A NOTE ON A PROBLEM OF RENYI

D. C. HANDSCOMB
(Christ Church, Oxford, England)

A. Rixyr! recently propounded the following problem. A 7 X » matrix
= {x;}, WhOS(‘ elements are all real and nonnegative, has to satisfy the

cond1t1ons { - = g,} and /> 4 @ =h; } and also has to minimize the linear
7 :

form > ¢;;2;;. Under these condluons, a certain number of the elements of X
-

will be zero. If more than one matrix satisfies the conditions, we select one
with as many zero elements as possible. If now we consider every possible
set of values for {g;}; {#;} and {c¢;;}, the resulting matrices X will have various
numbers of zero elemonts let f (n) be the smallest such number for a given
value of n. It is the form of f(n) which is required.

It is easily shown that f(n) < (n—1)2. Consider for instance the situation
where the linear form to be minimized consists of the sum of all the elements -
of X except for the first row and the first column, and where gl =
and g, = h; = 1for7andj = 1. In fact, as will be shown below, f(n (n —1)2

Treat the elements of X as coordinates of a point in euchdean space of
n? dimensions. The fixing of g; and %; impose 2 » — 1 independent conditions,
which restrict the point to a linear subspace of (n — 1)? dimensions. Now the
conditions {z;; > 0} have the added effect of restricting the point to a region
R of this subspace where @ is convex and is bounded by surfaces of the form
@;; = 0. This being so, it is clear that the minimum over ® of the form

s T ; %;;is attained either at a vertex of (@ or over a set which contains vertices
of ®. But every vertex of @ must lie on at least (n — 1)2 of the bounding sur-
faces of @, and thus at least this number of the elements of X are zero at a
vertex. Therefore f(n) > (n — 1)2. Combining this with the above, we have
f(n) = (n — 1)

Similarly it may be proved that the corresponding number for n X m
matrices is (n — 1) (m — 1), and similar results hold for arrays of more than
2 dimensions.

From the above it is possible to deduce the result, proved previously
by other means by Bmrruorr [1] and by HammersLey and MauLpox [2],
that the set of » X n doubly-stochastic matrices is the convex hull of the set

1 In a lecture at the Colloquium on Monte-Carlo methods, held in Balaton-
vilagos, 23rd September, 1958. A summary of this lecture is given in ’Matematikai
Lapok™ 9 (1958) p. 3563—354.
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of » X m» permutation matrices. X is doubly stochastic if g, = A; = 1. But if
X is a vertex of 2 it has at most n2 —(n — 1)2 = 2 n — 1 non-zero elements.
Therefore at least one row of X has only 1 non-zero element, which must have
the value 1, and which must therefore also be the only non-zero element in
its column. Delete this row and column and proceed by induction.

This note is the outcome of a private communication from Dr. A.
RENYI, and of discussion with Mr. J. M. HamMERSLEY, to both of whom I
am grateful, as T am also to the University of Illinois who are at present
supporting me.

(Received. January, 31 1959)
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RENYI ALFRED EGY PROBLEMAJAROL
D. C. HANDSCOMB
Kivonat

A dolgozat egy RENYI ALFRED altal felvetett problémét old meg, ameny-
nyiben bebizonyitja a kovetkezd tételt. Vizsgiljuk azokat az X = {z;}
n X m-es nemnegativ elemi matrixokat, amelyek elemei eleget tesznek a

Zwij:g,‘ (i:1,2,...,n), Zx”:h, (j=l,2,...n)
J | BB

feltételeknek ; e matrixok koziil tekintsitk azokat, amelyek a 2 V'
i
linedris alak értékét minimalizaljak. Itt g, és A; tetszlleges elSirt pozitiv
szamok, a ¢;; szimok pedig tetsz6leges valds szamok. Az ilyen matrixok kozott
van olyan, amelyben a zérusok szdma > (n —1)2, és ez az eredmény nem
javithato. :

i CijTij
7

05 OJHOM NPOBJIEME A. RENYI
D. C. HANDSCOMB
Pe3ome

PaGora pewaer oxHy npobnemy A. RENYI, J0Ka3biBasi CIEAYIOIYIO Teo-

pemy. Paccmorpum matpuibl X = {#;;} ¢ mXn HeOTPULATENLHBIMU 3JeMeH-
TaMy, YJOBJIETBOPSIIOLIUMY YCJIOBUSIM

inj—_—gi (i:l,2,...,n), 258,]:71,] (7.:1,2,...,72);
d Ml
Cpe/id 9TUX MaTpull Oy/iem usydaTh Te, KOTOpble MUHUMUSUPYIOT 3HaUeHue JInHei-
HOM hopMBI > 2% w;. 31ech g; u h; mobble YUKCUPOBAHHBIE TMOJIOYKUTENILHBIE
el

yucna, a ¢; Jobble BemecTBeHHble Yncia. Cpean 9THX MaTpHLl eCThb TaKas, B
KOTOPOM YMCIIO0 HyJIeH = (» — 1)2, U 9TOT pe3yJpTaT He MOXKeT OBIThL YJIyullleH.
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