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In this paper we consider the functional equation 

(l) F(xv x2 xp_v xp) + F (x2, x3, . . ., xp, xp+1) + . . . + 
~\~F(xn-p+1, xn_p+2,. .., xn_v xri) -f- F (xn_p+2, xn-p+3, ..., xn, x f ) + ... + 

F (xn, XX, . . . , Xp-2> xp-l) — 0 , 

where p g n are two arbi trary positive integers, xÇ S are independent variables 
and the values of the function F lie in a module, i.e. in an addi t ive abelian 
group M. We do not impose a n y restriction upon the set S a n d we suppose 
only that M be a module in which for every positive integer m g n the equation 
mX = A has a unique solution X = Ajm. 

In certain particular cases (1) was solved by elementar}1 methods ([4], 
[1], [2]). Here we give equally elementary methods for solving (1) in every 
possible case. 

1. Let f i r s t be p = n . 

(2) F (xv x2, xn-v xn) + F (x2, x3, . . ., xn, xx) + . . . + 

+ F(xn_x, xn, xv xn_3, жл_2) + F (xn, xv ..., xn_2, xn_x) = 0. 
Then 

F(xx, x2, ..., жп_1, xn) = F (x2, x3 xn, xß} 
F(x3, x4, . .., xx, x2) ... F (xn, xx, .. ., жп_2, xn—x) 

and 

n F(xv x2 ж п _ 1 ; XN) = F(xv x2, . . . , xn) — F(X2, x3, . . ., xn, xx) + 
+ F(x 1 ; x2, ..., xn_v xn) — F(x3, x4, . . ., xv x2) + . . . + 
+ x2, ..., ж п _ г , xrl) — xv ..., xn-2, = 
= F(xx, x2, . . . , xn) — F(X2, X3, . . . , xn, xx) "T 

+ F(xv x2 xn_x, xn) — F(X2, x3, . . . , xn, xx) + 
+ F(X2 , x3, . . . , xn, XX ) — F(x3, x4, . . ., xv x2) + 
+ F(xv x2, ..., xn^v xn) — F(X2, X3, . . . , xn, xx) -f 
+ F ( X 2 , X3 xn, xx) — F(x3, x4, . . ., xv x2) + 
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+ F(x3, aq, . . ., xv x2) — F(xit x-a, ..., x2, x3) + ... + 

4 ~ X2> • • • > Xn~l> Xn) ^ ( X 2 , X3> • • • ' Xn> X l ) + 

-j- F(x2, x3, . . ., xn, xx) F(x3, aq, . . . , Xx, x2) 4~ • • • 4~ 

4 ~ F{xn-1> Xn' • • •' Xn-3> Xn~2) P(Xn> Xí xn~2< x n - l ) -

By deno t ing the sum of members wi th positive sign b y n G (aq, x2, . . ., xn) 
(from nG — A G can be uniquely determined) we h a v e 

(3) F (aq, x2, . . ., aq_x, xn) = G (aq, x2, ..., xn—x, xn) — 
G (x2, x3, •.., xn, aq). 

On the other h a n d every func t ion of the form (3) satisfies the equat ion 
(2) a n d t h u s we have (cf. [2]) the 

Theorem 1. (3) is the most general solution of the f unctional equation (2). 
We remark t h a t t h e same consideration shows also tha t 

F(x) = G(x) — G(Cx) 

is the general solution of the funct ional equation 

F(x) + F(Cx) + . . . +F(Cn-1 x) = 0 

where x is element of a n a rb i t r a ry set, 0 is a cyclic ope ra to r with period n (C"x = 
= x) de f ined on this se t and the values of the f u n c t i o n F lie in a module 
in which the equation vX = A has a unique solution (ef. [3]). 

2. Now we take n 2p — 1 a n d wri te (1) in more detail 

(4) Fp(aq, x2, .. ., Xp_x, Xp) -f- Fp(x2, x3, ..., Xp, xp+i) -)-... -f-

4 " Fp(Xp> Xp+V • • • X2p-2> X2p-1) 4 " Fp{Xp+V Xp+2> • • • ' X2p—V X2p) 4 ~ • • • 4 ~ 

4 ~ Fp(Xn-p+l> Xn-p+2' • • • ' Xn~V Xn) 4 - Fp(Xn~p+2> Xn-p+ 3 ' • • • ' Xn> X l ) 4 - • • • 4 " 

+ F P ( X N , XV . . . , XP—2, XP_X) = 0 . 

