
ON A DENSITY T H E O R E M OF YU. V. L I N N I K 

by 

P. TURÁN 

§ I -

1. Let A be positive integer, y runs over the characters belonging t o 
the moduls A, w = a + it a n d L(w, %) the L-funct ion be longing t o (I, A) = 1 
and P(A, I) t h e least prime — I mod A. Yu . V. LINNIK has proved in 1944 
the important theorem1 

(1.1.1) P(A,l)<Ac' 

where cx and later c2, c3, . . . s t a n d in § I for posit ive numerical constants. O n e 
of his t w o main tools in his proof for (1.1.1) is the fo l lowing theorem. 2 

If 2 g X g log A and N(X, A) stands for the number of zeros of all 

L(w, %)'s mod A in the domain 

X e'-
(1.1.2) 1 ^ < 7 ^ 1 , \t\g , 

log A log A 

then for A > c2 the inequality 

( 1 . 1 . 3 ) N(X,A)gec'* 

holds. 
The a im of this note is t o offer an alternative, rather short proof for 

this theorem. More exac t ly we shall prove the following theorem. 
Denoting by N{X, A, t0) the number of the zeros of all L-f unctions mod 

A in the domain 

( 1 . 1 . 4 ) \ - ~ - g o g \ , \ t - t , \ £ ~—A 

, log A log Л 

we have for |<0| g 11A and suitable c4, ce, c7 and 

( 1 . 1 . 5 ) Q G X G C T L O G A 

1 F o r a detailed exposition of L I N N I K ' S very powerful proof in simplified form due 
to K . A . R O D O S S K I J , see the book of K . P R A C H A R : Primzahlverteilung. (Springer, 1 9 5 7 )  
in particular p. 330 — 370. 

2 The theorem ( 1 . 1 . 2 ) — ( 1 . 1 . 3 ) is identical with theorem 2 . 1 on p . 3 3 1 . of P R A C H A R ' S 
book and for the proof (after some preparations in § I of Chapter VII.) see p. 331 — 348  
of this book. 

1 6 5 
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for A > c5 the inequality 
( 1 . 1 . 6 ) N ( X , A , t 0 ) ^ c e ^ . 

2. Our proof (though we made no a t tempt to squeeze out possibly small 
values) gives possibility to find not too large explicit values for c4, c6 and c7 
(which have a significance in finding a possibly small value for the important 
constant Cj). Let namely ax, a2, a3 he the following three constants (whose 
numerical values can he evaluated by well-known arguments.3 

I. For (I, A) = 1 a n d X ^ Zl3 we have 

( 1 . 2 . 1 ) S,(x) 
def 

2 л ( п ) < а 1  n&x cp(A) 
n—l mod Л 

( B R U N ' S method, in the simplified form of A . S E L B E R G gives for ax a value 
< 4.) 

II. If 0 ^ b fk 1. then the number of zeros of each single L(w, x) in 
the square 

1 — ô < a < 1 , \t — ix | ^ — (L real) 

is at most 

(1.2.2.) 1 +a 2 61og{Zl ( l+ |K | )} . 

(a2 can be chosen about 

III. The parallelogramm 

(1.2.3) 1 
q 3 log A ' I á i 

can contain a t most one simple zero of П L{w, x)- (If such a p-zero („Siegel-
X 

zero") exists and L(Q, X*) = 0, then we shall call X* a n ,,exceptional" 
character). 

Further let со he the smallest positive integer satisfying the following 
inequalities : 

(1.2.4a) 

(1.2.46) 

со A e*, 

3 
со  

8 a 2 

(1.2.4c) 8 e(co + 1) ' 

36 a2 log (9 e со) 

(l.2.4e) 

(1.2.4/) 

со 2Ï 

2 Г 2) 
— < 

— 

3 3 

a s) 

со ^ 36 af 

1 
со ^ — 

a\ 

(\.2Ad) 
4 

á 1 -

(1-2.4(7) 

(1.2.4/) 1 2; (36 со)2ax < 
A, A, -

+ 
ft) 

3 All can be found in PRACHAR'S book, for I . see p. 4 4 , for I I . see p. 3 3 1 , for I I I 
see p. 118. 126 and 122. 
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Then we assert t ha t with this o> 

