, (€) = 0
n—s-+ «
then we have for any,real ©
(28) lim Fp,(2) = @) .
n—+

Let us consider some examples.

Example 1. If 0 < ¢ < |a,] < C, then (27) is satisfied if s,— 4 o
arbitrarily slowly.

Example 2. (27) is satisfied, provided that s, — 4 oo arbitrary slowly
if 0 <ck® < |ay <Ok with a >—1/2.

Ezxample 3. If

(=
Qi V% )
then (27) is satisfied if
lim %: I
n-+e logn
e. g. for
n
" (log myA

with arbitrary large 4>0.
Example 4. Evidently it is impossible to satisfy (8) if

= A < o
and

max |a,|=p8>0 .
k
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The most far reaching previous result known to us is that of W. G.
Mapow [3]. His theorem, which can be compared with our result can be
stated with our notations as follows:

It

(29) Iy =

| =

T,
Any
1

b

< Cforall nandr=3,4, ...

n

S| 3

=
a?xkl 3
k=1

then the assertion of Theorem 1. holds, provided that §,— 4 co. Clearly
Madow’s theorem follows from ours because if (29) holds for » = 4, we have
by Hélder’s inequality

n

' > |t |?
= T | Qe |
Vnk—l_

i) = = gl O

e
" (St T

k=1

and thus if s, — - oo, (23) is satisfied, which as remarked above ensures the
validity of (9). Thus if (29) holds for the single value » = 4, our theorem can
be applied, which implies that Madow’s result is much weaker than ours.

Madow’s result includes as a special case a previous result of F. N.
Davip [4]. Thus our theorem contains as a special case that of the paper [4] too.

(Received 1. December, 1958.)

REFERENCES

[1] BEPHITEWH, C. H.: Teopus eeposmrocmeii. MockBa, I'octexusnmar, 1945.

[2] THEAEHKO, B. B u KOJIMOIOPOB, A. H: [Tpedeasnvle pacnpedenerus 041 3yMMm He3aéu-
3uMmeix caydatinbx eeauuuH. Mocksa, I'ocrexuspar, 1949. :

[3] Mapow, W. Gi.: ,,On the limiting distributions of estimates based on samples from
finite universes.” Annals of Math. Stat. 19 (1948) 535—545.

[4] Davip,F. N.: , Limiting distributions connected with certain methods of sampling
human population.” Stat. Res. Mem. (1938) pp. 69—99. especially p. 77.

VEGES SOKASAGBOL VETT MINTAKRA VONATKOZO CENTRALIS
HATARELOSZLASTETEL

ERDOS P. és RENY¥I A.
Kivenat

A dolgozat a valdszinliségszamitas centralis hatareloszlastételének bizo-
nyos gyengén fiiggd valtozok esetére valé kiterjesztésével foglalkozik, ameny-
nyiben kimutatja, hogy a Lindeberg-féle feltétellel analég feltétel teljesiilése
esetén egy véges sokasigh6l vett minta elemeinek kozépértéke kozelitSleg
normalis eloszldst. Més széval a szerzék a kovetkezd tételt bizonyitjik be :
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1. tétel: Tekintsink egy valds elemii

43
Aoy Qoo

anl Apy - Ann

hdromszig alakd mdtrizot, melyben az egy sorban dllo elemek Gsszege mindeniitl
nulla :

(2) S0, =0"
k=1

Vezessiik be a

(3) L =V2n’ @k
k=1

és
o N PRI )
) =12 ( 2} b,
jeloléseket.
Legyen tetszoleges valos x-re N, () azon
s = Qs o Ay LS9 g <Fi ot =

alaki osszegek szdma, melyek kisebbek x D, o-nél, azaz

(5) Nps(@) = =t
Apigt ... +am‘s<XDn}
St hen

és legyen
. Npolz)
(6) F, o) =2
]
Vezessiik be a
(@) B (o o 1<e<2

2
-Dn ]ank‘,>5Dn.a

jelolést. Ha az {s,}(s, <n|2)sorozatot dgy wvdlasztjuk, hogy minden pozitiv e-ra

(8) lim. d, ;:(2)' =0

n—o

legyen, akkor minden valds x-re

dim SR s ln)y— D(@),

n—s«

ahol D(z) a normdlis eloszldsfiggvény.
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Az 1. tétel specialis eseteként nyerheté az alabbi
2. tétel. Legyen {a,} tetszOleges valds szdmsorozat. Vezessiik be az