We keep the var iables aq+ 1 , xp+2, . . ., xn cons tants a n d carry all members 
of (4) except Fp(xv x2, . . ., xp_v xp) on t h e right hand side. Thus we have there 
p — 1 members depending only upon x2, x3, ..., xp_v xp and n — p members 
depending only upon aq, x2, ..., aq_2, aq,_x : 

(5) F p(xx, x2, . . ., xp~ 1, xp) = H(x2, x3, . . ., xp—i, Xp) -f-

+ G(xj, x2, . . ., Xp~2, Xp_x). 

Pu t t i ng th i s back in to (4) we have 

G(xj, x2, . . ., xp_2, Xp_x) -T H(x2, aq, . . ., xp—1> xp) 4~ 

4~ G(X2, X3, . . . , xp_x, XP) -f- H(x3, aq, ..., XP, xp+1) + ... + 

+ Vr(xn, aq, . . . , xp—3, xp—i) 4~ H(Xy, x2, ..., Xp_2, a*p_x) = 0 

or by deno t ing 

(6) Pp~ 1 (®1> X2' • • • > Xp-2' -^p-i) = kl(xL, x2, . . ., Xp_2, Xp_x) + 

4" H(xi> x-2t • • • , xp-i> xp-1) 
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we arrive a t 

M p—1 (Xx, Xg, , . . , £p_ 2 , Xp-1) 4" к p—i (X2, X3, . . . , Xp—i, Xp) + . . . + 

+ Mp—i (xn, xx, . . . , Жр_3, Xp_2) = 0. 

We observe t h a t this is an equation of the form (4) with p — 1 ins tead 
of p. For p — 1 this equat ion is 

+ Mx(x2) + .. . + Fx(xn) = 0 
this involves 

(7) Fx(x) = 0 

(by keeping ж2, . . . , xn cons tant Fx(x) = С and from nC — 0, by our supposi-
tion on the unique solution of nX = A in M, C = 0 follows). We prove t h a t 

(8) F k(xx, x2, . . ., xk_x, xk) = Gk(xj, x2, . . ., xk_2, xk_x) 

G h (x2, x3, .. ., xk_x, xk) . 

By (7) this holds for к = 1 and if it is t r u e for к = p — 1 it holds for к = p 
too. In fact , if 

к p—l(®l> • • • I Xp~2. Жр_ j) = Gp_x (xx, x2, . . . , Xp_3, Xp-2) 

Gp-i (x2, x3, . .., Xp_2, Xp_x), 

then by (6) and denoting 

Gp(xx, x2,. . ., Жр_2, Жр_j) = G(xx, x2,..., xp_2, Жр_1) + вр_4 (ж2, x3,. .., xp_2, xp_x) 

we have 

H(xx, x2, ..., xp—2, Жр_4) = G(xx, x2, . . ., Жр_2, Жр_х) -f-

+ Gp_x (aq, ж2, . . . , Жр_j, Xp_2) G p _ x (x2, x3, . . . , Жр_2, жр_з) = 

= Bp_x (aq, aq, . . . , Жр_j, Хр_2) Gp(aq, aq, . . . , xр—2, Хр_х) 

and by (5) 

(9) Fр(хх, х2, . . . , Жр—i, aq) = Gp(xx, х2, ..., xр—2, Хр_х) 

G р{х2, х3, . .., хр_х, aq) 

i.e. (8) remains valid for к = p, qu. e. d. Thus we have proved tha t eve ry 
solution of (4) is of the form (9). 

On the other hand every function of the form (9) satisfies the equat ion 
(4). Thus we have the 

Theorem 2. (9) is the most general solution of the functional equation (A) 
(n > 2p — 1). 

