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I. Introduction and summary 

Sampling f rom a f ini te population m a y lie considered as a random 
exper iment whose outcomes are subsets s of the set S = {1, 2, . . . , Я ) ; s 
is called a sample and S is called a population. Denote an s consisting of к 
elements by sk and the probabi l i ty of sk by P(sA.). 

Simple random sampling of sample size n is defined by the following 
probabilities P(sA): 

(1.1) P(sk) = 

N -1 

if к = n [Simple random sampling of size n] 
n) 

0 otherwise. 

In this paper we shall make use of so called Poisson sampling defined 
as follows: 

(1.2) P (sk) = 
n к I 

1 
NI I N 

[ Poisson sampling of mean size n ] . 

Le t us have a sequence yJt ..., yN of real numbers, and p u t 

a - 3 ) * = 2 y , 
its* 

where sn is a simple random sample and V extends over all г contained in t he 
ies„ 

sample sn. Obviously £ = !(s„) is a random variable with f in i te mean value 

n N 

(1-4) = 
N /Г, 

and variance 

(1-5) D f = - — - У (y, — Y)2 \ Y = - y y i 
N N - l g L NfTi 
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Let us consider an inf ini te sequence of simple random sampling experi-
ments, the v-th of which has the size nv and refers to a population of size Nv 

and with values yvv .., yvNv. Let £v he t he random variable defined b y (1.3) 
corresponding to the r- th sampling experiment . 

Now we ask about conditions concerning {yvi, n„, Nv} under which 

(1.6) l imP{f„— E£v<x]/dTv}= u
l I dt 

v-» | /2л ,1 
CO 

or 

(1.7) lim р{£„ = к} = е~л-
v— » k\ 

or, generally, the distribution function of £„ converges to a limiting distri-
bution law. We natural ly suppose t h a t nv oo and Nv — nv -> oo. 

In the following sections we shall give a complete solution of th is prob-
lem, i. e. we shall indicate necessary and sufficient conditions. As for conver-
gence to t h e normal distr ibution law t h e necessary a n d sufficient condition 
coincides wi th tha t one derived by E R D Ő S and R É N Y I in the paper [1], as 
could be expected. 

2. The fundamental lemma 

We shall show t h a t t he above problem can be completely reduced to 
the same problem concerning sums of independent random variables. 

First observe t h a t Poisson sampling may be interpreted as simple 

Actually, it suffices to the value к with probabil i ty 

consult (1.1) and (1.2) and notice t h a t 

N n к 
[ l - -

N 

N—k 

к N [ l - -
N 

( Ж 1 -

Clearly E к = n and 

( 2 . 1 ) 

N—к 
1 -

N 

N—k A ) " 1  

к 

E (k - n)2 = n | l - P 

Now, it is easy to define an exper iment producing simultaneously a 
simple random sample sn and a Poisson sample sk such t h a t sn(Zsk if n <Lk, 
and s„D«k if n > k. This m a y be done as follows: 

1° F i r s t we realize t h e binomial random variable к at taining t h e value 
к with probabil i ty 

/А ín к 

N 

N—k 

U . ы N 
0 N . 

2° a) When к = n, t hen we select a simple random sample sn = sk which 
is a simultaneous realization of both simple random sampling and Poisson 
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sampling, b) When к > n, t h e n we select a simple random sample sk, which is 
a realization of Poisson sampling; thereaf te r we select a simple random sample 
sn of size n f rom sk (sk represents here a populat ion), sn be ing a realization of 
simple random sampling, e) W h e n к < n, t h e n we select a simple r andom 
sample s

n> which is a realization of simple r andom sampling; thereaf ter we 
select a simple random sample sk f rom sn (sn represents he re a population), 
sk being a realization of Poisson sampling. 