1 6 
(1.2.5) c4 = — - , ce = - , c7 = (co 2-f l ) 

2o>2 ° 3 

can be chosen in (1.1.5) resp. (1.1.6). 
3. For the sake of orientation I remark that for 

log log A A tg — log A . 
2 

L I N N I K ' S estimation (1 .1 .2)—(1.1 .3) is easy4 and the same holds in the whole 

range 2 51 A 5L— log A about the proof of the inequality 
2 

(1.3.1) N(X.A) SecJ\ogA ; 

the principal difficulty lies in eliminating the logarithmic factor in (1.3.1) 
for the range a3 51 Л ̂  log log A. My proof of the theorem (1.1.5)—(1.1.6) 
will turn out to be essentially an application of my second main theorem in 
the following special form.5 

If m is a positive integer, 

(1.3.2) max |zy| ^ 1 

and n 51 Nx, then for a suitable integer r4 with 

(1.3.3) m + 1 ^ vx ^ m+ Лт
4 

we have 

(1.3.4) |z£ + z£ + . . . +2Ц.| ^ 
8e(m + NX) 

The paper apart from this is self-contained. The only new feature 
(compared to other applications of this theorem) is, apart from the unu-

* For a very short and simple proof see my paper »Über die Wurzeln der Dirich-
letschen L.-Functionen.« Acta Scient. Szeged T. 10 (1943) 3 — 4 p. 188 — 201 (manuscr. 
received 27. Aug. 1941). 

5 See my book: Eine neue Methode in der Analysis und deren Anwendungen Akadé-
miai Kiadó, Budapes t , 1953; a completely rewrit ten English edition will appear among 
the Interscience Tracts . As to th i s shaiper form of the theorem see our paper with 
Veia T. Sós "On some new theorems in the theory of diophantine approximat ions ." 
Acta Math. Hung. T. 6 (1955) 3 - 4 , p. 2 4 1 - 2 5 4 . 
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suai choice of some parameters, an estimation of the quantity |й(те)| (see 
lemma I) which was dispensable in the previous applications.6 

Theorem (1 .1 .2)—(1.1 .3) enables one to prove ( 1 . 1 . 1 ) for at least the 
half of the progressions mod A and also to prove (1.1.1) for all progressions 
mod A with a „small" cx under the supposition tha t there is no exceptional 
character mod A in the sense of III. (which as well-known is generally the case, 
apart from a „very few" zJ's). We shall not treat these here, in the case when 
an exceptional character exists mod A, the situation is met by Linnik's second 
theorem (theorem 3 . 1 . in P R A C H A R ' S book). I think tha t also this theorem 
can be proved along the lines of this paper. 

As we shall show in 9. of § II the theorem (1.1.4)—(1.1.5)—(1.1.6) can 
be quickly deduced from the following. 

Theorem. For со satisfying (1.2.4), A>c8, for 

(1.3.5) 1 — < y < ; i 
2 w><* - -

and I <2 j <£ A'U the total-number of zeros of all L-functions belonging to modulus 
A in the square 

1 — v 

(1.3.6) y a f f i l , \t —t2\ ^ r-

cannot exceed 

(1.3.7) 4 J»'/«!!—y). 
Since in the proof we want to make dependent c4, ce and c7 upon the 

quantities ax, a2 and a3, we shall make the distinction in the constants denoting 
by 6j, b2, . . . positive numerical constants with values independent of av 
a2, a3 and by dx, d2, . . . constants depending only upon ax, a2 and a3 (and со). 

§ п . 

1. Now we shall prove the formulated theorem (1.3.5)—1.3.6)—(1.3.7). 
Fixing со according to (1.2.4) let ß be an arbitrary positive number satisfying 

5 

( 2 . 1 . 1 ) — ? < ß < . ~ 

2 log A 4 

(which has a sense for A>dx) and fixed. Then we define 

[ f e u ] 

7 
(2.1.2) A = О 2 8 ) . 