3. Now we consider the cases p < n < 2p — 1 and prove the following 
Theorem 3. The most general solution of the functional equation (1) is for 

p < n < 2p — 1 
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(10) F{xx,x2, ..., xp_v Xp) = 

Í/Q (xx, x2, . . . , xp_2, X p _ x ) G0 ( X 2 , X3, . . . . Xp_J, Xp) -j-
[(2p-n)/2] 

+ Z Z (ж1> x2' • • • > xk' xn-p+k+l' • • • ' x p - l ' x p ) ~ k = 1 

G к (xp-k+\< xp-k+2> • • • > Xp> XV • • x2p-n-k)] • 

For sake of better understanding we effectuate the proof in the case 
n = 4, p = 3 bu t in a manner valid also in the general case. Thus we prove 
tha t 

(11) F (xx, x2, x3) = G0 (xv x2) - G0 (x2, x3) + Gx (xx, x3) - Gx (x3, xx) 

is the most general solution of the funct ional equation 

(12) F (xx, x2, x3) + F (x2, x3, x4) + F (x3, x4, xx) + F (x4, xx, x2) = 0 . 

ln fac t , p u t x4 — с in (12): 

(13) F (xx, x2, x3) + F (x2, x3, c) + F (x3, c, xx) + F (с, xx, x2) = 0 . 

We see t h a t here already all members except F (xx, x2, ж3) depend only 
from two ( < p) variables. By adding members of the form of the r ight-hand 
side of (11) (we will call expressions of th is form G-expressions) we can change 
these latter members into such ones, where the xrs if not kept constant s tand 
just on the г-th places in the function F. 

F (xx, x2, x3) + F (xx, x2, c) + F (xx, c, x3) + F (с, x2, x3) + 

+ F (x2, x3, c) + F (x3, c, xx) + F (с, xx, x2) — 

— F (xx, x2, c) — F (xx, c, x3) — F (с, x2, x3) = 0 
i.e. 

( 14) F (xx, x2, x3) = Gx (xx, x2) - Gl (x2, x3) + 6'} (xx, x3) — G} (x3, xx) — 

— [ F (xv x2j c) + F (xx, c, x3) + F (с, x2, ж3)] , 
where 

(15) Gl (xx, x2) = F (xx, x2, c) — F (с, xx, x2) , 

G\ (xx, x3) = F (xx, c, x3) . 

In order to reduce the members F (xx, x2, c) + F (гг, с, x3) + F (с, х2. х3) 
in (14) which have not ye t the form of G -expressions into functions of less 
variables (here already only one variable) we put x3 = с resp. ,r2 = с resp. 
xx=c in to (13) and get 

F (xx, x2, c) + F (x2, c,c) + F (с, с, xx) + F (с, хх, х2) = 0 , 

F (iхх, с, х3) + F (с, х3, с) + F (х3, с, хх) + F (с, хх, с) = 0 . 

F (с, х2, х3) + F (х2, х3, с) + F (х3, с, с) + F (с, с, х2) = 0 . 
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We apply the same way of t ransformations to these equations by which 
we got (14) f rom (13): 

F (xv x2, c) -f F (xlt c, c) -f F (с, с, ж3) + F (с, ж2, х3) + 
_+ F (х2, с, с) + F (с, с, жх) + F (с, xv х2) — 
- F (xv с, с) - F (с, с, х3) - F (с, х2, х3) = 0 , 

F (xv с, х3) -f F (с, х2, с) + F (хх, с, х3) + F (с, х2, с) + 
+ F (с, х3, с) + F (х3, с, хх) + F (с, х^) с) 

- F (с, х2, с) - F (хх, с, х3) - F (с, х2, с) = 0 , 

В (с, х2, х3) + F (ж1; х2, с) + F (хх, c,c) + F (с, с, х3) + 
+ F (ж2, х3, с) + F (ж3, с, с) -f F (с, с, х2) -
- F (xv х2, с) — F (xv с, с) — F (с, с, х3) — 0 . 

In t he equation obtained by add ing the last th ree equations there 
will f igure besides the requested members F (xx, x2, c) -f- F (ж1; c, x3) + 
+ F (с, x2, x3) only G-expressions and funct ions depending on only one vari-
able: 

2 [F (xv x2, c) + F (ж,, с, ж3) + F (с, х2, ж3) + 
(16) + F (ж1; с, с) A- F (с, ж2, с) + F (с, с, х3) ) = 

= &Î (xv ж2) Gl (ж2, ж3) + G j (жх, ж3) — Gf (ж3, хх) , 
where 

Í Gl (хх, ж2) = F (xv х2, с) — F (с, xv ж2) + F (ж1; с, с) — F {с, xv с) + 
(17) + F (с, х2, с) — F (с, с, ж2) , 

I Gf (xv ж3) = F (ж1, с, ж3) + F (xv с, с) A- F (с, с, ж3) . 

