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P É T E R C S Á K I a n d J Á N O S F I S C H E R 

Introduction 

The classical indices of bivariate stochastic connection are far from be ing 
perfect . The maximal correlation may be regarded as a good measure of t h e 
correlation in i ts broadest sense, i. e. the in tensi ty of stochastic connection. 
This paper aims a t giving some contributions to the approach of the problem 
of maximal correlation. 

In this pape r our notations of [1] will be used. A short survey of the m a i n 
notions used there in seems desirable. 

Let I and y be arbi t rary measurable funct ions defined on the probabil i ty 
space (Q, S, P) and ft denote the smallest cr-algebra with respect to which 
f is measurable, fu r ther A§ = A2 (12, ft, P). T h e subspace of A | consisting of 
its elements wi th zero expected values will be denoted by Af 0 . Natural ly , 
ft, A2 and A 2

0 can be analogously def ined. The symbol A^ denotes t h e 
operator of the orthogonal projection of t h e elements of A2

 0 on Af „ (condi-
tional expected value, i. e. regression curve) a n d A^ analogously the projection 
of the elements of Af 0 on A2

 0 . 
Thus t he correlation ra t io of a s t a n d a r d random variable £ on | is 

(0.1) 0«(f) = | | A e f | | , 

t he maximal correlation of | and у 

(0.2) S ( f , 4 ) = S U P (f>9) = l l A i l l = \\Ar,\\ 
f e y } . , , Il/ll=i 

||g|| = i 

and the mean square contingency 

(0.3) C ( | , y) — HI Af IK = HI AftH . 

If the number X and t he pair of r a n d o m variables / , g satisfy b o t h 
equations 

,0.4) ( + « = 1 > ft1*« 
I \ K J ~ i i ! 

we call Я an eigenvalue and the pair /, g a pa i r of eigenfunctions belonging to Я. 

1 A previous version of this paper has been read on 7. Sept. 1959 at the 
Biometrie Symposium (Budapest). 
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In § 1 some questions concerning the maximal correlation and the line-
ar i ty of correlation are dealt with. Fur ther a method of solving (0.4) in par t i -
cular cases is shown. In § 2 some examples are presented. 

§ 1. Maximal correlation and conditional expectation 

1.1. Both theoretical a n d practical considerations make it desirable to 
have linear correlation. Thus the problem of linearizing the regressions of ten 
arises. In the following some remarks on th i s question are given. 

Theorem 1. For two standard random variables f Ç L | 0 and g £ L2
0 the 

following three statements are equivalent : 
1° / and g form a pair of eigenfunctions. 
2° 0é(g) =ev(f) = ( f , g ) . 
3° / and g are linearly correlated and 6} (g) = (g); 6g (/) = 0,q (/). 

Proof. Le t us suppose a t f irst that 1 ° holds. Then f rom (0.1) and consider-
ing the norms in (0.4) 2° follows. 

For the second, if 2° holds then as f rom А}д = A, A^ д the inequali ty 
II A^ д 11 iL II A^ д 11 follows whence 

(1.1) Ц,д)^Цд)ФЧя)> 

— according to our assumption.— equalities in (1.1) are obtained. On the 
analogy of (1.1) we have equalities in 

(1.2) (f,9)<eg(f)^ev(f) 

as well. 

Equalities on the left side in both (1.1) and (1.2) imply the linear correla-
tion between / and д while those on the r ight side the other assumptions of 3°. 

Finally, let us consider 3°. The l inear correlation provides A f g = л/. 
On the other hand, Of (g) = (<7) implies A f g = A^ g, with respect to 
Aj g = Af A j g, as the norms of a function and its projection may equal only 
if this function is a fix element of the ac tua l projection A,. From the above 

A (g = X f . 
Similarly 

Avf=Zg 

and so we obtain 1°. 
As 2° has been deduced from 1°, 3° f rom 2° and 1° f rom 3°, our Theorem 

is proved. 
It is noteworthy t h a t the linear correlation between the members of a 

pair of eigenfunctions was already pointed out by H . O . H I R S C H F E L D [2] for 
the finite discrete case. 

Corrollary. If the standard random variables f = /(!) and g =g(rj) are 
linearly correlated further f(x) and g(y) are univalent functions then f and g form 
a pair of eigenfunctions. 

