AN ASSOCIATIVITY THEOREM FOR ALTERNATIVE RINGS
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It is well-known that (with the aid of the usual method due to HiLBERT)
every projective plane satisfying the special Desargues’ theorem may be co-or-
dinated with an alternative division ring (of characteristic not 2). So it occured
in the geometry the necessity of the investigation of a non-associative ring.!

The ring R is called alternative if for all a, f € R

(a@)p = a(ap) and (Ba)a = f(aa).

The reason why the name alternative has been given is that the associator

function
(a, B, ) = (aB) y —a (By)

is an alternative function of its variables,? that is,
(a: ﬂ! '}’) == e (a! Y, ﬂ) — == (ﬂ’ a, ‘y) === (7') ﬂ* a)-

The co-ordinate ring R is associative if and only if Desargues’ theorem
holds upon the projective plane. Therefore the consideration of associative
subrings of alternative rings is of importance. At first E. ArRTIN proved a theo-
rem of this kind: in an alternative ring any subring generated by twoelements
is associative. Later on M. Zorx [5] generalized Artin’s theorem. Further gene-
ralization was achieved by R. Mouraxa [2] for some special type of alterna-
tive rings, and this result was extended to the general case by M. F. SmiLEY [4].
All the proofs need many computations. R. H. Bruck and E. KLeiNreLD [1]
established a sufficient condition for the associativity of a subring which is
a far-reaching generalization of the earlier results. The proof of this theorem
— though it is not simple — is essentially simpler than that of the earlier ones.
The proof of the theorem of Bruck and KLeINFELD is simplified in nuances
in the book [3] of G. PicKERT.

Our aim is to get a necessary and sufficient condition (the former ones
were only sufficient) which contains all the conditions so far mentioned as
special cases. The proof of this theorem is comparatively simple and requires

! Non-associative ring means a not necessarily associative ring. From now on we
use the term ‘‘ring” for ‘“non-associative ring”.

2 In rings of characteristic not 2 this property used to serve as a definition of alter-
native rings.
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almost no computation. From this theorem we shall derive a further theorem
of Bruck and KLEINFELD [1] (which was not to be deduced from their associa-
tivity condition as a consequence of its being only sufficient).

If 4, B and C are subsets of the alternative ring R, (A4, B, C) denotes
the set of all associators (a, 3, y) with a € 4, B€ B, y€C. Let D = C/ A4,

i=1
n=2, the union of the subsets 4, of R. Let 4,;(¢ 5~ j, ¢ and j<n,n>2) consist

of products of at most n — 2 factors taken from different A,-s, k ¢, k 5 j.

If n=2o0r ¢ =j we put 4,; = 0. Finally we define D as the subring of R
generated by D. Now, the general associativity condltlon is as follows:

Theorem. Let R be an alternative ring and D = \/ A; (n = 2) a subset

of R. D generates an associative subring D of R if and onlz/ if the following two
conditions are fulfilled:

(1) (4;, 4, D) = 0
(z and 7=1,2,...,m)
(2) (An Ajv Aij) =0
The proof is based on the following observation:
(*) If (ay, B, %) = (a2, B, 7) = (a1, a3, 8) = 0
then ’
(@105, B, 7) = (ay, B, azy) = — (ay, B, yay).
For the proof of (*) we define — following [1] — a function as follows

flw,2,y,2) = (wa, y,2) — (@, y,2) w—2 (W, Y, 2).

It is easy to verify that this functions is multi-linear and skew-symmetric in
its variables (i.e. it changes sign when two of its neighbouring variables are
interchanged). Using these facts and the hypotheses we get

(@109, B, V) = ag(ay, B, ¥) + (aa, B, ¥) ay + flay, ay, B, ) = f(ay, ap, B, ).

On the other hand, in a similar way
(ay, :5’ a2y) == /(a2’ 4 /3, a])-

Since f(w, z, ¥, y) is skew-symmetric, we have f(a,, ay, B, y)=—f(y, ay, f, a;) =
= f(ay, y, B, a;). Comparing the three equalities we get the first part of (*).
Similarly we get the second part of (*).

Now, we turn to the proof of our theorem. The necessity of the conditions
(1) and (2) is obvious, for the assiciativity of D means — according to the
definition of the associator — that (D, D, D) = 0 and (1) and (2) are trivial
consequences.

On the other hand, let us suppose the validity of (1) and (2); then we
prove the associativity of D. Let D* denote the set of all products of & factors
from D. Obviously, D is the module generated by all the D* (k = 1,2,...).
Since the associator function satisfies

(4, + A, B,C) = (4,, B,C) + (4,, B,C)
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-t is enough to prove that the associator function vanishes on the elements of
\/ DF. Let u, v, w be positive integers; we use an induction on « + v 4+ w

to \erlfy (D4, DV, D¥) = 0. If w + v + w = 3 (which is the smaller possible
value of v + v 4+ w) we have to prove (D, D, D) = 0. This is trivial because
every element of (D, D, D) is in the left side of (1) or (2), and so it is equal to 0.
Now, we suppose the assertion is proved foru 4+ v +w < N;letu + v 4+ w =
=Nanda€ D €D, ye D" The elements a, f and y are products of N factors
altogether. Suppose, two of these factors are from the same 4,, say from A4,.
Then we apply (*) repeatedly. From the induction hypothesis it follows that
the assumptions of (*) are fulfilled. We decompose always that element® (or
those elements) which contains a factor from A4,;; and that factor is put in the
first, later in the second argument which contains a factor from 4. All other
factors are gathered up in the third argument. Proceeding in this way we get
finally a position, where in the first and in the second argument of the associa-
tor there will be elements of 4, and so by (1) in this case the associator is 0.

