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Introduction 

In this paper the problems of b ivar ia te connection are discussed with the 
aid of Hilber t space theory and not by classical methods. This enables a more 
general t rea tment . 

The maximal correlation is shown to be a highly a d a p t measure for the 
intensi ty of bivariate stochastic connection. The calculation of the maximal 
correlation leads to the determinat ion of the eigenvalues of a pair of operators. 
Some characteristics of th is pair of operators will be discussed. 

In § 1 the main notions and symbols will be in t roduced and t he condi-
tional expected value will be considered, fur ther some characteristics of the 
correlation ratio and the maximal correlation will be discussed. Moreover a 
generalized definition of t he mean square contingency will he given. I n § 2 
this generalized definition will be proved to include t h e former definitions of 
this notion. Conditions under which the mentioned pa i r of operators forms a 
pair of integral operators will be given. 

Finally, a method will be described for replacing a n y given distr ibution 
by a symmetr ic one ap t t o our purposes. 

Some characteristics of maximal correlation will be treated with t h e aid 
of these results in our following paper. 

§ 1. Basic notions 

1.1. Firs t of all, t h e notions, terminology and symbols used in this 
paper will be explained. 

Let (Í2, S, P) be a probabil i ty space, i. e. Q a space of events, S a a-
algebra of its subsets and P a probabil i ty measure de f ined on S (P(ß) = 1)-

Let I be any random variable (real measurable func t ion defined on Q). 
In the following, two random variables which coincide with probabil i ty 1 
are considered as identical. The expected value of | — if i t exists — is denoted 
by M( | ) , so M( | ) = f £ d P. denotes the smallest cr-algebra with respect 

h 
to which £ is measurable, i. e. such a cr-algebra of even t s d for which d = 
= {I £ В}, where В is a n y Borel set on the real line. I t is pointed o u t by 

J . L. D O O B ( [ 2 ] p. 6 0 3 ) t h a t the random variable £ IS measurable with respect 
to S j if and only if it is a funct ion of £, i. e. if there exis ts a Borel measurable 
function f(x) such t h a t £ = /(£). 
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L2 = L2 (Q, S, P) denotes a space of random variables £ for which 
M (С2) is finite. This space L2 f o rms such a complete Hilbert space in which 
(Çj, £2) = M(Ci £2) i s the scalar product of £x £ L2 and £2 £ L2, thus || С || = 
= fM(£ 2) is the norm ot £ £ L2. The standard deviation of £ £ L2 is denoted 

b y D(£), i- e. D C ) = I! С - M C ) II- We call t h e random var iable ^ " p ^ ^ 

where DC) Ф 0 t he s tandardized of £ a n d denote it b y £*; £ is called 
s t anda rd if £ = £* (i- e. if М(£) = 0 , DC) = 1)- The correlation coefficient 
of Cx^L2 , DCj ) =f= 0 and £2 € L2 , £>(С2)фО is denoted b y R(£j, £2), thus 
RCi , С2) = (С* CD-

Let us denote the dis t r ibut ion function of any random variable | by 
F(x), fur ther 

L\ = \ f ( x ) : f / 2 C ) dF(x) < 0 0 

Z p is a complete and separable Hilbert space in which the scalar product is 
00 

def ined by (fx(x), /2 (x)) = j Д (x) /2 (x)dF(x). In case of £ being a discrete 

random variable which can t a k e on n different values, the space L% is an n-
dimensional Euclidean space. 

Let be f(x) £ L2
F. Then t h e random variable / = /(I) is such that / £ L2. 

T h e space of random variables of this form are denoted b y L2. Obviously 
L\ = L2 (ß, Sç. P). Between t h e elements of t h e space L2

F a n d L2 there exists 
a one-to-one correspondence preserving the scalar product — a n d so the norm 
as well. Consequently, L2 is a complete and separable Hi lber t space and it is 
of f ini te dimension if | takes on only a f ini te number of values. All what has 
been stated for L2

F is valid for L2, too. 
1.2. Every random var iable С can be uniquely decomposed in t h e 

fo rm £ = £ ' + £" where £' £ L\ and £" is orthogonal to a n y element of L2. 
Accordingly, for £ there exists such a unique £' | t h a t ( £ ' , / ) = (£,/) for 
a n y / £ L 2 , i. е. С — £' is or thogonal to L2. For £', min || £ — / Ц = || £ — £' || 
holds. The opera tor t ransforming £ into its orthogonal project ion on L2 (i. e. 
i n to £') is denoted by Therefore 

(1.1) (A£ £ , / ) = ( £ , / ) whenever £ £ Z 2 , 

Later we shall see for a n y £ £ L2, t h a t £ is the regression curve of 
£ on £ (i. e. t he conditional expected value of £ on £). 