Proof. In consequence of the univalence L2
f = L\ and L\ — L2, 3° of 

Theorem 1 is satisfied, thus 1° holds, too. 
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1.2. The distance of the standard eigenfunctions belonging to the maxi-
mal correlation, turns out t o be 2(1 — S(£, p)) as if / g £ A 2

0 a r e 
standard variables, then 

I I / - 1 7 I I 2 = 2 ( 1 - ( / , g)) , 
hence 

(1.3) inf | | / - 0 | | « = 2 ( 1 - sup (/,?)) = 2 (1 - S ( £ , i ? ) ) . 
f t 4 „ I I / I I = I / 6 4 , ° . П Л 1 = 1 
гб4,„||г|| = 1 «6Lj,0,||g||-i 

Let the preceding inf imum problem be modified as 

(1.4) inf II/ — Agi У2 = inf (1 — 2 A(/, g) -f- A2) = 1 — S2(£, p) 
/6 L|.„ ||/|| = 1 /6 Ц,„,1I/|| = I 
яеЧ„,||«||=1 гб4,..11в11=1 

CO < A < CO CO со 

Obviously the infimum in (1.4) is lower than in (1.3) save the case S(£, rj) = 1, 
when they coincide. 

I t is evident from (1.3) t h a t S(£, rj) = 1 holds if and only if the distance 
of the unit-spheres of L\ 0 and L2

 0 equals zero. This case may be t rea ted 
in four subcases, namely: 

a) The unit-spheres are disjoint (example see in [4]). Here maximal 
correlation is not attainable (supremum bu t not maximum in (0.2)). 

b) Both differences of t he unit-spheres are non-empty sets. Now /(£) = 
= g(p) holds b u t both f(x) and g(y) have to be non-invertible functions. 

c) One of the unit-spheres contains the other. Now one of £ and rj is 
a non-invertible function of t he other. 

d) The unit-spheres are coincident (Lf „ = L2
 0). This means t h a t £~ 

and rj are univalent functions of each other. 
The relation 

6 # ) á dßC) for all Ç Ç L 2 

is necessary and sufficient for rj — /(£) (cases c) and d)) as follows from a, 
theorem, see e. g. A . C . Z A A N E N ([5], p. 250). 

1.3. The value of (1.4) is equal to the mean conditional variance of t h e 
pair of eigenfunctions belonging to the maximal correlation, as 

(1.5) inf II / - V I I 2 = inf (1 - II Avf II2) = inf (1 - 02(/)) = 1 - S2(£, rj). 
/б4,„ /е4, . /е 4 , . 
1 1 / 1 1 = 1 1 1 / 1 1 = 1 1 1 / 1 1 = 1 

For practical purposes the homoscedasticity (constant conditional variance), 
i. e. for standard С the relation A£ C2 — (A£ £)2 = 1 — 0| (£), is desired. As 
to this we can state 

Theorem 2. For the linearly correlated standard random variables £ and rj 
the following statements are equivalent : 

1° £ and rj are homoscedastically correlated. 
2° £2 — 1 and rj2 — 1 form a pair of eigenfunctions belonging to (£, r/)2. 
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Proof. Both A£ t) = (I , rj) £ and Av £ = (£, rj) r) are true. Let us f irst 
suppose 1°. F rom this 

(1 6) 1 A í ~ V)2 f 2 = A i 7,2 ~ ( A i = 1 ~ 02(??) = 1 ~ 11)2  

I Av£
2- (£, r,)2 r? = A , £2 - (A„ f )2 = 1 - 0»(|) = l—(£, r,)2 

which implies 

( 1 7 ) = ( { , , ) « ( í « _ 1 ) 

\ А 7 ) ( £ 2 - 1 ) = ( £ , Г ] ) 2 ( Г 1
2 - 1 ) . 

Conversely, f rom the linear correlation and (1.7) by (1.6) 1° follows. 
Corrollary. If the correlation of the standard variables £ and rj is both linear 

and homoscedastic, further if 0 < | (£, rj) | < 1 then the third moments of £ and 
rj vanish. 

