
ON SOME PROBLEMS CONNECTED WITH THE GALTON-TEST 
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Introduction 
One of the oldest two-sample tests is that proposed by О A L T O N to D A R W I N 

(see [6]), without however knowing the distribution of his statistic. As far as 
we know this distribution was determined for the first time in the work of 
К . L . C H U N G and W. F E L L E R [ 1 ] . Papers [ 2 ] , [ 3 ] , [ 4 ] and [ 5 ] are considering 
the same problem and its generalization respectively. As the Galton-test does 
not appear to he powerful, present paper aims a t improving the test both by 
modification of the Galton-statistic and by forming a pair of statistics. Our 
considerations are closely connected with the method of N . V. S M I R N O V used 
for the determination of limiting distribution of his two sample test [9]. In 
this paper for equal sample-sizes some exact joint distributions are determined 
by elementary methods and the corresponding limiting distributions are deter-
mined as well. We wish to consider statistical problems and the case of different 
sample-sizes in a following paper. 

Notations. Let us denote by (q, |2 , . . ., | n and %, r]2, . . ., рп samples 
taken from populations with the common continuous distribution functions 
F{x) and G(x) resp. Let us arrange these samples in order of magnitude: 

£ * < ! * < 
(1) 

y* < rl* < • • • < Vn • 

We introduce further the union of these ordered samples: 

C Î < i f < . • . < Ctn 

and the random variables 

# Í + 1 . if 
\ — 1, if CT=Vk-

The partial sum of the if -s is denoted by s, i. e. 

st = + + . . . + , s 0 = 0 > i = 0 , 1, 2 2 n . 

Under the assumption F(x) = G(x) each array ê2, . . ., §2n) of the (2 n U 1 

. Each array corres-
71 

ponds to a random path starting a t and returning after 2n steps to the origin. 
97 

7 A Matematikai Kutató Intézet Közleményei VI. 1—2. 
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Each path has the same probability. If the points (г, s,) are represented in the 
plane and each of them is connected with the next one, then we obtain the 
usual illustrative figure of the paths. We shall denote by 

E2n a path from (0, 0) to (2n, 0), 
7', a point of the path, where either (,s,

J_1 = -— 1, s, = 0, s i + 1 = + 1) 
or = + 1, s, = 0, si+1 = — 1) occurs, and we join to these 
points T0 = (0,0), T2n = (2n, 0). 

T\ a point of the path, where either 

(«,_! = 7 — 1 , si = 7, si+1 = 7 + 1), or = 7 + 1 , Sj = 7, s / + 1 = 7 — 1) 

holds. 
We shall call in the following the points T i and T\ intersection 

points. 
E2n an i?2n-path containing exactly I + 1 7', points ; with other 

words an .E^-path has I waves (halfwaves), 
Eff an Ein-path having I + 1 T7, points and 2 g steps above 

the axis. 
Е2пка.п .E+i-path having I + 1 Tf points, 
Е Ц к an 75+^-path having 2 g steps above the height 7, 
Hk

m a path star t ing at the origin and reaching for the f i r s t time 
the height 7 at the m-th step, 

A(+) the number of A paths or points e.g. N(E2n) = or for an 

E^-pa th I + 1 = N(Tj). 

(2 ) 

§ 1. The Galten statistic and the number of waves 

1. We shall give two proofs for the following 

Theorem 1.1 
' 2n 
n — I 

N(E'n)=~ 1=1,2 n 

First proof. As it is known the number of E2m paths, going throughout 
under or above the axis, is 

1 

m+ 1 

2 m 

m 

In consequence of this the number of I?2fJ-paths with intersection points 
A - ^ 2 a i > A ( a i + a„)> • • • > A ( a i + a s + . , . + a i - i ) > A ( a i + a s + • • • + a 0 A + « 2 + ' ' ' + « i = 
= n, a, ^ 1) is equal to 

1 о <2 o q 1 2 a 2 1 ( 2 a , 

« 1 + 1 aL a2 + 1 a 2 , a , + 1 [a, 

The factor 2 is due to the possibilities of starting in either positive or negative 
direction. 
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Hence we have 

ЩЕ12п) -
12 cq 1 2 a, 
! a1 ' a , + l a, 

(3) 

Let us denote the generating function of the N(E2n)-s by F^v), i. e. 