P u t 

(2.2) p = 2 ( y i - Y ) = S-nY 
<'es„ 

and 

(2.3) 
/es* 

where (sn, sk) are joined samples f rom the above experiments , sn representing 
a simple random sample and sk a Poisson sample. The n u m b e r of summands 
equals constant ly n in (2.2) and is a binomial r andom variable in (2.3). Clearly, 
(2.4) 

p — p* i€s„—St 

'6 s*—s„ 

if к = n 

if к < n 

if к > n 

since either sk is a subset of sn or, conversely sn is a subset of sk. 
Lemma 2.1. The following inequality holds true : 

(2.5) 
E(p — p*)2 

Dp* < [I 
n N — n 

Proof. If к is f ixed, then sn — sk or sk — sn represents a simple random 
sample of size \k — n\. Consequently, in view of (1.5), we h a v e 

(2.6) E{(p-p*)2\k}=D{p-p*k} = 
n I N — \k — n\ 

N N 2 {Vi - Y)2 < 

1 N — 
л é i 

The inequali ty (2.6) together wi th (2.1) obta ins t h a t 

( 2 . 7 ) ; {(rj _ n*)2} ^ E\k - «I i V (yt - Y)2 < 
N H 

^ Y E ( k - n ) 2 - ^ ( y i - Y ) 2 = Г 
/ n 1 711 
1 
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In a similar way we could derive 

(2.8) Dy*=n 1 ——1— y { y . - Y ) 2 . 
N ) N ÍTi 

We shall p re fe r however, t o prove (2.8) b y the following consideration: Any 
sampling exper iment consists of N diehotomous experiments , t he г-th of 
which has t h e following two possible outcomes: including the element i in 
the sample s and not including the e lement i in t h e sample s. If all these 
experiments are mutual ly independent a n d the probabi l i ty of including the 

71 
element i equals cons tan t ly —, 1 ^ г ^ N, we easi ly see t ha t one gets 

Poisson sampling, i. e. t h a t each sample sk has t he probabil i ty (1.2). This 
fact implies t h a t r f may b e judged as a s u m of A independent random variables, 

(2.9) 

where 

(2.10) 

Clearly 

( 2 . 1 1 ) 

N 

i=i 

Vi 
n 

w i t h probabili ty — (if i £ sk) 

wi th probabil i ty 1 — (if — s 
A k>-

D C, - (y, - Y)2 
n 

A 
1 ( l ^ i ^ A ) 

which proves (2.8). 
Combining (2.7) a n d (2.8) we obviously obtain t h e inequality (2.5) which 

was to he proved. 
Let us consider a sequence of exper iments of t h e above kind (i. e. pro-

ducing joined simple r a n d o m and Poisson samples) a n d denote b y r/v and 
y* the r andom variables (2.2) and (2.3) referring t o t he r-th exper iment . 
From L e m m a 2.1 it follows tha t 

( 2 . 1 2 ) 
D y* 

if I n„ 
\Nv — nv-

Remark 2.1. The relation (2.12) implies t ha t , provided nv -> oo and 
A„ — nv —> oo, the l imi t ing variances a n d distributions of random variables 
Av + Bv rjv and Av + Bv rj* exist u n d e r the same conditions, and if exist, 
are the same. The r a n d o m variable rj*, however, is a sum of independent 
addends (2.10), so t ha t w h e n studying t h e limiting dis t r ibut ions of Av -f- Bv 7j*, 
we may simple apply t h e well-known theory of summat ion of independent 
random variables. See [3] . 
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3. Convergence to the normal distribution 

We shall prove t h a t the condition derived by E R D Ő S - R É N Y I in [1] 
is not only sufficient b u t also necessary provided t h a t n„ -> oo and Nv — nv-+ oo. 

Theorem 3.1. Let Svr be the subset of elements of Sv = {1, .. ., on 
which the inequality 

(3.1) \yvi- i f t | > r j D f t 
holds ; let D f t denote the variance (1.5) referring to the v-th experiment. Suppose 
that nv oo and Nv — nv -*• oo. 

Then the random variable ft defined by (1.3) has asymptotically normal 
distribution with parameters (E ft, D I . ) if and only if 

2 (Vvi - Yv? 