Proof. According to Theorem 2 (£, £2—1) = (rj, rj2—1) = 0 since 
eigenfunctions belonging to different eigenvalues are orthogonal, and thus 

M(£3) = M(£) = M(r/3) = M (rj) = 0 . 

Remark. In case of t h e bivariate normal distribution the conditions of 
Theorem 2 and the Corollary are evidently fulfilled. 

1.4. The calculation of the value of t he maximal correlation is in general 
rather complicated and practically intractable. In special cases however, 
— as will be seen in the following — it can be managed fa i r ly easy. 

Let cpx, cp2, . .. resp. ipx, y>2, . . . be linearly independent systems in the 
spaces L | 0 , resp. L2

0. In th is case we have the following 

Theorem 3. The functions 
n n 

(1-8) fn — (^kn У к ' 9п=Уа'кпУ>к аппа'ппфО; m = 1,2, . . . 
к=1 к=1 

a re the eigenfunctions of the pair of operators A£, Av if and only if such coefficients 
bkn and bkn exist that 

n n 
( 1 - 9 ) \ c p n = 2bknVk> At.v>n = 2Ъ'к"V« n = 1 , 2 , . . . 

k=1 k= 1 
and in this case the appropriate eigenvalues are 

(1.10) К = УКЛт, те = 1 , 2 , . . . 
moreover, for the coefficients akn and a'kn the equations 

n n 
(1.11) 2 b i x a k n = Ka'in, 2 b ' k a ' k n = х п а п г = 1 , . . . , т е ; и = 1 , 2 , . . . 

k=i k=i 

are fulfilled. 

Proof. If the functions (1.8) are the eigenfunctions beiongingto the eigen-
values Xn, t h a t is 

Афп = КЯп and A égn = K f n те = 1 , 2 , . . . 
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then 
n n 

akn A
v <Pk = К У a'kn Vfc 

A=1 k=1 
and 

n n 
У a'kn Aj ipk = Xn2akn <pk ; 

1 k=1 
this shows tha t both Aqyn and Açipn are linear combinations of yix, . . . , ipn, 
resp. <px, .. ., cpn. Formulae (1.11) result from the linear independence of the 
systems {<pn}, {ipn}, wherefrom for i= n annbnn= Xna'nn and a'nnb'nn= Xnann 
which implies (1.10). 

Conversely, if (1.9) and (1.11) hold then for the functions (1.8) 
n n k n n n 

Avfn= Уакп Av<Pn = У JZ aknbikfi = у yf+nbikV, = К ya'inW, = К Яп 
A-=l k=\ Í = 1 í= 1 k=i i= 1 

and similarly A^gn=knfn, where Xn = \bnnb'nn, thus our s ta tements are 
verified. 

If {An} provides all the non-zero eigenvalues then — in ease of maximum 
in (0.2) — 

S(f, p) = max 1fblinb'nn 
holds. " 

If the joint distribution is symmetric in its variables the equalities 
(1.9) and (1.11) reduce to 

akn — akn a n ( l bkn — bkn, consequently Xn — bnn. 
Corollary. This theorem may be applied if the linearly independent functions 

can be chosen so that 

yn = £ n - M ( ! " ) 6 Д о - Vn = V n - « = 1 , 2 , . . . 

In these particular cases, our Theorem implies that the eigenfunctions are 
polynomials if and only if for each n the «th conditional moment is an at most n'h-
degree polynomial of the conditioning variable. 

In consequence of Theorem 3 the eigenvalues can be found wi thout any 
fur ther computation and the coefficients of the eigenfunctions can be deter-
mined from a linear system of equations provided t h a t in both spaces X|i0 
and L2

0 respective systems of linearly independent functions are known such 
tha t their conditional expected values can be written in the form (1.9). 