6 The useful kernel Kx(w) in (2.1.6) and the quanti ty R(u) appeared for the f i rs t 
time in my paper "On the so-called density-hypothesis in the theory of zeta-function 
of Riemann." Acta Arith. 4 (1958) 1. 3 1 - 5 6 . 
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Owing to (1.2.2) the number of zeros of each single L(w, %) in the square 

(2.1.3) 1 — — g o g l , \ t - t A g — 
A A 

with \tx \ g A is for A>d2 a t most 

4 о n def 
(2.1.4) 1 + a2 — \ogA(l + A) < 2 H Mog4 = Y. 

A ' A 

The integer к should be restricted at present only by 

(2.1.5) coN g kg (со + \)N; 

then we have evidently &>98. Let further 

def p w p —w def 
(2 .1 .6) K(w) = e2w , Kx(w) = К (Aw), 

2 w 

further for n = 1, 2, . . . 
def ] n 

(2.1.7) R(n) = \K1(w)ke-wl^"dw 
2 ni J 

(2) 
and 

def 1 k / о . 
(2.1.8) 9o(x) = ~ e л k A • 

2. As to R(n) we shall need the 

Lemma I. We have for n S: e3kA or n < ekA  

(2.2.1) R(n) = 0, 

further for ekA gn g e3kA 

" r 7 
(2 .2 .2) ' R ( n ) \ g l 

A 
ng0(n). 

Since the integrand in (2.1.7) is an entire function tending to 0 sufficiently 
quickly on every vertical line, Cauchy's theorem gives 

(2 .2 .3) Ä(n) = — ( Kx(w)k e~wloen dw. 
2ni J 

( - 1 ) 

Applying the binomial formula in (2.1.7) resp. (2.2.3) and the well-known 
formulas 

1 CP>w 1 íp'w 

(2.2.4) — < ^ = 0, resp —— \ — d w = 0, 
2ni J if 2ni J wk 

(2) ( - 1 ) 
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valid for A < resp. A ̂  0 we get (2.2.1) a t once. To prove (2.2.2) we remark 
that writing 

l o g n „ 
( 2 . 2 . 5 ) 2 = û , 

le A 
1 ^ + 1 

we have from (2.1.7) 

(2.2.6) R(n) = 
î 

2 n i A „ 2 w I 

к def 
dw = Jx + J2 

( -1) 
where Jx means the integral with 11 \ 5i 4 and J2 the rest. For the second 
we have trivially 

kV 

(2.2.7) I J x \ ^ 
1 

71 A 

,4 \k 
dt < 

4 1 - A gi6 
< 

лА(к — 1) 4 АУк 

For Jx we have 
e»fe 

1*1 M 

( 2 . 2 . 8 ) 
f(e4 - e У + s i n 2 1 V 

71 A # 2 
dt. 

+ 4 1 2 

Since, as easy to see, 

1*1 
(e4 - e 4 ) 2 á Д 1 + 

№ 
90 

2 Л2 У 
1 < — e 4 5 , 
I 4 

we get from (2.2.8) 

(2.2.9) № 
71A 

i n —— 
i \ + — e 4 5 s i n 2 U 2  

# 2 

.1 \ 1 + 1 6 * 2 

d i . 

Since for 0 < £ < 4 we have 

t3 t4 

( 0 < ) s i n t<t , i .e . s i n 2 i ^ * 2 , 
V — 30 30 

further for — 1 ^ + 1 

1 1 

45 30.16 
d 2 — 

Û 4 

30.45.16 30.45 

1 

30.45 

1 

45 30.16 
d 2  

30.45.16 30.45 
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we obtain 

sin21 5 

i. e. 

1 — 
30.16 30j 1 + 

#2 

45 
< e ,45 . 

30.16 1 30) 

1 6 — 
1 - 1 e 4 5 s i n 2 < < 

m 

Putt ing it into (2.2.9) we obtain 

1 + i ^ 2  

№ 30 

\Ji 

kO' 4 
5 

I 
J 30 j 

dt < 

oo 
e 5 Г 

J 
kt' 

e 60 dt = 
15 1 -

e 
л к A 

M 1 

This and (2.2.7) prove the lemma. 
3. Let b be real and 

(2.3.1) 
def 1 

J(X, Ъ) = ~ — 
2л i 

L' 
K1(w)k—(w + 1 +ib,x) dw. 