(3.2) lim = 0 for a n y т > 0 
2 (уvi - Y v ) 2 

itSv 

Nv 
where V denotes the same summation as V . 

ieSv i = i 

Proof. In view of Remark 2.1, it suffices to establish suff icient and 
necessary conditions for asymptotical normality of t he random variable y* 
defined by (2.9), namely witli parameters (0, D y* ). Notice t ha t E y* = 0, 
since 

(3.3) E ^ = J ; E f t = 2 ~ ( y , . - F ) = 0 . 
i=1 1=1 

Firs t suppose t ha t the random variables ft,- = ft def ined by (2.10) a re infi-
nitesimal, i. e. t h a t 

max D ft, 
(3.4) i™ ^ = 0 -

> ' D ft, 
Jl—OO 

1=1 
In view of (2.11), (3.4) is equivalent t o 

(3.5) lim = 0 . 
max (yvi — Yvf 
' SiSNv  

Nv 

y ( y v i - Y v f 
i=i 

The condition (3.5) is clearly much weaker than the condition (3.2); i t is usually 
called the Noether condition. 

Provided tha t (3.4) holds, the necessary and sufficient condition for 
asymptot ical normality of y* with parameters (0, D y*) is given by t h e Linde-
herg condition. Since the random variables ft,- — E ft,- take on values 

(Vvi-Yv) 
и. л л 

and — (yvi — Yv) —— with respective probabilities — 
N' p N p 

and 1 — — we have 
N„ 
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1 Nv I 

b t f í ? J 
x2d?{£vi- ECVl <x} = 

|X|>4 Dl* 

(3.6) = 
N„ VI iíCv 

NJ Л7 г Yv? 
I" i€B„ те. v с W Í£S„ 

IV,/ íeC] V ^ 
V :fB„ 

2 - Y v f 
its„ 

where CVr and Bvr are subsets of elements of Sv on which 

(3.7) 

a n d 

1У vi - Y v 
1 - У 

N J 
> r Í те, 

N 
V 

j l -- ^ W i - Y v ? 
v' ies. 

(3.8) BVT • 1 yvi Y , 
те, 
—- > T 
N V 

Í nv  

1
 Nv 

I — 
те, I 

N v \ 
£ b V v i - Y v , I 2  

/es. 
respect ively. In view of (1.5), we see tha t 

(3.9) CVr = S n l + Y l ) 
F (Nv-V—nvy 

and BVX = S 
I nv' 

F r o m (3.9) it fol lows t h a t (3.2) is equivalent t o t he condit ion t h a t the f i r s t 
m e m b e r of (3.6) converges to 0, i. e. to the fu l f i lmen t of t he Lindeberg condi-
t i o n for Tj*. 

Thus it r e m a i n s to prove t h a t r/* cannot have a l imit ing normal distri-
b u t i o n with p a r a m e t e r s (E r/*, D rj*), if (3.5) does not hold. 

We m a y suppose wi thou t a n y loss of general i ty t h a t те, ^ — Nv a n d 

(3.10) \yvl-Yv\^\yv2— . . . ^ \yvNv-F,|. 

If (3.5) is not sa t i s f ied , then t h e r e exist a n e ^ O such t h a t 

У vi Y , (3.11) lim = е + 0 
f 2 (Уп - Yv)2 
1 /es, 

fo r some subsequence of indices v. Taking a new subsequence f r o m this sub-
sequence, we m a y assume t h a t 

(3.12) l im "v- = c < Z 1 . 
v N r 2 

F o r simplicity le t us introduce n o new symbols for denoting t h e subsequences. 
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Now the relations (3.11) and (3.12) mean tha t t he distribution function 
of the random variable 

( З Л З ) . D V 
Nv 

y.v\— ^ v w i t h probability — 

N. v! itsv 

71 
with probability 1 — 

N ,, 

converges to a distribution function which lias a j u m p 1 — с at the point 0 
g 

and, if с > 0, a jump с a t the point - . Let us discuss each of t he cases 
\c(l—c) 

с = 0 and с > 0 separately. 
If с = 0 the variance of (3.13) does not converge to the variance of 

the limiting distribution. Actually, (3.13) has the l imiting variance e2 while 
the limiting distribution is degenerated to the single point 0 so t h a t it has 
the variance 0. Hence if there existed a limiting distribution of the statistic 

Nv 
V г 

(3 13) - = k = + 1=2 

I D r,* KD p* f D p * 

it would have a variance smaller than 1. Consequently, r/* cannot have asymp-
totically normal distribution with parameters (0, D p%). 