§ 2. Examples 

Some examples of calculating the maximal correlation will be presented. 
The following symbols will be used: 

h(x, y) for the joint density funct ion of | and p, 
hx (x) for the density function of 
h2 (y) for the density function of p, 
hx (x I y) for the conditional density function of £ on p, 
h2 (y ] x) for the conditional density function of p on £, 
pik for the joint probability of £ = i and p =k, 
pt. for the probability of £ = i and 
p.k for the probability of p = k. 
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1. In this example the max ima l correlation coincides with the correlation 
coefficient. Let be 

h(x, y) = 

log 

log 

1 
(1 — x)y 

1 
x(l — y) 

0 ^ x ^ y ^ 1 

0 g.yg.xgLl 

In this case the jo in t distribution is symmetric, i. e. h(x, y) = h(y, x). Hence, 
one-sided t r e a t m e n t of the problem is suff icient . Now 

\ (ж) = 1 0 + x 1 
a n d 

hx (ж I y) = h(x, у) 0 ^L x ^ 1, 

Therefore, using Theorem 3 

A„!" = 
n + 1 

i " 

a n d 

•̂n = bnn — 
n(n + 1) 

n= 1 , 2 , . . . 

n = 1 , 2 , . . 

The functions — M(|") fo rm a complete system of linearly independent 
polynomials in L 2

0 . Thus {An} is the set of all eigenvalues, f rom which we 
obta in 

S(£,10 = ^ = 1 . 
tu 

2. a) Tr inomial distr ibution. 

A ! 
Pik = 7 PÍP^l-Pl-P*)"-'-" 

г! ft!(A — г — к) 

where рх > 0, р2 > 0, рх + р2 < 1; г = 0, 1, . . . , А ; к = 0, 1, . . . , А ; 
г + к ^ A. T h e n the marginal distributions are 

с 
P[( 1 - Pi)N-' г = 0,1, 

p-k = 
A 

pia - P2r~k ft = 0,1, 

and the conditional distributions 

Pik = N — ft) Pi i 1 - P i — Pl 

P-k г 1 - Pa 1 - Pa 

Pik = 
A - г Pa к 1 - Pi - Pal 

Pi- ft I l - Pi l - P l 

N—k—i 

N—i—k 

г = 0 , . . .,N—k, 

ft = 0 , . . . , А — г . 
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Now applying Theorem 3: 

Pi 

р-г 

Pi 

Pi 

(N - r , ) ( N - n - l ) . . . { N - r , - j + 1) n = 1,.. 

( N - £ ) ( N - £ - ! ) . . . ( N - * - j + l ) n = l,...,N 

where ann = 1; thus the eigenvalues are 

and the maximal correlation is 

Pi Pi 
(1 - P l ) ( l - p 2 ) 

n = l, ...,N 

/ PiP 2 

b) Trihypergeometric distribution. 

Pik = 
i 

N - N. Nn 1 " 2 
n — г — к 

where n, Nv N2, N are positive integers, Nx p iV2 < N-, i = 0, 1, ..., n; 
4 = 0 , n\ i p к -g. n. Similarly to a) we obtain the eigenvalues 

A„ = 

N - N x - m 
N2 — m 

N-N j 
N 9 

and especially 

Ni 

S(|,t7) = A1 

N - N2 

Nx —m 

j N - A V r 
N, I 

NXN2 

m 

( N - N x ) ( N - N 2 ) 

N, 
j Px = - A , p2 = ~ result for S( | , p) in the same formula as obtained in a ) . 

3. A case of S(£, p) = C(f , p). 

Let us consider the symmetric density function 

( 2 . 1 ) h(x, y) = px a(x) a(y) + p2 [e(a) b(y) + b(x) a(y)] + p3 b(x) b(y) 

where a(x) and b(x) are linearly independent. For sake of simplicity let us 
suppose tha t a(x) and b(x) are density functions, further px 2г. 0, p2 ^ 0, 
p3 ^ 0 and Px p %p2 P p3 = 1 . Then 

hx (x) = pa(x) -f- qb(x) P =PiPPi< 4=PiPPz-
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The construction of h(x, y) allows a t most one non-zero eigenvalue, whence 

S(£, y) = C(£, y). 

