ON CONNECTED GRAPHS, 1.
by
A. RENYI

Let @,y denote a connected graph having the = labelled vertices
P, P,...,P, and N edges. Let C(n, N) denote the number of all possible
G,n. Let us call the number d = N — n + 1 the ,,degree of connectivity”
of the connected graph G, . Clearly d = 0, and the graph is a tree if and only
if d = 0. The number of different trees with n labelled vertices is, according
to a classical result of CayLEY [1] equal to #"2 i. e.

(1) Cn,m — 1) = n"2 = 12,...):
A simple explicit formula for C(n, N) is not known, moreover the asymptotic
behaviour of C(n,n + d — 1), if d is fixed and n — -+ cohas according to
the knowledge of the author, not determined up to now.

One can give some rather complicated explicit formulae resp. recursive
relations for C(n, N) (see [2] and [3]). For instance one obtains by the usual
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which leads to an explicit formula for the generating function
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There is also the recursion formula
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(4) (:7 \)=g‘: Ek NQ )C(k—}—l,m).

It seems however that these formulae do not help much if one wants to deter-
mine the asymptotic behaviour of C(n, n + d — 1).
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The aim of the present note is to discuss the case d = 1 that is to give
for C(n, n) an asymptotic formula. In a subsequent note we shall discuss the
cases d = 2. Clearly if a connected graph consists of n vertices and » edges,
it contains exactly one circle, some vertices of which are the roots of a tree,
these trees being disjoint. (Fig. 1. shows all possible types of connected graphs
with 6 vertices and 6 edges.)
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Figure 1.

If the simple circle contained in such a graph consists of k£ vertices, then
3 < k < nall these values being possible. If the edges of this circle are removed
from a graph of the considered type there remains a graph with n vertices
consisting of £ disjoint trees as subgraphs such that the £ vertices of the remo-
ved circle belong to different subgraphs. The number 7'(n, k) of such graphs
has been determined already by CAvLEY [3]; he asserted that

(4) T(n, k) = kn"*1,

A proof of this result of Cayley has been given in [4]. This formula is
contained as a special case in a more general result of G. W.Forp and G. E.
UHBLENBECK [5] (see also [6]). Using this result one easily obtains
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(5) C(n,n) = ZT(n_I;)

k=3

n
k

n
k)

As a matter of fact the vertices of a circle consisting of £ points can be chosen

i |
in (Z) ways; they can be arranged to a circle in LA . L different ways; the

remaining points can be arranged as mentioned above in 7'(n, k) different ways;
as k£ may take any value from 3 to n, formula (5) follows immediately from (4).
(5) can be written also in the form

l n
-3 C n. e Pl n—1
(5%) (n, n) 5 n k;s

Using (5’) it is easy to determine the asymptotic behaviour of C(n, n).

As a matter of fact
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and for k = o(n33)
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Thus it follows that

(7) 2[:( ] V—+O()

and therefore
e 1
8) Cn, n) ~ ]/ %n"‘ 2

It is interesting to determine the distribution of the length of the circle
contained in a random G,

If 9, denotes the length of the circle contained in a G, , chosen at
random (so that each of the C(n,n) graphs G, , has the same probability to
be chosen) we obtain

9) Pvlﬁ//;<x) i ll( ‘

3=k<xln =

It follows by some elementary calculation, using (6), that

(10) lim P|”" <& :—1_ : e 2du.
n-+= |Jn Ver .

Thus 3;{{ has in the limit for n — -+ oo the same distribution as the absolute
n
value of a random variable having a normal distribution with mean 0 and

oIn
variance 1. If follows that the mean value of y, is asymptotically l/ ;I_n :

The results of the present note will be used in a forthcoming joint paper
of P. Erpés and the author.

(Received October 26, 1959.)
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Remark added on March 21, 1960.

The following reference should be added: Formula (5) is contained
(with an other interpretation) in the paper by L. Katz: “Probability of inde-
composability of a random mapping function* (Annals of Mathematical
Statistics 26 (1955) 512—517), where the number I(n) of indecomposable
single-valued mappings of a set of n (labelled) elements into itself is
determined. It is easy to see that I(n) = 2C(n,n), which establishes the
equivalence of the theorem of Karz with formula (5). The asymptotic
formula (8) is also contained in the mentioned paper of Karz.

0SSZEFUGGO GRAFOKROL, L
RENYI A.

Jelolje C(n, N) az n (szamozott) pontbdl és NV élbél 4116 Gsszes lehetséges
Osszefliggd grafok szamat. Felhasznalva CAYLEY egy képletét (amelynek
bizonyitdsa [4]-ben taldlhaté meg) a szerzé kiszdmitja C(n, n)-et (azaz azon
Osszetiiggd n-csucspontt grafok szdmat, amelyek egyetlen kort tartalmaznak)

és kimutatja, hogy C(n, n) ~ V%n" 12 E dolgozat folytatdsiaban a szerzd

C(n, n + d) aszimptotikus viselkedését fogja vizsgilni rogzitett d mellett
n — -+ oo esetében.

0 CBA3HBIX NIPADAX, 1.
A. RENYI
Pe3iome

IMycts C(n, N) 03HavaeT YUCJ10 BCEX BOSMOXKHBIX CBSIBHBIX I'PaoB ¢ n Hyme-
pPHUPOBAHHBIMM TOYKaMu U N pebOpamu. [Ipumensis onny ¢opmyny ot CAYLEY

(nokasannyio B [4 ]) aBTop BhiyncasieT C(n, n) u nokax)<et yro C(n, n) ~ V% =

B npopomkenuun HacTosied 3aMeTKH aBTop OyJeT 3aHMMaTbCS € OMNpeJleleHHeM
aCHMNTOTHYeCKOM mosefeHun ot C(n, n + d) ansA ¢uxcupoBaHHOH d = 1 mus
n — -4 oo,
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