If с > 0, the distribution of (3.12) converges to a distribution concent-

rated in the points 0 and — = . If (3.13) had asymptotically normal distri-
]jc( \ — c) 

bution, this distribution could be decomposed in a convolution of two dist-
ributions one of which is not normal. This is, however, not possible, in 
view of the well-known theorem by H. C R A M E R . 

The theorem is completely proved. » 

Remark 3.1. In paper [2] there is proved that , provided we have a fixed 
double sequence {Nv, yVi}, the Lindeberg condition (3.2) is fulfilled for any 
sequence {nv}> such t h a t nv -> oo and Nv — nv oo, if and only if the relation 

I (yP i +VJ 
2 

(3.14) lim = 0 
2(yvi - Yv)2 

itSv 

holds for a n y sequence {srt,} such t h a t sfv(zSv and 

(3.15) lim Y = о 
V-CO N v 

where rv denotes the number of elements in srv. 

9 A Matemat ika i K u t a t ó I n t é z e t Közleményei V. A/3. 
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Remark 3.2. According t o a theorem b y CRAMER, ( [ 5 ] p . 1 0 5 . ) a vector 
. . . , Cvm) has a то-dimensional normal l imit distribution wi th parameters 

m 
{E Cv]> C° v (£vj'> £wi), h , j = 1, . . . , m} if any l inear combination 2 к £vj has 

j=1 
a one-dimensional normal l imit distribution wi th respective parameters . Le t 
CVj be given b y (1.3) where yt = yVji, where v labels the exper iment and 
j t h e variable. Suppose tha t t h e sequences {yVji, nv, Nv}, j =1, m, fulfi l 
t h e condition (3.2) and tha t t h e multiple correlation coefficients qvj between 
£VJ- and {Cvj' j' ф j} are uniformly bounded f r o m 1, i. e. t h a t 
(3.16) lim sup gA < 1 j=\,...,m. 

Then any sequence [ 2 h VvjU nv> Nv I, where ?.j are a rb i t r a ry constants , 
l;=i J 

fulfi ls the condit ion (3.2) and hence the random vector (£V1, . . . , £Vm) has asymp-
totically normal m-dimendional distribution with respective parameters . 
Actually, we h a v e 

(3.17) 

a n d 

(3.18) 

2 * j b j l è max (1 - o2
PJ) A? D £: l£j<m 

vj 

£ kjiVvji — Yvj) S ci max I Л,-11 yvji - Y 
7=i 1 Sj'^m vj I 

The rest follows b y easy computat ions. 
71 

Remark 3.3. If - is bounded from 0 and 1, i. e. 
Nv 

71 
(3.19) 0 < £ < —— •< 1 -— £ 

Nv 

t h e n the Lindeberg condition (3.2) reduces t o the Noether condition (3.5). 
Really, if (3.5) a n d (3.19) are satisfied, then t he subset SVT is empty for all 
sufficiently large v so tha t (3.2) clearly holds. If (3.5) is n o t satisfied, (3.2) 
does not hold in any case. 

4. Convergence to the Poisson distribution 

Using t h e same method as in Section 3, the following theorem will be 
proved: 

Theorem 4.1. Suppose that n v o o , nv g—Nv, and 
2 

(4.1) lim E £v = lim D £v = A > 0 . 
V-»- oo V-+ oo 

Then the relation (1.7) is fulfilled if and only i f , first 

(4.2) l i m V = 0 
N„ 
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and, second, 

(4.3) lim 
v 2 У « = 0  
•Nv \Vvi—4>T 

for a n y r > 0. 

Proof. Firsx assume t h a t t h e inf ini tes imal i ty condit ion (3.5) holds. If 
(4.2) does no t hold, then , in view of Remark 3.3, t h e l imit ing dis t r ibut ion 
m a y be only normal . Consequent ly, t h e condition (4.2) is necessary. Now p*v 
has l imit ing Poisson dis t r ibut ion if a n d only if 

(4.4) lim 2 I d р ( Я / - E £„,• < ж} = 0 . 
i=l J 

|x— 1|>T 

We m a y write, as in (3.6), 
Nv 

(4.5) 

'Vy Г 

2 J x2dP{ SJIi -

|x—1|>T 

E ':VI < x) = — 
Nv N.. 2 (У* - Y v f + 

/ecq 

+ 1 — 
N. 