C2 (£, ÍJ) being equal to the square-integral of 

h(x>y)-K(x)hy(y) = p a(x) - b(x)_ a(y) — b(y) wheTe P = Pi Рз _ p l  

Kid) УрФ) + Ф(х) Ура(у) + qb(y) 
we have 

c ( £ , y ) = \ p \ f w - w ^ a j i - f - ^ Ä - 4 . 
J ра(ж) + ?6(ж) pq I J ра(ж) + дб(ж) I 

Therefore 
oo 

IPI I г 
(fad, f HI M 

) 1.2 q 2 p 
(2.2) S ( | , ^ ) = | j P ' [ l 

P9 I 
— oo 

where Я (ж, у) = - -, the related eigenfunction being а(ж) (ж) 
_ + — + 
ж у 

In the part icular case p 2 = 0, we have 

S($,y) = l - J H 
a(x) b(xY 
(2 p3 ' 2 py 

dx 

and in case p2 = = £>3 = 0) 

S(£, y) = l - J H(a(x), b(x))dx. 
— oo" 

Let us consider now 
a) an example due to A. RÉNYI ([3] P. 317), where 

, X1 _ у ' 

h(x, y)= - e 2 - e-x') е-У + { f i e 2 - е~У)e^') . 
2 л 

In this case the marginal distributions are normal and have the density 
functions 

1 
hy(x) = h2(x) = -=re 2 . 

\2л 
They are uncorrelated, bu t not independent. In this example px = p3 = 0, 

p,=- and 
2 
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hence 

S(t,y) = l 
— 3^-2 

— Г (1/2 er-* -e~2)dx = 4= - 1 ~ 0 
я J ' ]/3 

1547. 

where 

b) A further simple special case: 

h(x, y) = 4px xy + 2p2 (x + у) + p3 OAxAl] 0 Ay A l , 

a(x) = 2x, b(x) =1 0 ^ x A 1; 

Figure 1. 

the maximal correlation is 

S(ft (arth p - p). 
p3 

E. g. if h(x, у) = x + у or h(x, y) = 2xy + 
1 

S( | , 77) = log 3 _ 1 

2 

0,0986 . 

t h e n 

c) An example where the parallelity between the intensity of connection 
and the value of the maximal correlation is manifest . 

Let us consider a domain T consisting of two squares of uni t area 

[ —1 ^ a; ^ 0; a — l A y A a] and [0 A x A 1; — а А у A \ — a] 

where O ^ a ^ - ^ (see Fig. 1) and let the joint distribution of £ and у he 
2 

uniform in T. This may he transformed in a symmetric distribution with density 
function of type (2.1) 

(2.3) h(x 
h(x, t) h(y, t) 

h2{t) 
dt. 
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The eigenvalues of the joint density function (2.3) are the squares of 
the original ones (see [1] (2.18)). 

In the present case 

Pi — Pz — a > Рг = ~~' a(x) = 1 — 1 ^ i ^ O , b(x) = 1 0 g x tgl. 
2 2 

Thus by (2.2) 

S(£, »?) = ] / - — = a . 1 pq 

4. An example for multiple eigenvalues. (See A. C. Zaancn[5] p. 539.) 
Let us consider the symmetric joint density function (generating a completely 
continuous operator) 

h(x, у) = Цх — у) 0 g x g 2л, 0 g y g 2л 

e 1 
2 

J ' 

where the function k(x) has the following properties: k(x) > 0 with period 
2n 

2л, summable over (0,2л) and | k(x) dx = — , fur ther k{ — x) =k(x). Then 
2 л 

hx(x) = -1-
2 л 

a n d 

Aj (x j у) = 2л k(x — y) 0 <£ x g 2л, 0 ^ y g 2л. 

Now the eigenvalues are 
? " 

Xn = 2 л \ k(x) cos nx dx n = 1 , 2 , . . . 
о 

a n d the respective eigenfunctions 

fnl = cos n £ , /„2 = sin n £ 71 = 1 , 2 , . . . 

i. e. the A„-s are double eigenvalues. Therefore 

S(£, t/) = max |A„|. 
n 

5. Let the domain T be defined on the plane [ж, у] by 

T = {(x,y):\x\P + \ y \ o g 1} p>0,q>0 

and let £, г/ be uniformly distributed in T.2 

2 This example is the generalization of P. BÁRTFAI'S unpublished solution for 
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We shall see tha t — in case p = q — to the narrower T-s higher maximal 
correlations are at tached. Now, 

where 

h(x,y) = — for (x, y)£T, 

I (1— y«)V 

t = j j d x d y = 4 J j dxdy=éj (l-y*)Pdy=*B 

о 0 

A i + i | . 
i P I 

V? ? ^ ^ 
- / 

Ш 
1 

-1 

Figure 2. 