The conditional expected value is defined by K O L M O G O R O V in the follow-
ing way: the conditional expec ted value of t h e integrable random variable £ 
on the conditioning random variable I is such an S^-measurable random 
variable M(£ | £) for which 

(1.2) J M(£j£) dP = J £d P for any 
À À 

M(£ I I) is wi th probability 1 uniquely determined by the Radon—Nikodym 
theorem, fu r the r 

M ( M ( f | f ) ) = M ( £ ) 
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and for any S^-measurable random variable / such t h a t £f is integrable, 

M ( ? / | f ) = / M ( f [ f ) 
holds. Consequently, 

(1.3) J / M ( C | l ) d P = j ' C / d P . 
a a 

We can point out (see also R . R . B A H A D U R [ 1 ] ) t h a t if £ (_L2 then A £ £ = 
= M(C I £) with probability 1, i. e. the regression (conditional expected value) 
of £ on £ coincides with the orthogonal projection of £ on L'i. Namely, let сЛ £ S£  
— for which there exists a Borel set В such tha t ai = {I 6 В} — then especi-
ally for 

, (i ££B 
f — Xd 

f 6 i f and from (1.1) 
0 

J A^dP = J C d P 
dL с i 

wherefrom A£ £ = M(£ | £) with probabili ty 1. 
1.3. The correlation ratio of the random variable £ 6 L2 on £ is according 

to the above 

(1.4) w = = I | M ( C - M ( C ) M = 
D ( 0 \ \ £ - M(C)|| " * 11 

from which 

(1.5) 0 |(f) = (Af £*, Ai £*) = (£*, A£ £*). 

Dividing (1.5) hy (1.4) we have 

I Af £* I 
(1-6) 0f(f) = L y = R(c, A £ O . 

If с 6 в2 and / 6 L% 

II Ae £* - (/*, £*) f* II2 = Il AÉ С* II2 - (f*, £*)2 

hence 

(1.7) б2(С) = (/*, С*)2 + | [А £ С*- ( /* ,С*) /* | | 2 (see Fig. 1). 

I t is evident, t h a t in case / 6 Lf we have L)(zLf, further Lf = Щ if 
and only if f(x) is univalent , i. e. if it has an inverse function. Hence as for 
£ 6 L2 the relation Af A£ £ = Af £ is valid, 

( 1 . 8 ) Ц А + Ц ^ | | A f î | | 

follows, where equality holds if and only if A£ £ is a function of / (in this case 
Af £ = A? £ holds, too). 
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1.4. As £c = c Ç i 2 for any real number с, consequently the subspace 
orthogonal to £c m a y be considered and denoted by This is the space о f 
r andom variables wi th expected values zero and finite s tandard deviat ions. 
Analogously, L2

FS) for such a subspace of L2
F and L2

i 0 for L\. 
Let us consider | and p, an arbi t rary pair of random variables. In 1.4. 

and 1.5 the domains of the operators A and 
and L2

0, respectively. 
Aj are restricted to the spaces L2

 b 

Figure 1. 

The maximal correlation of | and p is defined as 

(1.9) S( | , p) = sup R(/, g) . 
/ei.| 
ееЦ 

This measure of stochastic connection was f i r s t defined by H . GEBELEIN[3]. 
Recently 0 . SABMANOV [6], [7] dealt with this problem and A. R É N Y I [5] 
generalized the not ion. 

Relating to t he maximal correlation the following lemma is true: 

Lemma 1. 