- у 2 (Уп-Уг)2  

\NV] itBm 

\\ here CPT and B'Vz are subsets of elements of Sv on which 

(4.6) 

a n d 

(4.7) 

C'vr • 1 (Vvi - Yv) 
N, 

— 1 > r 

BL: 
n„ 

(yv, - Y
v ) Я - 1 

N.. 
> r. 

I n view of (4.1), it holds t h a t 

(4-8) 

a n d 

n, Nv — 
lim - f - 2 У vi = km nvYv = к, 

Nvi=\ 
i. e. lim Yv = 0 

V-*- со 

(4.9) lim 1 — 
N 
x* v 

Nvft[ 

Concequent ly, in accordence wi th (4.2), 

2 j x2dP{£vl-E£vi<x) 

lim 
V-.00 

|x—l|>r 
«V 
N„ 

= 1 
У VI 

' v |!/ч—l|>r 

which proves t he equivalency of condit ions (4.3) a n d (4.4). 
As for the case when t he condi t ion (3.5) is no t fulf i l led, we could prove, 

as in t h e proof of Theorem 3.1 t h a t t he l imiting dis t r ibut ion canno t preserve 
var iance . 

9* 
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Remark 4.1. If t h e sampling were done wi th replacement (i. e. as n 
independen t drawings of one element) we would get just t he conditions (4.2) 
and (4.3) for a sympto t i c Poisson dis tr ibut ion of t h e sum of selected values. 
This coincidence is clearly caused b y t h e fact t h a t t h e difference between with 

71 
and wi thou t replacement sampling becomes negligible if — —v 0 . 

Nv 

5. Other cases 

Developing t h e basic idea fu r t he r , we get 

Theorem. 5.1. Suppose that 

(5.1) lim E £ „ = / í 
V oo 

and 

(5.2) lim D £v = a 2 

V— oo 

and consider an infinitely divisible law — distinct from normal law — with 
mean value /<, variance a2 and cumulant — generating function 

(5.3) г y t + Г (e"u — 1 - itu) 1 d K(u). 

J u2 

Then the distribution of £v converges to the law given by (5.3) if and only if 

7) 
(5.4) l i m T T = 0 

N v and 
(5.5) lim n f 2 Vvi = 

NvyVi<u 

in all continuity points of K(u). 

Proof. The same as of Theorem 4.1. 

6. Conclusions 

n 
If — does no t converge to 0, normal l imit ing dis tr ibut ion is possible, 

N v 
namely under condit ions established in Theorem 3.1. We can also get a limit-
ing distr ibution fo rmed as a convolut ion of a normal dis t r ibut ion and some 
two-points distr ibutions. 

n 
If — converges to 0, the var iance preserving limiting distr ibution may 

Nv 
be only infinitely divisible. The conditions for th is are the same as if t he 
sampl ing were carr ied out with replacement. 

(Received May 7, 1960.) 
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П Р Е Д Е Л Ь Н Ы Е Р А С П Р Е Д Е Л Е Н И Я П Р И П Р О С Т О Й С Л У Ч А Й Н О Й 
В Ы Б О Р К Е И З К О Н Е Ч Н О Й С О В О К У П Н О С Т И 

J . H Á J E K 

Резюме 

В статье вероятностная выборка из конечной совокупности рассматри-
вается как случайный опыт, при котором из множества N = { 1 , 2 , . . . , JV} 
выбирается подмножество s, « с N. Множество N и случайное подмножество s 
называем соответственно основной совокупностей и выборочной совокупно-
стей. Обозначим s составляющее из к элементов через sk и вероятность sk  
через Р ^ ) . 

При простой случайной выборке (без возвращения), объема п, мы 
имеем ( I T 
(1.1) Р(+) = ] U ) 

I о 

для к = п 

для кфп. 

В статьи показывается, что задача о предельных распределениях при 
предположении (1.1) сводится к той же задаче при предложении 

(1.2) 
P{Sk) = \N 

п 1 — 
N. 

N—k 
для 0 ^к <. N. 