By our supposition on the solvability of mX — A (m = 2 ) we can write over 
(16) as follows: 

(18) F (xv ж2, с) + F (xv с, ж3) + F (с, ж2, ж3) = 

= - L0о (х1> хг) — Go (х2> хз) + Gi (xv хз) — Gí ix3' +)] — 

- [ E (xlt c,c) + F (с, x2, c) + F (с, с, ж3)]. 

F ina l ly we apply t he same t ransformat ion process as before upon t h e 

last b racke t of (18). We p u t into (13) ж2 = ж3 = с resp. xx = ж 3 = c resp-
xx — x2 — с and get 

F (жи с, с) A- F (с, с, с) F (с, с, хх) + F (с, xv с) = 0 , 
(19) F (с, х2, с) A- F (ж2, с, с) + F (с, с, с) A- F (с, с, ж2) = 0 , 

F (с, с, ж3) + F (с, ж3, с) A- F (ж3, с, с) + F (с, с, с) = 0 . 

We remark tha t (13) with жx — x2 = x3 — с implies 
4 F (с, с, с) — О 
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a n d by the uniqueness of t he solution of nX = A (n = 4) 

F (с, с, с) = 0 . 

Taking th i s into account we write the equations (19) in the form t rans-
formed with G-expressions a n d add them: 

(20) 3 [F (ay c,c) + F (c, ay c) + F (с, с, x3)] = 
= G3 (xv x2) — Gl (ay aq) + G? (ay xa) — G'3 (ay aq) , 

where 

( 2 1 ) / Ol (aq, x2) = F (ay c,c) — F (с, aq, с) + F (с, х2, с) - F (с, с, х2) , 
[ GJ (aq, х3) = F (aq, с, с) + F (с, с, х3) . 

We divide (20) by 3 (ЗХ = A has a unique solution), we pu t this in to 
(18) and substitute, finally t he equation thus obtained into (14) to arrive a t 
l a s t to 

(11) F (ay ay aq) = G0 (ay aq) — G0 (ay x3) + Gx (ay x3) — Gx (ay aq) 

where 
Oj — G) — Gf /2 -f G?/ 3 (г = 0 , 1 ) 

G\ (г = 0, 1; j — 1, 2, 3) being the functions defined in (15), (17), (21). 
Thus we have proved t h a t (12) implies (11). On the other hand one 

verifies immediately tha t every function of the form (11) satisfies the equat ion 
(12). So it is in the general case p < n < 2p — 1 too and thus Theorem 3 is 
proved. 

The reader may remark tha t we did not use in this proof the equat ion 
(12) in its ful l generality only the particular case aq = с (13) of it. This is so 
in the general case too: in order to get the solution (10) it is enough to suppose 
t he validity of the funct ional equation (1) for one special constant value с 
of the variables xp+1, xp+2, . . . , ay while aq, ay . . . , aq,_1; xp vary a n d 
our result (10) shows tha t t h e n (1) remains valid also for independently var i -
able aq, ay . . . , aq_x, ay . . . , ay 

We remark tha t also Theorem 2 can be proved by the same method 
b y which we proved Theorem 3. On the o ther hand the methods applied t o 
prove Theorems 1 and 2 can also be applied to prove the special cases of Theo-
rem 3, moreover in these considerations (cf. 1. 2) the existence of a unqiue 
solution of mX = A is needed only for m = п. 

(Received October 27, 1959.) 
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О Ц И К Л И Ч Е С К И Х У Р А В Н Е Н И Я Х 

J . ACZËL, M. G I I E R M A N E S C U и M. HOSSZÚ 

Резюме 

Работа занимается решением функционального уравнения (1), где 
переменные являются элементами любого множества, а значения функции 
элементы такого модуля, где уравнения вида т Х = А при любых натураль-
ных т, не превосходящих п, имеют единственное решение X. Наиболее 
общее решение (без всяких условий регулярности) имеет вид (3), (9) или (10), 
в зависимости от того, будет ли p = n, п ^ 2р — 1 или p < п < 2р — 1 . 
В этих трех случаях фигурируют и разные доказательства, хотя некоторые 
из них могут быть применены и в других случаях. 
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