( 1 . 1 0 ) S(£, p) = j| AJI = I) A £ | 

Proof. As 

sup | | A , / | | = sup ( - 4 4 -
/ € f | , II V I I 

>f 

l!/ll=i ll/ll=i 

a n d in case / £ L\ 0, || / || = 1, g Ç L2
 0, || g || = 1, according to equation (1.7) 

V \ ( f , g) + 
I V I 

>i 
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thus 

consequently 

S(i, i f ) ^ sup 
/61. f.. 
11/11 = 1 

K J _ 

I А , / I I 
,f 

S(l , r j ) = sup II A^/ | | = II A^ll. 

ll/ll=i 

Similarly, S(£, r\) = || A£ || . Thus our Lemma is proved. 
A. RÉNYI [5] has shown t h a t in the space L|>0 t h e operator A£ A^ is 

self-adjoint, positive defini te and 

( 1 . 1 1 ) 

If 

( 1 . 1 2 ) 

S2(£, if) = sup (A i A 7 ) / , / ) = | |A£A1 J | | . 

11/11=1 

l A £ g = A / 

holds then we call A an eigenvalue and /, g a pair of eigenfunctions of t he pair 
of operators A^, A£. According to the results of the au thor s mentioned above, 
in (1.9) t he supremum is t he maximum if and only if S(£, i]) is the highest of 
the values | A | in (1.12). In case of completely continuous A£ A , this condition 
is fulfilled. 

1.5. Let {/„} and {gn} be complete orthonormal systems in L | 0 and 
L2

 0, respectively. The positive square roots of the quant i t ies 

(1.13) 

I A , III2 = v f i ' V x Y 
i к 

are called the double norms of Av resp. A£. Of course, these double norms may 
be infini te , too. As 

ЦА,/, | |2 = ^ (А^/ , . ,0г к ) 2 and \\A(gk\\2 = 2 V i ' A t f k ) * 

hence 

(1.14) l ^ r - ^ I I V , ! ! » and || |A£ | | |2 = ^ | | A £ f l r k | | 2 . 

From (1.1) and (1.13) 

(1.15) I) A , II!2 6 + > 2 = I I | a £ | | | 2 . 
i к 

By means of the double norm the notion of the mean square contingency 
introduced by K . P E A R S O N may be extended to a rb i t r a ry pairs of random 
variables r;, by defining t he contingency as 

( 1 . 1 6 ) C ( f , V ) | A J = 
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According to the definition a n d ( 1 . 1 4 ) 

( 1 1 7 ) C 2 ( £ , rj) = 2 0 % ) = 2 W • 

i к 

As shown later this defini t ion is equivalent to t h a t proposed by A. 
R É N Y I [ 4 ] . 

§ 2. An operator discussion of bivariate problems 

2.1. Let t h e joint distribution function of £ and rj be H(x, y) generating 
t h e measure P on the plane [ж, y\ ; similarly, the marginal distribution functions 
Hx (ж) of £ and II2 (y) of rj generating the measures I\ and P2, respectively, 
on the real line. The spaces L\ and L2

Hi> resp. L2 and L2
Hz are isomorphic in 

t h e sense explained in 1.1. To t h e operator Av defined in t he space Lf there 
corresponds an operator A, t ransforming the elements of L2

Hi into L2
Hi in the 

following way: let be / (ж) Ç L2
Hi and / = /(£) Ç L f , then to t he random vari-

able g = Av f t he re exists such a unique g(y) Ç L2
Hi that g — g(rj). Then Ay is 

t h e operator which transforms /(ж) into this g(y). Similarly, to A( there cor-
responds an operator A2 t ransforming the elements of L2

Hl into L2
Hi. I t fol-

lows from the construction t h a t Ax and A3, per analogiam, have the proper-
t ies of Av resp. Aj. The question arises, under which conditions are Aj and 
A2 integral operators. Concerning this problem there holds the following 

Theorem 1. The pair of operators Ay, A2 forms a pair of integral operators 
if and only if P I\ xP2. In this case there exists a function K(x, y) such that 
P(E) = j j K(x, y) dPy dP2 for any Borel set E in the plane [ж, y\, furthermore, 

E 

Ay f(x) = J K(ж, у) /(ж) dHy (ж) and A2 g(y) = j K(x, y) g(y) dH2 (y) 
—oo —oa 

hold. 
Proof. If P Py X P2 t h e n according to the Radon—Nikodym theorem 

there exists such a function K(x, y) that for any Borel set E in the plane 
[4, y] 
(2.1) P(E) = J J K(x, y) dHy (ж) dH2 (y) 