Mn == 2,1‘ Qy
k=1

(24) DH:VZ ak—%]
: k=1 n

Dn,szl/i P B
n n
jeloléseket. Jelolje N, (x) azon
@y = Qe L=t =t <o <0
alaku osszegek szamdt, melyek kisebbek, mint
8 ﬂ—l”— + @b, .
n
és legyen
Mo (%
(25) Fogi) = —0s2)
n
M
Vezessiik be az a;, = a; — 7” és
e R
(26) dn.s(s) Ay

e \aligke Das
jelolést. Ha az {s,} (s, < n/2) sorozatot tgy vdlasztjuk, hogy minden pozitiv e-ra
(27) lim d, (&) =0

n—oo

akkor minden valds x-re
(28) lim 7, ¢ () = D) .-

n— o

LHHEHTPAJIbHASI NPEAEJIbHASI TEOPEMA J1JIs1 BbIBOPKAX
B35ATbIX U3 KOHEUHbBIX MHO)XECTB

P. ERDOS u A. RENYI
Pe3iome

PaGora sanumaercst pacnpocTpaHeHHeM LeHTPasIbHOI NpejiesibHON TeopeMbl
BEPOSITHOCTEH Ha ciiyyall HeKOTOPBHIX €J1a00 3aBUCSIUUX CIyYaiHBIX BeJMYHH.
ABTOpBI JIOKa3BIBAIOT, YTO B Cjlyyae BBIMOJHEHUs] YCIIOBHUs, aHAaJOMMYHOTO YCII0-
Buio Lindeberg-a, cpe/iHee 3HaueHue 3J1eMeHTOB BBIGOPKH B3SITON M3 KOHEUYHOIO
MHO)KeCTBa, uMeeT IpUOJIMSUTEILHO HOpMaJIbHOE pacnpe/enenue. VHade rosops
JI0KaspIBaeTCs CleAyIoIasl Teopema :
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Teopema 1: Paccmompum mpey20abHy0 mampuyy
LT

Qg1 g

13 BeUeCIBEHHBIX 3ACMEHITIO8, 8 KOMOPOL CYMMQ 3AeMEHITI08 KANCOOl CmpoKu pasHa

HY /10
n
(2) >y =0 ,
k=1
Begedem 0003HaueHUA
n
(3) Dn = 2 a?lk
. k=1

(4) D,,,szl/i(l—i D, s h
n n

ITycmos 0as awbo20 eewjecmeenno2o N, (x) 0003Hauaem 4ucao mex cymm

6UOA @ni, + Qniy,+ .. + Qpi, 2061 < 8y < Gy < ... < 4, < M, KOMOpble MeHbUIE
em xz D, , m. e.
(5) N doi= " a3 o)

iyt o o+ Anig<XDp,s
ISi<i<...<y=n

u nycme

(6) P o) = o)

S
: S
Beedem 0603nauenue
' 1
(7) dn,s(s) St S a%k
'DI%I :aztk;Dn,a

Ecau nocaedosamensviocms s, (< n[2) evibpana max, 4mo 049 Kanc0o20 noao-
ACUME bHO0 € ELINOAHSEMCS YCAOBUE

(8) lim: disi(e) =0

n—co
mo 048 6cex 68u}€€m6€HHle X
lim . (2)= D) -

n—-+4 o

20e D(x) HopmareHas GyHKYUA pacnpeoesenus.

S e s S - —— e
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B KauecTBe CIeLHMAJbLHOIrO Cjyyasi Teopembl 1 Tojyuaercsi Cieayromas

Teopema 2. ITycmp {a,} a00as nocie006amebHOCMb 6eLJeCITEeHHbIX YLICe.
Beeoem caeoyrwwue 0003nauenus -

n
M,= > a
k=

=1

Dn,s: V“
n

O603nauum vepes N, (x) uucao mex cymm 6uoa
@, ey, (1

N

4

{4 D

n

n

[IA

3 < ... <ig=m)

Komopble MeHblie, 4em

B 8§ % + an,S >
n
u nycms
(25) F, (2) = Ynsl®)
n
g
. ’ Mn
Beeoém obosnauenue aj = @, — T
(26) dn,s(e) T, ST 2 a
[ak\>5Dn 8
1=k=n

Ecau nocaedosamensvriocme s, (£ n[2) 3b16paHa mak, 4mo 041 - Kaxuc0020 NnoaA0-
HCUMENbHO20 & 6bINOAHACMCS YCA0BUE

(27) lim d,.(e) = O

n—o
mo 044 6cex eeecimeeHHbIX X
(28) lim Fgq(z) = P(x) .

n— o
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