F,(v) = 2 N{El
2n)v\ 

n= 1 

Let us introduce further the notation for the known generating function 

(4) 
^ 1 ( 2 a l 1 — Vl — 4v , 

f(v) = у V" = - ' — — 1 . 
a + 1 a 2v 

a—1 1 v ' 

As it is easy to see the relation 

F,(v) = 2 [ / ( » ) ] ' =2vl 1 — ]/l - 4t>l2' 
2v ) 

liolds. One of the authors [8] has determined the following generating function 

7=5 ' ? 
2 
1=0 

from which the relation 

F,(v) = 2 2 

21+ 2 j I 

1 + Ï 
Vi = 

1 — 1/1 — 4 wl 

2v 

21 

1 = 0 

2 Z + 2j 

Ï 

I . . . „ v M 2 и 

= 2 > — I и " 
^ n _ i 
n = I 1 

may be obtained, giving the proof of our theorem 1.1. 

Second proof. There holds the following 

Lemma. 

N(El
2n) = 2N(H*). 

For the known relation (see eg. Feller [7] p. 71) 

I 
N(H*n) = n 

2 n 
71 I 

the proof of the lemma gives us the proof of theorem 1.1 too. 
As one half of the l?2n-paths is start ing in the positive direction and the 

other half in the negative one, we may consider the paths with s2 — + 1 
only. A one to one transformation of these paths into the 77|{-paths will he 
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given. This happens in the following way: Figure 1 shows a possible domain 
within which such (E'2n \ sx = + 1) path must proceed. As it is seen each pa th 
is divided by the points Tt into I sections. 

Let us reflect the positive parts of the path (the positive waves) around 
the axis (see figure 2). 

Here we have for each г = 1, 2cq + 1, 2(cq + a2) -f 1, . . . st — — 1. 
Let us omit these first steps of each of the I sections and let us join to the end 
of each section a positive step. Figure 3 shows the domain containing the 
graph of a pa th after the mentioned modifications. Thus we obtained a Hf n 
path. 
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The connection between a //§(, and the corresponding (El
2n | ex = -f- 1) 

is given by the relation that the points where Hfn reaches the height 2i for 
the first time correspond to the T( points of E'2n (i = 1, 2, . . ., I). This con-
struction may be carried out in the opposite direction as well and thus the proof 
of our lemma is given. 

2. Let the random variable A be the number of waves in the case of two 
samples defined in the above section. Then our theorem 1.1 gives imediately 
the following 

Theorem 1.1'. Under the null hypothesis 

( 5 ) 

o r 

P ( A = I ) = T L 

2 n 

21 \n — l 
n 

P ( A < I ) = 1 - 2 

2 n 

n 

[2 n — 1 

i n — I 
2 n 

n 

I = 1,2, ... ,n 

1=1,2, ... ,n. 

For the limiting distribution we have 

(6) l i m P ( A < y J / lTra) = 1 - e~2y', : > ' o . 

As it can be seen the random variable A is equal to the number of inter-
sections the two empirical distribution functions. We wish to mention that a 
similar problem was considered by M I H A L E V I C H [ 4 ] but his definition of 
intersection is not equal to ours and he obtains different results. 

3. Let us consider now the Galton-statistic. Let us denote it by y, 
thus y is equal to the number of If-s exceeding the corresponding rjf(i — 
= 1,2,..., n) and y may be 0 ,1 , . . ., n (see the array in (1) of section 1.) 
As it is known 2y equals the " t ime" spent by the point walking randomly 
on the straight line above 0. The relation 

P(y = 0) = — — . 9 = 0, 1,2, . . . , » . 
n + 1 

is well known. 
For the comparison of the two samples, i. e. for deciding whether the 

hypothesis F(x) = G(x) holds, or not we suggest the test based on the joint 
distribution of the pair of statistics (y; A). In order to determine this distribu-
tion we prove the following 
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Theorem 1.2. The number of E^-paths is equal to 