È 

h o l d s . For /(ж) Ç L2
Hi a n d g(y) Ç L2

Hi 

(f(£), gin)) = J .f/(s) g(y) dH(x, y) = J у) /(ж) g(y) dHy (ж) dH2 (у) , 
— сю —со —со —со 

consequently К(ж, у) /(ж) д(у) is integrable according to t he measure Py X P2 
for any f(x) Ç L2

Hi, g(y) Ç L2
H2. The Fubini theorem implies t h a t 

k(y) = J K(x,y)f(x) dHy (x) 
CO 

exists for any /(ж) Ç L2
Hi and 

f k(y) g(y) dH2 (y) 
CO 

exists for any g(y) Ç L2
Hi. Hence, (see e. g. A. C. Z A A N E N [8] p. 137), k(y) Ç L2

H 
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follows. Let be к = k(y) £L?r Then in case / = / ( ! ) and arb i t ra ry g = 

= 9(П)*Ц 

( f , 9) =_l jK(x, y) f(x) g(y) dHj (x) dH2 (у) = Jk(y) g(y) dH2 (у) = (к, g) 

wherefrom (/ — к, g) = 0 for any g £ X2; this results к — A^f, i. e. 

(2.2) Aj f(x) = J K(x, y) f(x) dHj (x) for any f(x) £ Af t ; 
00 

analogously, 

(2.3) A2 fty) = J if (ж, i/) <7(2/) (i/) for any ftft ç A f t . 
• 00 

Conversely, if for operator Ax there exists a function K(x, y) specified by (2.2), 
then for any pair of Borel sets А, В—using the notations d — { l (; A}, = 

= { V £ B } ; Z0« = ! 1 a n d = I I ~~ t h e foIlowing a r e true: 
(О (0 y$B 

P{ A x B) = P(f £ A, y £ В) = M(%oí Z j 9) = ( X o t , x£) = 

= (А-Т) XdL > Xä) = (A-i XA(X) , Хв(У)) = j i K(x> У) dHx(x) dH2{y) . 
AxB 

For any Borel set E in the plane the above equation can be uniquely 
extended to (2.1) from which P Px xP2 follows. (Similarly from A2 being an 
integral operator.) Thus the Theorem is proved. 

Remark. The proof shows t h a t either both of Ax and A2 are integral 
operators or none of them. 

A. R É N Y I [4] defined the contingency as 

(2.4) C2(£,y) = 

J J [K(x,y)-l]2JH1(x)dH2(x) = f J K\x,y)dHl(y)dH2{y)-\ 
CO CO — 00 — o o 

if P^PXXP2 

oo in all other cases 
(where K(x, y) is the function figuring in (2.1)). 

A . R É N Y I proves his definition to involve the classical one for cases 
t rea ted by K . P E A R S O N . 

Theorem 2. The definition of contingency given in (1.16) is equivalent to 
that of (2.4). 

Proof. Let 

{/o (x), fi (ж), . . • } and {g0 (y), gx (y), ...} 
be complete orthonormal systems in A f t resp. Aft , fur ther f0(x)=g0 (y)=\. Then 
{ f x (x), f2 (x), •. • } and {gx (y), g2 (y), . . . } will he complete orthonormal 
systems in the spaces A f t 0 resp. A f t „. 
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Therefore 

(2.5) r,) = m A^ III2 = 2 2(A1 fiW' ш у = 2 2(A1 /<(*)• - 1 ' 
I S I KAI /SO IÍSO 

viz. in case i k 1 

(Aj /,- (ж), g0 (y)) = (/f (e), A2 g0 (y)) = (/,- (ж), /„ (ж)) = 0 , 

s imilarly in case к 1 

(Aj /о (ж), gk (y)) = (g0 (g), (g)) = О; 

fu r the r 

(Aj /О ( Ж ) , G 0 (У)) = 1 . 

If Р P x x P 2 , i- e. by Theorem 1 if Aj is an integral operator then 

oo oo 

(2.6) HI Aj HI2 = J J K2(x,y)dH1(x)dH2(y) = £ 
— OO —OO / S O FCSO 

From (2.5) and (2.6) C2 (£, r?) = || | A J | | 2 = ||| A t | | | 2 — 1, which is 
identical to (2.4). 

