THE GROUND STATE OF THE HYDROGEN MOLECULE ON THE BASIS
OF THE RELATIVISTIC QUANTUM MECHANICS WITH THE AID
OF THE WANG WAVE FUNCTION II.

Method for evaluation of the two-centre integrals occuring in the calculation
of the retarded magnetic orbit-orbit interaction term

by
G. KARDOS and J. LADIK!

§ L

The method of applying Brer’s relativistic two-electron equation to
the case of hydrogen molecule is given in [1], dealing with the determination
of the relativistic correction energy term of kinetic energy, arising, among
others, in course of computation. Others publications [2], [3] contain the
evaluation of the first, non-retarded part of the magnetic orbit-orbit inter-
action term. The Hamiltonion of the magnetic orbit-orbit interaction term
is the following:
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(Here the electron’s charge is denoted by e, m is its mass, ¢ stands for the
velocity of light, 7, = |7;—7,| means the distance between the two electrons

in atomic units. Further, p; = ~—grad1 Tesp. Py = B grad, is the quantum
i

mechanical momentum operator for the first resp. the second electron, z; , stands
for the i-th component of vector 7;,, meaning the difference of the radius vectors
of the two electrons, and finally, p, resp. p;, is the i-th component of the
momentum operator of the first resp. of the second electron. )

The present paper gives a method to determinate the two-centre integrals
occuring in course of computation of the second, retarded part of operator (1).

The evaluation of the energy term arising from the retarded part of
Hamilton H, may be performed by determining the expectation value of the
operator and by substituting in this expression the suitable parameter values.
The expectation value in atomic units [4] is given by the integral
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in which ¥ is the approximate wave function of Waxa [5]:
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Here r,, and r,, resp. r,, and r,, are the distances of electrons 1 and 2 from
nucleus a resp. b (see Fig. 1), a stands for a variation parameter which has
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Figure 1.

given, according to WANG’s non relativistic calculations, the minimal energy
at the value o = 1,17. Finally,
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where R is the distance between the two nuclei [6].

Substituting into the expression (2) of the expectation value the wave
function (3) and the components of the momentum operator expressed also
in atomic units, then after having performed the multiplications, we get
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Taking into account the symmetry of the wave function with respect to
the exchange of the two electrons and considering the axial symmetry of the
hydrogen molecule, relations similar to equatlons (16) of [2, 3] between the
integrals arising from (4) can be obtained.

Using these relations and performing the differentiations in rectangular
coordinate system, after a simple but little lengthy calculation, one get for
(4) the expression
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As we see I! is the Coulomb term of the expectation value Hj, while
11 is the exchange term.

Remark: in case of benzene a rough estimation has been carried out in
[ 7] for the spin-orbit interaction term, for an integral similar to (6) containing
1/r3,, but the analytical evaluation of such integrals — as far as we know —
has not yet been performed.

§ 2.

The two-centre integrals (6a)—(6h) are not expressed in an explicit form.
Therefore in this paper we give a method for approximate evaluation of such
integrals. As a first step, we deal with integral (6a), the further ones may be
calculated in a similar way.
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It is easier to handle the integral (6a) if elliptical coordinates are used.
As it is well known [8], z;, y;, 2, can be expressed in a suitable elliptical
coordinate system, in the following way:
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The function f(r,,, 75,) occuring in the integrand takes now the form
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is occuring in function (9) can be developped into an infinite series. To this
12
end let us substitute 1/r, by the following series due to F. NEumaNN [9]:
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Here Pj(»;) means the spherical harmonic of first kind, @J(y,) the spherical
harmonic of second kind [10a],
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We tacitly suppose that the series (10) may be integrated term by term,
as this is always done in quantum chemical calculations (see e. g. [10b]).
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The series of 1/r;, may be also expressed in the following form, making
use of the cosine theorem [9]:
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Again by the above used assumption! we derivate the series (10) term
by term with respect to ¢, resp. ¢, and comparing the resulting expression with
the one we get by derivating (11) with respect to ¢, resp. ¢, we arrive to
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Putting (9) and (12) into integral (6a), we obtain the following
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1 For a proof of this assumption we want to come back at another occasion.

6 A Matematikai Kutat6 Intézet Kozleményei VI, 1—2.
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It is easily seen, that the integrands of integrals (13)—(15) are the products

of an infinite series and a function which is finite in the whole domain of

integration. Again we suppose that the integrals (13)—(15) are integrable
term by term and so we evaluate them. We wish to point out that our method
does not contain a proof for the convergence of the series (12), it is to be hoped
however that the numerical computations compared with the experimental
results will justity its practibility.