Вероятностную выборку с вероятностями (1.2) называем пуассоновской вы-
боркой. Эту выборку возможно понимать, во первых, как простую случай-
ную выборку объема к, при чем к есть случайная величина с биномиальным 

законом распределения с вероятностями 
(N 

и 
1 — п 

N 

N—k 
, или во вторых, 

как N независимых опытов таких, что при г-том опыте элемент г включен во 

выборочную совокупность с вероятностью п- и не включен с вероятностью 
1 - 7 7 . N 

N 
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Пусть y v - - , y N — вещественные числа; положим 

- I N  

N f t i 
и далее 

(2-2) V = 
ies„ 

и 

(2.3) у* — 2 (Vi — Y) , 
íes* 

где sn и sk представляют соответственно результат простой случайной вы, 
борки и пуассоновской выборки. В пар. 2 показывается, что выборки (sn, sk\ 
возможно осуществить современно таким образом, что sndsk, если n -g, к, 
и snZDsk, если п > к, и 

(2.5) Е(у-у*Г ^ 
D у* 

[I 
n N — п 

где Е( • ) обозначает среднюю и D( • ) дисперсию. 
Теперь рассмотрим последовательность [yvh nv, iY„}y=1 основных сово-

купностей объема Nv со значениями yvi (г = 1, . . . , Nv), простых случайных 
выборек объема nv и сопровождающих их пуассоновских выборек. Если 
предположим, что те„->оо и Nv — nv-+ oo, и обозначим через yv и у% слу-
чайные величины (2.2) и (2.3) относящиеся к r-тому члену нашей последова-
тельности, то из (2.5) следует, что 

(2.12) lim Е(7?" ~ - 0. 
. -=о D у* 

Значит, предельные дисперсии и распределения случайных величин Av + 
+ Bvyv и А,, + В,, у* (Av, Bv — любие постоянные) существуют при тех 
же условиях, и если они существуют, то они совпадают, друг с другом. Но 
случайная величина у* равняется сумме N не зависимых случайных величин 
ft, . . . , Сдг, 

N 

(2.9) V* = 2 
í=i 

определенных так, что 

(2.10) = е с л и i Ç 8 к 
I 0 если i$sk. 

Таким образом мы свели задачу о предельном распределении случайной вели-
чины у к той же самой задаче о сумме независимых слагаемых у*. В резуль-
тате применения этого простого факта, получаются следующие теоремы: 

Теорема 3.1. Пусть SVx — подмножество множества Sr = (1, . . . , V,,} 
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состоящее из элементов для которых имеем 

(3.1) \ y v i - Y v \ > r f D j v . 

Предположим что nv -> oo и Nv — nv ->• oo. 
Потом случайная величина (2.2) имеет предельное нормальное распре-

деление с параметрами (Epv, D pv) тогда и только тогда, если 

2 (у* - f v)2 

(3.2) lim при всяком г > 0. 
2(Уп~ Yv)2 V— со 
1 = 1 

Достаточность условия (3.2) была в первые доказана другим методом 
в работе [1]. 

Теорема 4.1 Предлположим, что nv—> oot nv <7, -Nv и 
2 

(4.1) lim E( V уф = Hm yv) = / > 0 . 

Потом соотношение 

(1.7) lim D { 2 yvi = k ) = e - X A (4 = 0 , 1 , 2 , . . . ) 
v=co i e 4 « ! 

имеет место тогда и только тогда, если 

7) 
(4.2) lim — = 0 

V-СО N V 

и 

(4.3) lim — 2 У Ii = 6 пРи всяком т > 0. 
V—oo JVv IJto— 1|>т 

Теорема 5.1 Предлположим что 

(5.1) lim Е ( ^ ) = А 

и 

(5.2) lim D( 2 У*) = 

v — i € 4 

и рассмотрим бесконечно-делимый закон, отличный от нормального и имею-
щий среднюю р, дисперсию о2 и логарифм характеристической функции 

( 5 . 3 ) 

со 
ipt + j (e"u — 1 — itu) — d K(u). 

J u2 
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Это распределение является предельным для случайной величины 2 У vi тогда 
и только тогда, если /esv 

(5.4) Hm Гк = о 
V - СО N v 

и 

(5.5) lim ^ 2 У1 = К(и) 
V-*™ JSIvyvi<u 

во всех точках непрерывности К (и). 
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