ЩЕ1А) = 

1 _L_ f 2 д 

п 
1 q 

д 2 , 

if I is even, 
2-1 

2n—2g \ 

if I is odd, I — \ A2g A2 n — 7+1 

Proof. Using our above notations let be the ordinate of the T, points 
•0, 2аг, 2(a1 + a2) 2(a4 + a 2 + . . . + a , 2 ( a 4 + c2 + . . . + a,) = 
= 2n. If s4 = + 1, then g — a4 + a 3 + a 5 + . . . must hold. Hence for the 
number of E^f paths starting in the positive direction we have 

( 8 ) 
« 1 + 1 

2 a . Í2a, 
a, + 1 I a , 

where 2* means summation for a1 + a3 + . . . = g, a2 + a4 + . . . = n—y 
and Of ^ 1, i = 1, 2 I. In the same way we have for the number of E 
paths starting in negative direction 

( 9 ) 
1 2 « i | 1 2 a, 

a4 + 1 « i j ' « е + 1 a, 

where now the summation holds for a 4 + a 3 + . . . = n—g, a2 + a 4 + 
— g and at ^ 1, г = 1, 2, . . ., I. 

N(E^) equals the sum of the above two expressions (8) and (9). 
Formula (8) may be written in the form 

, ( 8 ' ) 2 
12 a4i 1 

a, + 1 a, I a 3 + 1 
V i + a 8 + . . . = g 1 1 о l 

x í 2 

2 a , 

a 3 

X 

Vns+a,+ . . . = n — g 

1 2 a2 1 2 a4 ) 
a, + 1 

n—g 1 1 . «2 , a4 + 1 a„ . . . J 
and expression (9) equals 

2 
12 a . 

, „ a, + 1 a I a . + 1 I a. 
2 a . 

X 

X t2 ; 
1 2a 2 1 |2 a4 1 
+ 1 a2 a4 + 1 1 a4 

• S E I  
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1 
2 
2 g ' If now I is even, then we have for the first factor in (8') the value - N { e 2 ) 

and for the second - Лт {E\[n_gt). But the same holds — in inverted order —-

for the factors in (9'). These give the statement of our theorem 1.2 for even I. 
If I is odd, then we have for the two factors in (8'), 

and 
2 ; 

V 

1 2 cq 1 [2 «з 1 2 a, 
T i a i a 3 + 1 I a 3 ' «1 + 1 a, 

1 / 

) 

12 a2l 1 (2a 4 1 (2 a , - ! 1 

I «2 a 4 + 1 ' a 4 a / - i + 1 ai-i 2 
J2 (n-g)) 

- M J a -
ai+a,+ ... = n—g 2 

We have analogous expressions for the factors in (9') and thus we obtained 
the complete proof of our theorem 1.2. 

The distribution of the pair of random variables is given by 

Theorem 1.2'. In the case F(x) = G(x) 

12 

(10) P ( y = g , h = l ) = 

1 
12 n 

u 
1 

2 n 

n 

2g(n — g) \ g _ L 

12 

4 g(n - g) 

+ 

, if I is even 

if I is odd 

here if g = 0, or n, then 1 = 1 , 
if 1 ^ g L̂ n — 1, then I = 2, 3, . . ., min (2g + 1, 2тг 

and for the limiting distribution 
У 2 

(11) lim P(y ^ гга, Я ^ у fin) = 

2<7+ 1) 

2 
л 

о о 
е 2"0 ~v>dudv. 

As mentioned in the introduction the statistical questions of the tes t 
based on the above statistics will be treated in a second paper. We shall prove 
there that the test based on the statistic ?. is asymptotically consistent against all 
continuous alternatives. 

§ 2. Extension of the Galton statistic and the number of waves 

1. In this paragraph the distinguished role of the height Jc = 0 i. e. 
the horisontal axis is abolished and the situation of the random path relative 
to the horisontal line of height k > 0 is regarded. The number of intersections 
and the length of time spent above this height will be considered. 
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( 1 2 ) 

Theorem 2.1. The number of El.ln k -paths, is equal to 

2n + 2 
Щ Е ' ) = 

n — к — I 
k ± l + l , k > 0 

n + 1 
I > 0 odd. 