By performing the integrations with respect to ¢, and ¢, in (13), (14)
and (15) we obtain the following results:

-
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occurring in (13) and (14) by the aid of the relation [11]:
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Performing the productions in (13) and (14) and introducing the follow-
ing notations

we get

and
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The quantities H} and G}, in the above formulae are [12]:

(19) Hi(m, a;p, ) =
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We shall determine in § 3 the auxiliary functions (19) and (20).
The form of integral I}, differs from those of I}, and I,. A detailed com-
putation shows that
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Let us now transform the integrand so that the upper indexes of functions P
and @ should be twice the exponent of the expression in parenthesis. This
transformation is necessary to express the integral (21) by using auxiliary
functions (19) and (20).

We can perform the transformation on the basis of following relations[10]:

(22) PYP(u) = (20 + 1) PY(u) + PID(u) .
(23) QUtP(w) = (27 + 1) QP(w) + QU P(u)
(24) (n—j+2)PitP(w) = (2n+ 1) u P+ — (n 4§ + 1) PY+D(u).

For brievity’s sake we omit the lengthy calculations and give only its final
result:

PO() - QP(u) = PiiP(p) - @1P(w) — (2y — 1) P{EP(u) - Q4FP (1)

(2n + 1)2
Py = et = Farit),
2n 41
where
. (4n—1)u —[4n(n+7)+(27l—1)]H+(n+f)(”+j+l)_

=g Din—i+2)
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Substituting now the above expressions into integral (21) and making
use of auxiliary functions (19) and (20) we have for

2
1:)3 = %Ié’si
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-+ 14 -HIFi1,aR;1,a R) —
@n+12  (—j+1)(n—j+2) A ;

_ 243[4n(n 49+ (2n —1)] it (2 aR;1,aR
@2n+12m—i+)(n—5+2) = |l,aR;2,aR
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I} and I3 may be evaluated in a similar manner.

§ 3.

Now we calculate the auxiliary functions HM(m, o ; n, ) and GM(i ; a).
As it is known (see [12])

G1M<i;a)=(~1)f+'+M[ Ll ]*-BM«a),
@I+1@—Mmtf

_ G20
(@ — M)!

The functions BM{(«) were calculated by RUDENBERG [13]:
Bﬂll _ aM(l) BM(I 1 + aM 1) BM(I+1)
i _L[(l‘*‘M)-]Bgt_

HM(m, a;m, f) = Qm n(a, B) .

CaM | — M)!
Here
M2 g
ap(l) =ao(l>[1 —l—z] , gl = (4 — 1y H,
and
BY = [2(21 + 1))t @),
where

1
bi(a) = (2—’(‘;] Ly 4(@)
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(1y(a) stands for the modified Bessel function), and

(204 1) bi(e) = o [By () — B Y(a0)] .
Finally,

bita) = é(sha — nbfy_y(@)) if n is even
b(a) = —é(cha — nbj_y(a)) if n is odd.

Owing to [13] we evaluate the function @M(a, «) in four steps. At first,
we determine the function @Y(a, a), then DY (a, a), later DY (a, o)
and finally ®M!(a, o). The step% in details are the following:

1) DY (aa) = D(aa) = ~1— e 222 E(a)—E(2a)]
where

E(a) :%[Oﬁ—]n?a—ez“Ei(— 2a)],

(C = the Euler’s constant).

m mn 1
2) ¢910m = - (m i = d)m(n Ay = ¢?r?1 V(n—1) + Rmn(a a),
where
Rmﬂ(a’ a) == Gm(a’) e—a + e_a G(a) = Gnl'f‘”(2a')
Gola) = 8_2__ [C +In2a — e Bi(— 2a)]
Gy(a) = %‘ [C +In2a + ¢ Bi(— 2a)]
Gn(a) = Gn——z(a) = An—z(a)
e @
Ao(a) = a
ady(a)=nAd, (o) 4 e,
27 —1)2
3) B (@, @) = ( l } Fhan'
b_
i = ;’i%f +yt, (=2
l—
and
be=1L B=diesr. @1y,

