ON SOME RANDOM SPACE FILLING PROBLEMS
by
Irona PALASTI

§ 1. Introduction

A. RENYT solved in his paper [1] the one-dimensional case of a problem
raised by L. SCHMETTERER, i. e. he considered the following problem. Let us
place at random with uniform distribution disjoint unit intervals on the inter-
val (0, ) till this is possible, namely until the distances of all neighbouring
unit intervals will be smaller than one. RENYI determined the mean value
M (z) of the number of unit intervals and showed that

lim fl@ =c
X— oo

He solved the problem proving that M(z) satisfies the following difference-
differential equation

@—1)M'@) + Mx) =2 Mz —1) + 1 for x

v

1

with the initial condition M (z) =0, for 0 < x < 1, further by showing that
for M(z) the asymptotical formula

(1) Mz)=cx—(1—c¢c)+ 0 d3
wn
holds, where n is an arbitrarily large number and
=
(2) gl [e i dt.

The numerical value of ¢ was given in [1] to three decimals as 0,748.

This paper deals with the corresponding problem in the two- and three-
dimensional case. '

We consider in § 2 the following problem. Let us place at random
(with unitorm distribution) disjoint domains which are congruent and parallel,
with a given domain D of unit area (this means that any domain can be car-
ried over into D by a shift transformation 2’ =« — a, y' = y — b), into a rect-
angle with sides 2> 1, ¥ > 1. The process is repeated until this is possible.
The question is, what is the mean value of the number of domains placed
in such a way, i. e. how large part of the rectangle will be filled in average
with these domains.
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Let us denote by M(z, y) the mean value of the number of domains
placed in the above mentioned way into a rectangle 7'y, with vertices (0,0),
(z, 0), (z,y), (0, y) (where x, y>) 1). By starting from a hypothesis which
seems very plausible (to the proof of which we intend to return in an other
paper) we shall show that the limit

X—> o0
Y+

(3) lim M_(;;y_) = a(D)

exists.

Our proof depends on a generalization of a theorem ot D. H. Hygrs [2].
In the case when D is the unit square S; a heuristic reasoning has led us to
the conjecture that the corresponding constant o(S,;) is equal to ¢ ~ 0,56
where ¢ is the constant (2) obtained by RENYI in the linear case.

Concerning this conjecture experiments were carried out by the Monte
Mz, y)

zy

The results obtained which are reproduced in § 3 strongly support our con-
jecture.

Finally in § 4 we give some remarks on the three-dimensional case.

Carlo method, in order to determine an approximative value of

§ 2. On the existence of the density of space filling

We shall start from the following hypothesis:

Hypothesis A. Let M(x, y) denote the mean value of the number of
domains congruent and parallel with the convex domain D of unit area placed
at random as described in the introduction on the rectangle 7', the sides of
which are equal to # > 0 and y > 0. Then there exists a constant 4 > 0
depending on D, such that for any z, > 0, 2, > 0 and ¥y > 0 we have

(4a) | M2, + @5, y) — M(zy, y) — Mz 9) | < Ay
resp. for any @ > 0, y; > 0, ¥, > 0
(4b) | Mz, y, + y2) — Mz, y,) — Mz, y5) | < Aw.

Remark. It can be seen from (1) that the analogue of the above hypo-
thesis, i. e. the inequality

(5) | M@ 4 y) — M(@) — M(y)| < 4,

is valid. In fact, (5) is true with 4, =1, but we do not need this result here.

D. H. Hygrs deals with functional inequalities similar to (5) in his
paper [2]. He called the transformation f(z) of the Banach space E into the
Banach space E’ a o6-linear transformation if it satisfies the following
inequality.