(2) 

Then we have the simple 

Lemma II. We have independently of b 

S = 2 \ J ( X , 6 ) | 2 < 1 1 2 a f . 
x 

We have namely from (2.1.7) and (2.2.1) 

(2.3.2) J(X,b)= V A ( n ) R ( Я ' 

Writing 

1+ /6 
( " S n á f ' 1 ' П 

Л (те) R(n) n~l~ib = en 

X(n) • 

shortly, we get 

S = 2 enien,x{nù X(n2) , 
x m ,n, 

where nx and n2 run independently over [ekA, e3kA]. Changing the order of 
summations we obtain 

( Í , J ) = 1 I e l J £ n ^ e , k d ' 
( 2 . 3 . 3 ) n - í m o d d 

2 7 <p(A) 

(í,d) = 1 
n = l mod A 

^ I W l f á 
П 

n " - ( m o d d 
Л 2 / 

2 (' loWdS+x) 
(l,A)=1 'e* 
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using (2.2.2) and (1.2.1). The last integral is 

(2.3.4) = [g0(x) S,(x)]%A - J S,(z) Ig'0(x) dx . 

One sees a t once from (2.1.8) that the (non-negative) g0(x) assumes for x 0 
its only maximum at 

Xn 6 < e ,kA 

i .e. the expression in (2.3.4) 
езкА 

(2.3.5) = [0 o ( s ) S,(x)]£ + J S,(x) Ig'0(x) | dx . 
ekA 

Since in the range of integration we have, using (2.1.5), (2.1.4) and (1.2.4b) 
the inequality 

log x è к A ^ eu NA > со 8 a2 log A > 3 log A , 

B R U N ' S estimation (1.2.1) is applicable and hence the expression in (2.3.5) is 
g3 ÍA e3 kA 

^ Ы * ) S,(X)]% H — ~ ~ f x \g»\dx = Vg0(x) S,(x)X:_t - [ xg'0(x) dx = 
<p(A) J w(A) J 

9o(x) 8t(x) 
a1 x 

<P(A)\ ,кл ^ cp(A) 
f g0(x) dx < g0(ekA) ~ 

' ( 2 1 ) J Ф 

— ekA + 
<p(A) 

<p(A) J 9 , ( H ) V ' <p(A) 
о 

Putting it into (2.3.3) lemma II follows. 
4. I t follows from lemma II t h a t with the ß in (2.1. 1) the inequality 

(2.4.1) \ J ( x , b ) \ ^ n a i A 2 

holds for all / ' s mod A, with the exception of /Р , ,bad" characters a t most 
(which may depend upon b.). Putting, if necessary, the principal character, 
and the (perhaps existing) „exceptional" character among the „ b a d " ones, 
their number is 

(2.4.2) Z P + 2 

at most. Since as well-known 

~ : + it,x ^ í q l o g ^ l + | i | ) ) 
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and from the definition of Kx(w) in the left half-plane the inequality 

5 . A An 

(2.4.3) j ад|=ет 
Aa о 

e1 
Aw 

— e' 

2 wA 
follows, we have 

(2.4.4) 

A fa* + Z2 

— Í Kx(w)k + ib, x) dw 
2 ni J L 

< 

H ) 

< A - j log(d( l -j- |Z|))-
2тг J 

г kA 

I + (t + b)* I2 

dt. 

Owing to (2.1.5), (2.1.4), (1.2.4b), for 

- А АЬАА 

the right-side expression in (2.4.4) is 

b g A m <b. 2 9 
Ai 

hence a routine application of Cauchy's integral theorem to the integral 
defining J(%, b) leads f rom (2.4.1) to the 

Lemma III. For A>d2 for each ,,b-good" characters mod A (i. e. with 
exception of (Aß -f- 2) characters at most, depending perhaps upon b) we have 

(2.4.5) ^K1(q-\—ib)k\<\2alA 2, 

where Q runs over the zeros of the respective L(w, y) in the strip 0 A u < 1. 
5. We define 

2 / (2.5.1) 

and the squares 

(2.5.2) D j : 

со2 A 
( j = 0 , ± 1 ±A) 

1 — 
с о 2 A 

Then we assert the crucial 

t — a J\ — со2 A 

Lemma IV. Fixing any of the a f s in (2.5.1) none of the L(w, x)'s belonging 
to an „aj-good" character can vanish in the square Dj of (2.5.2), if A > d3. 