On the other hand, if ||| Aj | | | < oo, then Ax is known to be a completely 
continuous integral operator, t hus according to Theorem 1 P <g PxxP2 must 
hold; consequently if the latter does not hold, then C( | , rj) = || Aj ||| = oo. 
T h u s our s ta tement is proved. 

2.2. Let the measure P he generated on the plane by the joint distribution 
of I and r), fu r the r let be 

(2.7) jPA(B)=P(AxB) 

I PB(A)=P(AxB) 

where A and В are arbitrary Borel sets. PA (В ) for fixed A and PB (A) for 
f ixed В are measures on the class of Borel sets on the real line. As 

(2.8) P A ( B ) £ P 2 ( B ) and PB(A)^P1(A), 

consequently PA <g P2 and PB <g Px. According to the Radon—Nikodym 
theorem there exist functions P x (A \ y) and P 2 (В | ж) such tha t 

<2.9) 

PA{B)= $ P1(A\y)dP2  
в 

PB(A) = J P2(B I ж) dPx, 

respectively. 
( 1 x f A 

Further let be %A (X) — I where A is any Borel set on the real 
I 0 x$A 

line; then 

f Aj X A ( X ) dP2 = §Хв(У) К XA(x) DH2(y) = (Aj ХА(Х)>ХВ(У)) = РАШ , 
в — » 
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therefore 

(2.10) Ax t A (x) = Px(A\y) 

for almost every y according to the measure P2. Similarly, 

(2.11) A2 Х В ( У ) =Рш(В\Х) 

for almost every x according to the measure Px. Thus Px ( A \ y) resp. P2 (В \ x) 
are the conditional distributions, which generate probability measures (see 
J . L . D O O B [ 2 ] p . 2 9 ) . 

If PX(A) = 0 then by (2.8) 

PA(B) =5P1(A\y)dP2=0, 
в 

whence Px (A | y) = 0 follows for almost every у according to the measure 
P2. This does not imply however, Px (A \ y) Px(A). As to the validity of 
the lat ter there holds the following 

Lemma 2. Px (A\y) <ê Px (A), P2 (В \ x) P2 (В) and P <^PxxP2 do 
or do not hold simultaneously 

Proof. If P PxxP2 then Px (A I y) = f K(x, y) dPx and P2 (B j x) = 
= f K(x, y) dP2 because of À 

в 
J [ j K(x, y) dPx] dP2 = P ( 4 x ß ) = PA(B) 

В A 
and 

J [ f K(x, y) dP2\dPx = P(AxB)= PB(A), 
À в 

wherefrom Px (A\y) <g Px (A) resp. P2 (В \ x) <g P2 (B) follow. 
Further if Px (A | y) Px (A) then according to the Radon—Nikodym 

theorem there exists a function K(x, y) for which 

Px(A\y)= $K(x,y)dPx. 
л 

For this function K(x, y) 

J J K(x, y) dPx dP2 = J [ J K{x, y) dPx] dP2 = $РХ(А I y) dP2 = P(A X B), 
Ax В В À В 

which means tha t P <§ PxxP2. (Similarly f rom P2 [B\x) <4 P2 (B).) 
Thus our lemma is true. 

Corollary. In consequence of Theorem 1 and Lemma 2, the following three 
statements are equivalent : 

1° Px(A\y) <^PX (A) (and P2 (B\x)<$ P2 (B)) 
2° P <^PxxP2 
3° Aj is an integral operator (and X2 too). 
2.3. In many cases by the symmetry of the bivariate distribution in its 

variables (H(x, y) = H(y, a;)) the solution of the problems discussed before 
may be facilitated. Namely, if H(x, y) = H(y, x), the problem reduces to the 

6 A Matemat ikai K u t a t ó In téze t Közleményei V. A/3. 
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spectral decomposition of a single operator. Viz. if we have a symmetric 
distribution P(AxB) = P(BxA) then Px = P2, thus L2

Hi = L& and by this 
AJ = A2. The pair of operator equations becomes 

( 2 1 2 ) ( А 1 / ( Ж ) = А 0 Г ( У ) 

\Kg(x) = l f { y ) . 