Now let us suppose that all the N factors of a, f and y are from different
A;-s. Then applying repeatedly (*) again, we let in the first and in the second
arguments only single factors and all the others are gathered up in the third
argument. Then by the hypothesis if in the first argument the factor is from 4,,
whilst that in the second from A, then in the third argument the element
belongs to A4;;, and so the associator is 0 according to (2). This completes the
proof of the theorem.

We mention that the theorem might be generalized to the case when the
number of the 4, -s is infinite. Naturally, then there is no bound on the number
of factors of the elements of A;;. Otherwise the theorem remains true, without
any alteration.

Next, we turn our attention to special cases of this theorem.

Corollary 1. (Theorem of Bruck and KurINFELD.) Let A4,, 4, A, be
subsets of an alternative ring R such that (4,, 4, B) = (4,, 45, R) = (A4, 44, R) =
= (44,45, 45)=0. Then the subset D = A, A,U A, is contained in an associa-
tive subring of R.

In case 4, = A4, this assertion was first proved by M. Zorx.

Indeed in case n = 3 4,, means A,, thus the hypotheses of our theorem
are fulfilled and we get the theorem of BrRuck and KLEINFELD.

Corollary 2. Let D be a subset of an alternative ring R and a, (v € Q) the
elements of D. If D, (u, w € Q) denotes the set of the products of the a,-s with
a, and a, excluded, then D generates an associative subring in R if and only if
(@ 0w, Dyo) = 0 for all p, w € Q, p + o.

A special case of Corollary 2 is

Corollary 3. (Theorem of SmiLEY.) The elements

a, ﬁ y of the alternative
ring R generate an associative subring if and only if (a, f, y) = 0.

3 An element of R may be considered as a product of one factor; multiplying
a product of k by one of / factors, we get a product of & - [ factors. So a product of n
factors always might be decomposed to two elements, both of them having less than »
factors.
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By the aid of our theorem we can easily prove also the following assertion
of Bruck and KLEINFELD [1]:

Corollary 4. Let A be an associative subring of the alternative ring R, and
B a subset of R subject to (4, A, B)y= (B, B, R) = 0. Then D — A\ B generales
an associative subring of R.

Proof. In case n = 2 condition (2) is trivially satisfied, further (B, B, B)=
= 0 is now supposed, hence in order to prove the validity of the conditions of

the theorem it is enough to see that (4, 4, D)=0. Let y € \/ DF and denote

by n the least integer such that p is the product of n factors taken from A and
B. We choose a, a, € A and by an induction on = we prove (y, ay, ay) =0
which will complete the proof. In case n = 1, y is from 4 or from B and so
(p, @y, ay) = 0 follows from the associativity of 4, resp. from (4, 4, B) = 0.
If the assertion is true for all £ < n, then we again apply (*): decomposing y
we can modify the associator (y, a;, a,) in such a way, that all the factors of
y which are taken from B are gathered up in the third argument, while the
others are collected in the first argument. Since the associator (without alter-
ing its value) will be an element of (A4, 4, B), it is equal to 0.

We note — following [1] — that Corollary 4 immediately implies the
following result:

All the maximal associative subrings of the alternative ring R are maxi-
mal associative subsets, that is, they can not be enlarged so that all the asso-
ciators should remain 0.

Indeed, in case the maximal associative subring 4 can be enlarged with
the element § so that the associators remain 0, then (A, 4, f) = 0 and obvi-
ously (8, 8. R) = 0, so, by Corollary 4, A and j generate an associative subring,
in contradiction to the maximality of 4.

(Received April 7, 1959.)
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EGY ASSZOCIATIVITASI TETEL ALTERNATIV GYURUKRE
GRATZER GY. és SCHMIDT E. T.
Kivonat

Legyen R egy alternativ gytirti. Ha a, f, y elemei R-nek, akkor (a, 8, )
jeloli a(fy) elemet. Az (a, f, y) figgvényt asszociator-fiiggvénynek
nevezziik, s R alternativitdsa azt jelenti, hogy az asszocidtor-fiiggvény valto-
zbinak alternativ fiiggvénye. Ha A, B, C részhalmazai R-nek, akkor (4, B, C)
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jelolje az Osszes olyan (a, 8, v) asszocidtor halmazat, amelyre a € A, f € B>
y€C. Legyenek az A;-k az R gyflrik részhalmazai, s D = \/ A4, (n = 2).