The density functions of the marginal distributions are 

hx(x)= L l - l z p T 
L 

I x l ^ l , 

K ( y ) = - ( i - \ y \ " ) p  

í 

and the conditional density functions 

K ( x I У) = 

h ( y I x ) 

2(1 — \ y\4Y 

1 

\y\è 1 

|y|è(l — \x\pY, \x\ ^ 1. 
2(1 — |ж|р)4 

Let us choose the linearly independent functions (see Theorem 3) as 

yn = \£\pn-M(|!|pn), Vn =\ч\чп-М(|ч|«п) n = 1 , 2 , . . . 

7 A Matematikai Kutató Intézet Közleményei V. A/3. 
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Then as results f rom 

J l T N C W * - - ^ 

(l-lwl«)» 

(1 -\y\")p 

xpndx=- (1 — jy|«)n, 
pn + 1 

we have 

pn + 1 qn + 1 K<Pn 

consequently 

6 = - Ы Г b ' 
unn — . , > "nn — pn + 1 + 1 

whence the eigenvalues are 

A„ = 
" V(pn+1) (qn + 1) 

n= 1,2, .. 

n = 1,2, . . . . 

The eigenfunctions belonging to such eigenvalues do not by all means form 
complete systems and thus C(£, r;) is to be determined. These are, however, 
all the non-zero eigenvalues as 

dxdy 

t ( 1 - | ж | " ) 9 ( 1 ~\У\Ч)Р 

1 <1—îflY 
T f dxdy 

[ \ 

( 1 _ | ж | Р ) « ( 1 _ | у | ? ) Р 

(i—p«)" 
Г 

(1-ФУ 

о о j 
0 

2 < - 4 -
n=0 

1 \ 

У 
nj 

xpn dx dy — 

u)n du = 

Ú j ? pn + 1 

о 

é í l q \pn + l q ) 

°° 1 
_ y i = 1 + У A2 

£j(pn+l)(qn+l) 

where binominal expansion a n d beta-function were applied. Accordingly, t he 
maximal correlation proves to be 

S(£, p) — max 
П У(рп + 1) (qn +1) K(p + 1)(<7+ 1) 
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and the related eigenfunctions 

/ 1 = | f |p i/i = b l ? -
p+2 q + 2 

I t is to be noted tha t in this example: 
a) the correlation coefficient as well as t he correlation ratios vanish. 
b) in calculating the maximal correlation — if it is at tainable — £ 

and p may he replaced by | £ | and | p |, respectively, if and only if to S(£, p) 
there belongs a pair of even eigenfunctions. Consequently, the domain T m a y 
be reduced e. g. to its upper half or even to its positive quadrant without alter-
ing the value of the maximal correlation. 

(Received April 28, 1960.) 
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ЗАМЕЧАНИЕ О ПРОБЛЕМЕ МАКСИМАЛЬНОЙ КОРРЕЛЯЦИИ 
Р. CSÁKI И J. FISCHER 

Резюме 

Работа занимается максимальной корреляцией, являющейся со мно-
гих точек зрения наилучшей мерой силы стохастической связи. В § 1 даются 
необходимые и достаточные условия того, чтобы стандартные случайные 
величины / = f(£) и д=д(р) были парой собственных функций пары опера-
торов Aj И Ач (теорема 1). В дальнейшем характеризуется случай 

= 1 и дается необходимое и достаточное условие того, чтобы р была 
функцией от £: 0Ч(£) ф 0j(£) для всех £ с конечной дисперсией. 

Д л я случая взаимно линейной регрессии дается необходимое и доста-
точное условие того, чтобы и условная дисперсия регрессий была постоян-
ной (теорема 2). 

Кроме того дается метод вычисления собственных значений и функ-
ций пары операторов Aj, в том случае, когда известны линейно незави-
симые системы функций (pv <р2,... и y>v у>2, . . . величин £ и р с конечной 
дисперсией, удовлетворяющих (1.9) (теорема 3). В качестве специального 
случая получается, что собственные функции в том и только в том случае 
многочлены, если тг-ые условные моменты суть многочлены не выше тг-ой 
степени условной величины. 

В § 2 приводится ряд примеров вычисления максимальной корреляции. 

7 * 
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