(6) ‘ | f@ + y) — fl@) — f(y)]| <o

for any « € E, y € E. He showed that for any é-linear transformation f(z) of
E into E’ there can be found one and only one linear transformation I(z)
which satisfies

(7 || f@) —U=) || < 9.
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E and E’ are both the set of real numbers, and as in our case there are functions
and thus clearly M(z) < z, /(x) can not be else than a linear function. Hence
it follows from (5) and (7) that there exists a constant ¢ such that

(8) | M(z) —cx| <1,
which implies
(9) lim e =0

X— 0 Z

Let us consider now the two-dimensional case. As we can not make use
of the above mentioned theorem of HyErs in its original form, we prove a
lemma which is similar to the theorem of HYErRS and which is suitable for
our purposes. The idea of the proof is similar, but deviates somewhat from
that of the theorem of HyErs.

Lemma. Let f(z, y) be a Borel-measurable function of two variables satis-
fying the following conditions :

(10a) | f(xy + @5, y) — f(@1,y) — f(@a, ¥) | < By, for 2,20, 2,20, y 20
and ‘
(10b) | f(x, ¥y + ¥2) — f(x, y,) — f(@, y2) | < Bz for 2 =20, 4, =20, y, =0

B > 0 is a constant, not depending on the variables x;, y; (¢ =1, 2), and there
exists a constant o > 0 such that f(x,y) =0, if 0 <x < por 0 <y < p; then

(11a) | f(x,y) —axy| < Blx + y)

where o is a constant and thus

(11b) Y
X— o -’17y
Yoo
Proof. It follows from (10a) and (10b) that
(10c) | @y + 2o, ¥y + Y2) — f(@, 1) — [(®), Y2) — [(®a, ¥1) — (@3, ¥s) I

< By + @, + v+ yo) -

At first put 2, =2, = g Y == ginto (10c), then we obtain

(12)

ﬂmm—443f9;§3m+y»

Replacing z and y by 2%z and 2%y, resp. and dividing (12) by 4% we obtain

k k k—1 k—1
- IMmﬂijm 2,2 ”ng+ﬂ'
41{ 4k—1 2k
Summing up (13) for ¥ =m + 1, ..., » we obtain

(14) f@rw2ny) j@re.2my)|_ p |£t‘) .

40 4 | gm
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Let us consider  and y as fixed values. Thus if m — oo then according to
(14) the sequence 4~ f(2kz, 2ky) satisfies the Cauchy-convergence criterion, i. e.

n n
TN i 6
4n

n-—»o

(15) = g(x, y)

exists. Concerning g(z, y) we know the following: Substituting in (10a) 2" a1
resp. 2" y instead of @, ( = 1, 2) resp. ¥ and dividing by 4" we obtain

@M@+ 2),2"y) [ 2y) @22y | _ py

(0 4" 4" 4" 2n

that is passing to the limit n — oo we obtain from (16) by using (15)

(7) 9@ + @3, ¥) = 9@, ¥) + 9(@2, Y) .

Thus as ¢g(z, y) is for fixed y a Borel-measurable function of #, we obtain

(18a) 9@, y) =ay)x.

It follows by the same argument from (10b) and (15) that

(18b) g@.y) =b@)y,

which is only possible if

(19) 9, y) =awxy

where a is a constant, independent of @ and y. From (15) thus it follows that
n n

(20) o= BB gy, PG

xy n-w 20 2ty
Let us put now m = 0 into the inequality (14) and divide by xy. It follows that

n n !
(21) f2" 2,2 y)__f(x’?/)‘gBm:Blel),
2N 2"y xzy | xy fe Y
If now n — oo, then — according to (20) —
(22) ia_]i(,w_iy)lgB(1+l
1 vy | x y

and if # — oo, ¥ — oo then the right side of (22) tends to 0 and thus (11a) and
therefore (11b) follows. Thus our lemma is proved.

Hence if for some domains D hypothesis A is valid, then our lemma
can be applied and thus it follows that

(23) T )
X— Ty
y-*m

exists and obviously must be a constant with value between 0 and 1.
Writing down inequality (11a) for M(z, y) it follows also that

(24) | Mz, y) —a(D)zy | < A(x + ¥).
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Thus M(x, y) may be written in the form
(25) M(z, y) = a(D) xy + m(,y)

where m(z, y) = o(zy) for & — oo, y — co.