Definidljuk az A4; Ieszhalmazt hogy i~ 7, m > 2 esetén a,ll]on mindazon
legfeljebb 7 — 2 tenyezos szorzatokbdl, amelyeknek minden tényezdjét
kiilonboz6 A4,-kbél vettiik, s 7 = j vagy n = 2eseténlegyen 4,; = 0. Végezetiil

legyen D az R gylriinek a D részhalmaz altal generalt részgyftirije. A dolgozat
célja, hogy bebizonyitsa a kovetkezd allitast: :
Tétel Legyen R egy alternativ gyiiri, A; részhalmazai R-nek, s

D= \/ A, (n = 2). D akkor és csak akkor gemerdlja R-nek asszociativ rész-

gyuru;et ha a kovetkezé két feltétel teljesiil :
(1) (A,’, A,‘s -5) — 0,

G,i=12,...,7)
(2) (A[’ A], Al]) - O.

A tétel bizonyitisa a kovetkezs lemmabdl egyszertien adddik:
Tegyiik fel, hogy az R alternativ gylrii a,, a,, B, y elemeire

(@y; B: ) = (ag, 8. ¥) = (a3, a3, f) = 0,

(@109, B, P) = (a4, B, azy) = — (ay, B, yay).

ekkor

A bizonyités egyszer( teljes indukcidés meggondolassal, minden szidmolas nél-
kil adédik.

A tételbdl az n = 3 esetben nyerheté Bruck és KLEINFELD [1] asszocia-
tivitas-feltétele, s tovabb specializdlva SMILEY és ZORN tételei. Szintén egysze-
rlien nyerheté BrRuck és KLEINFELD [1]egy tovabbi tétele is. A dolgozatban
szerepld tétel bizonyitisa egyszertibb, mint az eddigi specidlis eseteké.

OHA TEOPEMA 0b ACCOLIMATUBHOCTHU IJis1 AJIbTEPHATUBHbIX
KOJIEL]

GY. GRATZER u E. T. SCHMIDT
Pe3iome

[lyctb R ecTh ajbrepHaTHBHOE Koublo. Eciu «a, B,y anemeHTl R, TO
(a, B, y) oGo3nauaer anemeHT (af)y — a(fy). Pyuxuus (a, B, y) HasbiBaeTcsi
accouuatop-QyHKUMeH, n albTePHATUBHOCTL R 03HAuUaeT aJibTepHATUBHOCTL 9TOM
¢yukunu. Ecnin A, B, C nmoamHo)kectBa R, To nyctb (A, B, C) ob6o3HauaeT
MHOYKeCTBO BCeX accouaTopoB (a, 3, y), i KoTopeix a € A, € B, y€C.

n

ITycts A; cyTh nopgmHokecTBa R u D = \/ A, (n = 2). Onpegenum MOgMHOKe-
i=1

CTBO A;j, UTOOBI NP i 5~ j, n > 2 OHO COCTOSJIO U3 BCeX NMPOU3BEJeHUH 1 — 2

COMHOYKMTeJIeH, KaKAblif U3 KOTOPBIX NMPUHA/JIEIKUT pasiIuyHbIM A, a B ciayyae

i=7jwm n=2 A;=0. Haxonen, nyctb D OyaeT NOAKOJbLO Kojbla R,
reHepupoBaHHoe MHO)KecTBoM D. Ilenp paboThl JoKasaTh Cileflylollee yTBepiK-
JeHue :
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Teopema. [Iycme R assmepramusHoe Koavyo, A; €20 N00MHOMCECNEA,
n

D = \/A;(n= 2). D6 mom u moapko 6 mos caydae 2eHepupyem accoyuamuegHoe
i=1

NOOMHOMWCECINBO R, ecall 6bINOAHSION.CA CACCYIOWYL € 060 YCACBUS

(l) (Air Ai’ 5) =0 ’
Gji=12...,n

JloKa3aTesIbCTBO TeopeMbl JIEKO I10J1yYaeTcss W3  Ciejlyloueld JieMMbl :
[Ipearnosio)Kum, UTo JUIsd JIEMEHTOB 4, &, 3, ¥ aJbTepHATUBHOTO KoJiblla R
) 1 2y ,7

(aly ﬂy '}’) = (a27 137 )’) = ((11, a2v ﬁ) = Oy

(a,a, B, y) = (ay, B, ay) = — (a, 5, yay).

Jl0Ka3aTeNbCTBO TOJYUYdeTCsl MPOCTbIM COOOparkeHueM € MOMOLLI0 MaTeMaThye-
CKOH MHAYKLMM 0e3 BCAKOTO CYéTa.

M3 Teopembl B cayuae 11 = 3 MOXKeT ObLIO 1OJy4eHO YCjloBHe aCcCOLMaTUB-
HocTh BRUCK-a u KLEINFELD-a [l ] u jfanbHeiiweil cneuuanusanueil Teopema
SMILEY n ZoRrN-a. Jlerko monyuuth u emé oaHy Teopemy Bruck-a u KLEIN-
FELD-a [l ]. JloKasarejinCTBO TeopeMmbl IpOLLE, YeM J0Ka3aTesJbCTBO ITUX CIle-
LMaJIbHBIX CJIyuaes.

Toraa
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