Proof. We shall give a one to one transformation of the E2nk paths 
into the #§Ji4|'+2-paths. Let he rx the first and r2 the last T\ point. (See 
figure 4.) 

?2n 

Figure 4. 

Let us leave the section (0, of the path unchanged. According to 
the second proof of theorem 1.1, the section between rx and r2 corresponds to 
a path star t ing at the point (rx, k) and reaching after r2—rx steps for the first 
time the height к + 21. Concerning the section between r2 and 2n let us first 
alter the signs and then the direction, i.e. we replaee b T t , . . . , h2n by —d2n dri 
and let us attach this transformed section to the end of the previous 
one (see figure 5). 

Finally let us now insert both between bn and bn+\ a n c ' a f ter fl2n a 
( + 1). Thus we obtain a H | ^ | ' + 2 - p a t h . By reversing this procedure it may be 
seen that this transformation is a one to one. 

We wish to mention that by writing | к | instead of к the formula (12) 
is valid in the case of negative к as well. From formula (12) there follows the 
following 

Theorem 2.1'. in the case F(x) = G(x) denoting by ).k + 1 the number of 
Tf' points and by y. the maximal distance between the two empirical distri-
bution function 

x = n • max (F n (x ) — Gn(x)) = max s, 

the relation 
( X ) 

P(* > k. A, = I) = 

and for the limiting distribution 

к+ 1+ 1 

n + 1 

Q<i<2n 

2n + 2 ' 

n — к — I 
2 n 

k > 0, I ^ 1 odd. 

lim P 
n—. ° ° 

X 

fin 
> a, 

]f2 n 
= e~2a' - е-Ха+У)', a > 0, у ^ 0 holds. 
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2. Let us regard now the modification of the Galton-statistic. 
As mentioned above the Galton-statistic y is equal to the number of the 

positive members of t h e array 

f* —V*, £* — »?*> •••>£? — »??, • - • . I Í — 7j% . 

If one of the samples is removed in one direction the number yk of the positive 
members of the a r ray 

jSr̂H  
1 '/1> 2 '/21 - • • > Sn 

may be considered. I t is easy to see t h a t 2yk is equal to the " t ime" spent by the 
point walking randomly on the s traight line above the height 1c. M I H A L E V I C H 

has derived an equivalent problem to this [4] and obtained a result equivalent 
to the following: 

n—к 

(13) = £ ) = - - 2 
r=g 

3. VVe now prove the 
Theorem 2.2. 

N(E^k) = 
{ ] c + l ) ( l * - \ ) ( 2 д 

(14) 

1 j 2 n — 2 r 
r -f- 1 \n + к — r 

к 

n — r 

X 

Я 
V 

2 ( r - 0 ) 
I - 1 r — q  

1 + 1 (r - Я) (n + 1 - r) 
X 

(r) 
2 / 

2 « + 2 — 2 r 
n — r — к 

where the summation is for 2n — 2 & ^ 2 r 2: m a x (2 д + I — 1, 21). 
Proof. If ту and r2 denote t he first and the last T'f" points, resp., the 

section between r1 and r2 is an P f J -path s ta r t ing in positive direction 
where 2 r = r2 — r1. 

The first section corresponds to a l ï ^+ i -pa th , the last one to a 

P L + + 2 + r P a t h . 
Thus 

ЩЩ i k ) = ^ N ( H ^ + \ ) N ( E f ; L r i , S l = + 1)ЩН&1Гг+1) = 
r„ Г, 

2 2 kN(H^+\)N(EI'rl,Sl= + l)N(Hk
2+l2r_ri+1) = V 

T T r,=k 

= 2 
(Г) 

= V 

2n—2r—k 
N ( E i f , s 1 = + 1) 2 ЩИ#\)ЩН&1 2r-r1+l7 

r,=k 

P — 1 2g 2(r - g) 

< f t * g { r - g ) \ a _ l ± ± \ \ r - „ - 1 -

2n—2r—k 
V 

я 

к + 1 

'H, G + 1 

r,=k 1 1 

X 
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X 
ГХ+ 1 \ _ k + 1 

G + k 2Я - 2r - r1 + 1 
( 2 n — 2 r — zq -f 1 

V 2 

2zz — 2r - r, + к I ' 

\ 

hut using the method of generating functions it can lie seen that 
2n—2r—k ; . , - , / _ , 1 \ & -{- 1 

2 
k+ 1 /_ 1 \ 

j r, + l f T + t , l 2 n - 2 r - f , + l | 
2n — 2r — q+1 

2n — 2r — r1 + к j 

+ 1 
n — r + 1 

2zz — 2r + 2 
n — r — k 

proving our Theorem 2.2. 