Suppose this would be false for j = j0, and for an L(w, y/) belonging to 
an , ,a ; 0-good" character %', q' being a zero of L(w, %') in _D;0. In order to 
derive a contradiction out of this assumption we s ta r t from the inequality 
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(2.4.5) with x — x ' a n c l b = c/j0. We consider lirst the contribution of the 
g's with 

(2.5.3) Im в > 2jo + — 
со2 A A 

We cover this par t of the critical strip by the squares 

(2.5.4) P ^ : 
2 in v 2 in v + 1 Уо- d ^ < < - 2 2 - -j- -

со2 3 А со2 A A 

у = 0 , 1 , . . . , A — 1 , 

v = 2,3, . . . 

The absolute value of each te rm belonging to cannot exceed owing to 
(2.4.3) the quanti ty 

kn 

and the number of terms owing to (1.2.2) (applying it a bi t roughly with 
1 

Ô = 
2 

со2 A 

v + -

A 
cannot exceed 

1 +a. 
f* + 1 

A 
log A -f- log I 1 + + 

v + 

Hence this contribution is for /J >,/4 

l i < 
A—l to 

V=2 

кц 

1 + a 2 

log A 
g 2 1 " * + a 2 — • 2 1 - * + 

A 

; K 2 

со2 A 

log A + log 1 
2 j 0 

со2 A 

< 2 1 + 2a2 

A 

log A 

^?v~k\og{l +A + v)< 
V=2 

The same holds for the contribution of the Q 'S with 

w2 A A 

hence the total contribution of the Q 'S with 

(2.5.5) I m Q 
2 h 

со2 A A 

v + 
1 \ 

A 
< 
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does not exceed 

(2.5.6) 4 1 + 2 a 2 
log A 1-k 

6. Next we consider the contribution of the zeros with 

(2.6.1) 0 < a < 1 . 
A 

11 — aJ0\ S 

We cover this part of t he critical s t r ip by the parallélogramme 

2 
(2.6.2) Qp. l - ^ ± i á < T < l - 4 -

A A 
\t — a jO ! 2 

(y = 4 ,5 A - 1) 

The absolute value of each term belonging to Q cannot exceed owing to 
(2.4.3) the quantity 

kfi 
p~k e 2 

and the number of ter ms owing to ( 1.2.2 ) 

cannot exceed 

applying it with ô = t J ; tl — a.Q 

l + a 2 ^ 7 j l o g z l + log 
+ I 

1 + 
2 jo 

oA A 
2 a . P + 1 -

A 
< 1 + 2 a 2 J o g A . 

Hence the contribution of the Q -parallélogramme is at most 

(2.6.3) 
kn 

Л = 4 

1 + 2 a 2 • l o g d 
A 

< l + 3 a 
b g И 

From (2.4.5), (2.5.6) a n d (2.6.3) we get for z l>d 5 

(2.6.4) \ Z ' K i ( S — 1 — гЪ)к\ < \ 2 a x A 2 + 5 1 + 2 a 2 

where the summation refers to the g's in 

(2.6.5) 

With q 's in Dj0 we can write (2.6.4) in the form 

log ^ ry-k 

4 2 
A A 

S K x ( Q ' — 1 — i a j 0 ) \ k 
KX(Q - 1 i a jot 

(2.6.6) ^ 1 2 axA 2 + 5 1 + 2 a. 

K\(Q' — 1 — ««;<>) 

log 1 k 

< 
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Since in the domain 
2 , , 1 

( k -
CO2 CO2 

we have the estimation 
4 к Í 

I K { w ) \ k ^ 1 
3 ! со 

3 

5 ! 