[2
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where
Vinn = Yt + b, ¢£m+1)(n+1) + bi_s ‘P(Ir?x—il)mm = bt—l(‘l’(’n?izm + (P£n_(.l}+2)); (i = 2).
For I = 0,1 we use the formula

‘prlnn = W?nn = (p?m+1)(n+l) = Am(a) 2 An(a) o Amn(a’ a) ’
where

1|
Agy(a,0) = — A¥a),
2a

1
Amn(ara) = 2: [m A(m—l)u +n Am(n—l) + Am(a) 3 An(a)] ’
and

1»"'111-m =3 (p(lm+1)(n+1) + (prlnn = (p?m+1)(n+1) e (p?m-&—zm i (p(r)n(n+2) + Am(a) : An+1(a) +
+ Apppp(@) - Ap(@) .

4) Finally, using the function @%,, we obtain the function @M! with
the aid of the following recurrence formula:

I+M I+1—M
B0 B0

Since the integrals occuring in our calculations are extremely involved,
the numerical computations will be carried out by electronic computer. The
numerical results of these calculations will be published elsewhere.

We want to express our grateful thanks to Professor C. A. CouvrLson and
Dr. G. FreuD for their valuable remarks.

Do o) =¢(Irwnl+1un+1> (o, a)— {

P (a0~

J@,’,‘;’,‘#l’(a,a).

(Recu le 5 juillet 1960.)
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U3YYEHUE OCHOBHOIro COCTOSIHUs1 MOJIEKYJIbI BOJOPOJA
HA OCHOBAHUU OTHOCHUTEJIbHOM KBAHTOBOM MEXAHUKU C
MOMOLLULK BOJIHOBOW ®YHKLMHU WANG-A, II.

G. KARDOS u J. LADIK
Pe3iome

PaboTa cojiepyKUT MeTO/| BBIUMCIIEHHS] MATEMAaTUUeCKOr0 O)KUJAHUS UjIeHa
B3aMMHOTO BO3/1HCTBUSI MArHUTHOW TPAaeKTOPUM — TPAEKTOPUH, OJHOTO U3
YJIEHOB KOPPEKLMOHHOI JHEepIuHM, MOJydyaeMbIX pelyKUuell ypaBHeHUSI ABYX
3JIEKTPOHOB OTHOCUTEJIbHOW KBAHTOBOW MeXaHWKH, ypaBHeHMs1 BREIT-a.

B nepBoil yacTu 1moxaseiBaeTcs, uTo 9TO MaTeMaTHYeCKOe OyKHUjaHue MOoJTy-
yaercsl B BUJle BBIPA)KEHUSI BOCbMH JIBYXLEHTPOBBIX MHTerpaJioB. ITH MHTer-
paJjibl UMET BHJI, BBIPA)KEHHbIH B 3JUIMIITUYECKUX KoopjauHaTax. Paccrosinue
MEXK/1y JIByMsl 3JIeKTPOHAMU BbIpayKaercsi ¢ Momouibio psjga Heiimanua [9].

B 3Hamenartesie BCTpeuarolUXxcst UHTErpaloB QUIypupyer Kyb 7, — pac-

1 =
CTOSIHUSL APYT OT jpyra. Beiparkasi ~—» C OJHOH CTOPOHBI, € MOMOIbIO Teopema
12
KOCHHYCa, ¢ JApYroil cTopoHbl, pasioxenuem B psii Heiimanna u puddepenuu-
pysi o0a BelpayKeHUs 10 ¢; (YroJl asumyta OJHOTO M3 3JEKTPOHOB), IOJyyaem

PSL IS —— . ITH MHTErpalibl YJAJI0Ch NOJYYNTh KaK yHKIUMU TAPAMETPOB o I

T12
R(o. — BapnalMOHHbI TIapameTp, [ — paccTosiHMe MeXIy J[ABYMS sApamu),
¢ TIOMOIBI0 BCIIOMOraTesbHbIX (GyHKIuil [12], KOTOpble MOTYT GbITb BbIYMCIIEHHBI
C ITOMOLIBIO PeKYPCUBHBIX popmyut. Criocob onupaercs Ha meTo ) K. RUDENBERG-a.
Yucnennoe ompejeseHde (QUIypupylIIuMX B paboTe MHTerpajnoB Oyjer
npousBeieHo mosy)ke. IMosyuennsle Takum 00pa3om pesyJibTaTbl OYAYT OMy0JIn-
KOBaHHbl B JIpyToil pabore.
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