Theorem 2.2'. In the case F(x) = G(x) for the random variables x, ).k 

and yk the joint distribution law 

P(x > k, yk = g, K = l) = 
2 n 
n 

holds and we have the joint limiting distribution 

lim P 
n-*cо 

X Yk .u-z >a,-A= < у,— <z 
][2n ]f2n n 

Г 1 е - 2 а . f f ^ 
я J J [»(1 

+ 2 au -(U + 2QV)1 

e 2"(l-v) ( l u ,lv 0 ( 1 - v)]3i> 
о 0 

Proof. For the finite distribution we refer to the expression (14). 
In order to obtain the limiting distribution the following notations aie 

introduced 
к l q r 

—= ~ a, - = ~ z/, — ~ z, — ~ ги 
|/2 n \2n n n 

from which follow 
2 1 1 

dy ~ —: (I is odd !), dz ~ —, dw ~ — 
\n n n 

Further we have 

2 2 \z z \w—z 

ГГ 
У2{n — r) . 

w 
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From these relations and by using the well known asymptotic formulae 
we obtain the relation 

l i m P >a,yg —L <y + d y , z g ^ < z + dz 
[|/2 n |/2 n n 

л z*l* J [{w — z) (1 - w)]3l» 
g \2(lV—2) т 1—IV ' dwdydz. 

Applying for the variable w under the integral the transformation 

1 — w t 
1 17 = 1 + t 

it follows that 

y2a У' 2a' 
2z(l—2) 1—z я f i t 

4 a'+y't' 
t dtdydz. 

л z3it( 1 —z)2 

0 

The integral can be evaluated with the aid of the known formula 

]fWn Г 1 _i±£! f 1 
_ а 2Ы fii — 

J f1'2 1 J f ! 

l + <• 
e 26i dZ e1/» 

and we obtain the limiting density function corresponding to our statement in 
theorem 2.2'. 

lim P 
\2n ]/2 n 

2 y2 + lay 

k <y + dy,zg — <z + dz! = 

(y+2az)' 

л [z(l — z)]"2 * 

Integration in respect of z from 0 to у leads to the relation 

л A,, 
j/2 n \2n 

Ца + у) е-2(«+У)' dy 

corresponding to our theorem 2,1', and in respect of у from 0 to oo to 

== > a, z g — < z + dz 
у 2 n n л J 

2a' 
e l3" du, 

[м(1 - w)]8'2 

z 
which is the limiting form of t he distribution (13) of M I H A L E V I C H . 

(Received July 27, 1960.) 
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0 НЕКОТОРЫХ ПРОБЛЕМАХ СВЯЗАННЫХ С КРИТЕРИЕМ 
ГАЛЬТОНА 

Е. CSÁKI и I. VINCZE 

Резюме 

В работе рассматривается случайное блуждание по линии, где блуж-
1 

дающаяся частица «шагает» единицу вперед или назад с вероятностью — и 

вернётся после 2п шагов в исходное положение. Пусть обозначает 2 ук число 
шагов, после которых координата положения частицы больше чем к (у0 — 
критерий Гдльтона), и Хк + 1 число переходов в точке к. Определяются 
распределения, совместное распределение и соответствующие предельные 
распределения случайных величин ук и ?.к. Эти распределения могут быть 
использованы для конструирования критериев для сравнения двух выборок. 
— Исследования связаны с работами Смирнова [ 9 ] , Г Н Е Д Е Н К О И МихдлЕвича 
[ 2 ] , [ 3 ] , [ 4 ] , [ 5 ] . 
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