If f(x) = g(x), these equations are identical and f(x) is an eigenfunction of 
Aj. If f(x) ф g{x), then by subtracting the second equation of (2.12) f rom the 
first one we obtain 

А1Ц(х)-д(х))=-Щу)-д(у)) 

whence f(x) — g(x) is an eigenfunction of AX. Above considerations show the 
possibility of reducing the spectral decomposition of a pair of operators to 
tha t of a single operator. 

I t will be shown t h a t any bivariate distribution m a y be usefully replaced 
by a symmetric one. Let us consider instead of the original bivariate distribu-
tion P the symmetric distribution P defined by 

( 2 . 1 3 ) P{A xB) — ( A 2 A X XA(X), xB(x)) = ( A X XA(X)> \ XBW) , 

where A and В are a rb i t ra ry Borel sets on the real line and the f i r s t scalar 
product is calculated in L2

Hi and the second one in L2
Ht, respectively. I t is easy 

to see t h a t P is a probabili ty measure on the plane. Furthermore, trivially 
P(Ax B) =P(Bx A) a n d for the corresponding distribution function 
H(x, y) = H(y, x). I t is also obvious t h a t both marginal distributions of P 
are equal to the distribution of £, i. e. 

p — p — p 
Г I — 2 — r \ 

and thus 
rA _ r 2 r2 
X'Hi — — L,Hi . 

The last term of (2.13) — equaling [ P x (A\y)P1(B\y) dH2 (y) — 
— oo  

suggests the following interpretation of the distribution P: Let us f ix any 
arbitrary value of p and choose an independent pair of values of £ ; then P 
is the mixture of the distributions of such pairs with respect to p. 

Such transformations were proposed in special cases by H . G E B E L E I N [ 3 ]  

and 0 . S A R M A N O V [ 7 ] , too. The role of bo th operators A T and A 2 will be taken 
over by A , AX according to the distribution P, as shown in 

Theorem 3. 

( 2 . 1 4 ) F J f ( x ) g ( y ) d H ( x , y ) = ( A 2 A X f ( x ) , g ( x ) ) 
00 00 

where f(x) £ L2
Hi and g(x) £ L2

Hi. 
Proof. According to the definition of P in (2.13), for characteristic func-

tions (2.14) holds. Therefore our s ta tement is valid for any pair of s tep func-
tions. Furthermore any function can be approximated to any desired exactness 
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by step functions. Thus in consequence of the continuity of its terms, (2.14) 
holds in general. 

Remark. I t is evident f rom (2.14) t h a t 

J f(y) dH(x, у) = 0Ш)) /(*) 11Л*) II = 1 • 
CO 00 

Corollary 1. A = A, Aj is the operator generating the conditional expecta-
tion in the sense 

(2.15) A f(x) = f f(x) dHx(x I y) f{x) £ L2
Hl 

00 

where Hx (x \ y) denotes the conditional distribution function corresponding 
to H{x, y). 

Proof. The definition of the conditional expectation — see (1.2) — may 
be writ ten in funct ion terminology in the form 

(2.16) j Aj f{x) dP2 = f f f(x) xA(y) dP f(x) € L2
Hi 

for any Borel set A on the real line. We shall see tha t A f ( x ) satisfies (2.16) 
and therefore (2.15), too. Namely, because of Theorem 3 

JÄf(x)dP1 = (Äf(x),xA(x))= J ff(x)xA(y)dP. 
A 00 00 

Hence also Рг (A \ у) = А у л (x) holds and the correlation ratios con-
cerning P equal || A f ( x ) || (f(x) £ L2

Hlfi , || f(x) f| =1). 

Corollary 2. The maximal correlation of H{x, y) is equal to the square of 
that of H(x, y). 

Proof. In consequence of (1.11) and (2.14) 

S2(£, rj) = sup J J f(x) f[y) dP g sup J f f(x) g(y) dP. 
fWtLh,. .—»—«> f ( x ) € I ! t (x ) | I — 1 -•»—<*> 
ll/(*)ll=> «Mei-ir.AiigWjHi 

On the other hand f rom (2.14) 

CO CO CO 00 

sup f f f{x)gfy)dP= sup J j (A2A 1f(x),g(x)) = 
i(x)ei-Ko,ll/(x)ll=i - » — » /(x)6i.ff„o,i!/(x):;=i —» —» 
g(x) e L'Bl.o, 11e(x)j I = i g(x) e Lh„o, I |g(x)| I=1 

sup ( A j A a + A j </(+)) ^ sup I j I ||A1gr(a;)j[= S2(£, y). 
/ ( x ) £ L'g„О, I |/(X)| I = 1 /(X) e Lbu0, ! ! / (x) | Í = 1 
g(x) e Li,,«, I!g(x)| 1=1 g (x )e L'Hl,„, ;g(x)ii = i 

Hence our s ta tement follows. 