§ 3. The value of a = lim

X— o0
Y—>o

Mz, y)
xy

if D is a rectangle

Let us suppose now that D is the rectangle of unit area §, with sides ¢

and % (g>0) which are parallel to the @ resp. y axis. If M (%, y) denotes

the mean value of the number of such rectangles which can be placed in a
rectangle with sides  and y, then by a similar transformation one obtains

@&
(26) M, y) = M, (;, v
It follows that
ey M, f,qu
(27) e Ui e e, W Y iy
d X—> o0 xry X—> o0 -
Yoo y—oo ? ~Yq

Thus a(8;) = a does not depend on ¢. By a heuristic argument one is led
to conjecture that

(28) M(x, y) ~ M(x) M(y)
where M (x) is the mean number of unit intervals which can be placed on the

interval (0, z), mentioned in the introduction. We hope to return to the proof
of (28) in an other paper.
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We conjecture that (28) holds, from which it follows that a(D,) is numeri-
cally equal to ¢ where ¢ is defined by (2), and thus is approximately equal to
0,56. ... Thus if our conjecture is valid, then if z and y are sufficiently large
in an average 0,56xy small rectangles can be placed at random on the
rectangle 7T',, with their sides parallel to those of T',,.

To check this we have carried through experiments by the Monte
Carlo method in order to determine the approximate value of M(x, y) (see
Figure 1). In the rectangle 7' with sides  and y the point P was determined
by means of a table of random numbers [3] in such a way that the coordinates
t and u were chosen independently (Y, <t<z—1,), Yo=Zu<y—1,).
This point P was considered as the centre of a unit square if this was possible,
i. e. if this unit square did not intersect with any of the former ones. Other-
wise the point P was rejected and another point was chosen in the same way.
This procedure was continued as long as the rectangle 7' was filled with unit
squares. The results of this experiment are contained in the following table:

Length of th Area of
sidesegg rec%a,ngl?a T regf:ngle Number of 56% of the
T unit squares area of
zy cm? placed rectangle
x cm ' ¥y cm
5 15 75 42 42
10 15 150 84 84
15 15 225 126 126
20 15 300 167 168

Thus the results of the experiment are in very good agreement with our
conjecture.

§ 4. The three-dimensional case

The analogous problem is in this case the following: let us place at
random with uniform distribution in a parallelepiped K,,, having the edges
x, ¥y, z disjoint domains which are congruent and parallel to the convex
domain D of unit volume till the parallelepiped K,,, is filled with domains.

Let us denote by M(zx, y, z) the mean of the number of such domains
placed in the parallelepiped K,,,. Let us suppose that the following is true:

Hypothesis B. The following inequalities are valid:
| M(z, + 4, 4, 2) — M(2,y,2) — M(%,,y,2) | < Byz

| M(2,y, + Y5, 2) — M(2, y1,2) — M(2,y5,2) | < Baz
and
| M(z,y,2, + 2,) — M(2,y,2) — M(2,9,2,)| < Bay.

Then one can deduce in the same way as shown above that the limit

. Mz, y, z)

hm e — D
B B(D)
Y+

2>+
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exists. In case D is a unit cube O, one is led in the same way as to (28) to the

conjecture that B(C;) = c¢® = 0,42 where ¢ is the constant defined by (2).
The problem can be treated similarly in general for the n-dimensional

case too, which leads to the conjecture thatin the average ¢" 9%, of the volume

of a large m-dimensional parallelotope will be filled by the n-dimensional

unit cubes, if these are placed at random with uniform distribution so that

they should not intersect and their sides parallel to those of the parallelotope.
I am indebted to Professor R&xvy1 for his valuable remarks.