0 
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The mean square contingency belonging to the measure P equals 

(2.17) 2 2 ( A 1 M*> •
 A 1 fkWy = 2II:A Л(®) II2 

I к i 

where {/, (ж)} is a complete oithonormal system in L 2
H l 0 . If Ax is an integral 

opera tor with kernel K(x, y) then A is an integral operator with kernel 

(2.18) K(x, y) = f K(x, z) K(y, z) dH2(z) 
00 

and (2.17) can be calculated as 

J Ç~K\x,y)dH1(x)dHl(y)-l. 

If the pair of operators Ax, A2 has a pair of eigenfunctions f(x), g(y) 
belonging to the eigenvalue Я then /(ж) is an eigenfunction of A and belongs 
to Я2. (This can be seen by substi tuting one of the operator equations into the 
other.) 

I t is easy to see tha t (2.17) — if it is finite — is not less than £ (//) 
i 

and the equality holds if and only if {/,• (ж)} is a system of eigenfunctions 
(for (A2 AJ /,• (aj, fi (ж)) = II Аз AJ /,• (ж) II holds in the case А2А1/,-(ж) = 
= Я? f, (ж)). If A has a complete eigenfunction system, (2.17) may he written 
as Я1 where the Я,-в are the eigenvalues of the pair of operators A1; A,. 

i 
Evidently, all what has been stated in this par t for A2 A, may be shown 

analogously for Ax A2 as hell. 
The fact t ha t both marginals of the distribution P equal one of the ori-

ginal marginal distributions is evidently advantageous in cases we have one 
discrete or differentiable marginal. 

(Received April 28, 1960.) 
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О С Т О Х А С Т И Ч Е С К И Х С В Я З Я Х С Д В У М Я П Е Р Е М Е Н Н Ы М И 

Р. CSÁKI и J. FISCHER 

Резюме 

Работа исследует ряд свойств стохастических связей с двумя перемен-
ными с помощью гильбертовых пространств. Этот метод исследования воз-
можен потому, что некоторые характеристики стохастической связи между 
случайными величинами £ и у (условное распределение, условное матема-
тическое ожидание, ряд мер силы стохастической связи) могут быть описа-
ны определенными в соответствующих гильбертовых пространствах парами 
операторов А£, Av или А1( А2. Так условное распределение £ относительно у 

Ру{А\у) = АухЛх), 

условное математическое ожидание 

= А „ £ , 

корреляционное отношение 
Ö # ) = I |A„£| | 

(относительно стандартного £). Далее максимальная корреляция £ и у 

S(£)Í?) = | | A J = | |A£ | | ; 

а понятие контингенции обобщается для любой пары случайных величин 

C(f, 17) = IIIAJI = || |А£ | | |. 
Доказывается, что Ах, А2 тогда и только тогда пара интегральных 

операторов, если Р <§РуХР 2 (теорема 1). На основании этого доказывается, 
что вышеприведенное определение контингенции совпадает с определением 
A. R É N Y I (теорема 2). 

С помощью некоторой леммы, обобщая теорему 1, доказывается экви-
валентность следующих трех определений: 

\. Р у ( А \ у ) ^ Р у { А ) и Р2(В\х)^Р2(В), 
2. Р^РуХР2, 
3. Ау и А2 интегральные операторы. 
С помощью оператора А = Ах А2 дается метод замены любой плоско-

стной вероятностной меры Р симметричной мерой Р , эквивалентной с точки 
зрения рассматриваемых вопросов. В связи с этим доказывается, что 

У Tf(x)g(y)dP = (Äf(x),g(x)) 
— 00 —сю 

(теорема 3). На основании этого доказывается, что относящаяся к Р макси-
мальная корреляция S2(£, rj). 
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