(Received May 6, 1960.)
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MPOBJIEMbl OTHOCUTEJIbHO CJIYUAHHOI'O 3AMNOJIHEHUSA
NPOCTPAHCTBA

I. PALASTI
Pe3iome

Pabora sanumaercsi ciejyiouieif 3ajayeil: pacrnojioyKum Ha IUIOCKOCTH BO:
BHYTPEHHOCTb IIPSIMOYIOJIbHMUKA €O CTOPOHAMM X M y ChyuaiHbiM obpasom (c
pPaBHOMEpPHBIM paclpefieleHneM) NapajiesIbHO PaclosloyKeHHble 001acTH, KOH-
IPY3HTHBIE BBINYKJIOH obsnacti D ¢ elMHUUHON Mowablo, TaK, yToObl OHH He
uMesd 00IMX ToyeK, U OyJeMm INpojoJKaTh 3TOH npouece, MOKa 3T0 BO3MOYKHO..
CnpaimBaercs, Kakyl yacTb IUIOLIAJM TPSAMOYTOJbHMKA 3aloJHAKT TaK pac-

N0JI0)KeHHble obmacTu?
ITycts M(z, y) o3HayaeT 0)KulaeMoe YMCJIO PacloyIOyKeHHbIX BbillleyKasak-
HbIM 00pa3om obzacTeif. ABTOp BbICKa3bIBaeT OTHOCUTEIbHO M(z, y) 0ueBHIHYKY

TUIIOTe3y, COIJIACHO KOTOpOH cymectByeT Takoe B > 0, uro
[ M(z) + @3, y) — M(2, y) — M(25,y)| < By
| M (@, 9, + y5) — M2, y,) — M2, y,)| < Ba.

ABTOp J0Ka3biBaeT ABYXMepHoe obobuienue ojaHoit Teopembl HYERS-a oTHOCH-
TeNbHO QYHKUMOHAIBHBIX HEPABEHCTB [2] M C ero NMoMolllbio JIOKa3blBaeT, YTO U3
YIOMSIHYTOH THUIIOTe3bl CJIeJlyeT CyllecTBOBaHMe Mpejiesia

T G ) S
ay

X—
]
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ABTOp BbICKa3blBaeT Iunotesdy (K KOTOpPOil ero NnpuBejn 3BpUCTHUYECKHE coobpa-
YKeHMs1), uTo B cjyuae, Korja [ ecTb euiuynblit KBajapat S;, a(8,) = ¢ rae no-
CTOSIHHAS ¢ COBIAJIAeT C MOCTOSIHHOM, MoslyyeHHOM B pewenHoit RENYI araio-
TMYHON OJHOMEpHOI 3ajaue, T. e.

o t

c:2J(l—e_’)exp —2[1—_:;—_-—du

0

dit =0,748.. ..

U nosromy c? npubsmsureabHo paBro 0,56. Corsacho 9Toil rumnoTese NpuMepHoO
569,-0B miowanau 00JbIIOIO YEThIPEXyroJbHUKA MOYKET OBITh IOKPBITO CJIy-
YyaiHO pacrosIOyKeHHBbIMU eIMHUYHBIMU KBajJpaTaMu, CTOPOHBI KOTOPLIX Mapai-
JIeJIbHBl CTOPOHAM IPSIMOYTOJIbHKKA.

OTHOCUTEIbHO 7-MepHOH aHaJIOTMYHOM 3a/Jauyd BBICKA3bIBAETCS aHaJI0IUu-
Hasl TUI0Te3a, COrJIACHO KOTOPOH ¢™-yI0 4YacTb 7-MepHOT0 MNpPsSIMOYTOJbHUKA 3a-
NIOJIHAIOT CJIyUyalHO pacrosloyKeHHble n-MepHble eJIMHUYEbIe KyObl, I'DaHH KOTOPBIX
napajjesibibl TPaHsIM TPSIMOYTOJIbHUKA.
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