_4k_ 
> e <»' 

CO3 CO 

5Л 

> e 

i. e. for 

2 ^ о ^ 0 , 1*1 ^ 1 

со2 A 
4 к 

we have 

and hence from (2.6.6) 

I Kx{w) \k>e 

со2 A 

5к 
\Kx(Q'- l - i a j 0 ) \ k ^ e -

(2.6.7) V 
- 1 -i«/0) * 

( А Д е ' - l - î a , •jO) 

5k 
<\2axA 2 em' + 1 , l o g Л 

with the summation indicated in (2.6.5). 
7. We want t o apply to the remaining sum the theorem (1.3.2)—(1.3.3)-

(1.3.4) with 

(2.7.1) 

and 

m — [ s í i ] 

К л . ( g — 1 — г a . j Q ) 

АД (g' — 1 — i aJ0) 

Owing to 12.1.4) a n d (2.6.5) we m a y choose 

(2.7.2) NX = N ; 

then the interval m + 1 5 a; 5 m + Д is obviously contained in coN к x 
^ (со + I) N and thus we may choose as Ic t he vx in (1.3.3). Then (2.6.7) 
assumes the form 

8 e(co + l)j 

ß 5v, 
^12 axA 2 em' + 1 . log A\ 2 

1- « 2 — Г 
2 A 

or 

_ £ 6N 

^ 1 2 a i d 2 + 

i + í -

1 , l o g Л 
— + а 2 

2 2 Л 

1 l o g Л 
1 1 2 а 4 d 2 ( 8 e ш ( c o + 1 ) ) " + — - f a 2 

2 A 

2)mN  

3 

8 e(co + 1) 
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b g И 

or owing to (1.2.4c) 

(2.7.3) \g\2axA 2 ( 9 e w ) " + 

Using (2.1.4) it would follow 

1 £ ( 9 с ) 2 1 2 o x CD2 A ' * "+ ^ l o g ( 9 - > + | L + W 
l 2 Л 

further from (2.1.2) using the abbreviation ß log Л = £ 

2 Nm'lt 

3 

.- ai U los à 
( 2 \ A 

I / 1 , 9q8 log9em\ 

1 ^ ( 9 е ) 2 1 2 а 1 ( У 2 е [ 2 " f i ' 

(2.7.4) 
< (36 <u)2o1e 4 + 1 

2 J / t ü 

1 2 a , 
- d  

, 2 ] / w 

8 1/ £  — ^ as Ol l'f 

— 8 l o g 5 a , r a i í 
e

 2 < 

taking in account (1.2.4d). Owing of the definition of | and (2.1.1) and (1.2.4e) 
we have 

5 

(2.7.5) £ 2: ^ c d 2 ( S : 4) 
2 

and hence using this, (1.2.4f) and (1.2.4g) 

j- I2 _ (£ata
v*)* 

3 2! 

1 . 2 a 

2 ' У CD 
_i_ 1 < i + v ' < 

2! 

putting it into (2.7.4) 

f t a , i a , a , | 
A to2 —— a>® 

1 < (36 CD)2 ax e 4 + < (36co)2axe 8 2 

which contradicts to (1.2.4h). This proves lemma IV. 
8. Consider now an arbitrary of our Dj 's in (2.5.2). Owing to lemma 

IV, (2.4.2) and (1.2.2) the total-number of zeros of all L-functions mod A in 
is a t most 

( ^ + 2 ) i l + a 2 - ^ log(d(l + M | l ! ' 5 a" 

(2-8.1) £ ) . . . ± . + _ ^ ( i + i ) 
< ( ^ + 2 ) 1 + 

CD5'2 I 

< (cd + 2 ) < Р < 2 e ' + < " ' 1 2 Ä 

using also (2.1.2), (2.5.1) and (1.2.4f). Since from (2.1.2) 

CD2 Л CD6'2 

12 A Matematikai Ku ta tó Intézet Közleményei VI . 1—2. 
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the estimation (2.8.1) holds a fortiori for the number of zeros of all /.-functions 
mod A in each square 

( 2 . 8 . 2 ) l - K ^ f f ^ l , t - 2J < L ( j = 0 , ± \ , . . . , ± A ) . 
J ! ^ A I со6 '* 

This is proved under the restriction (2.1.1); if 

ß ^ 
a3 о 2 

2 log A 

then the square (2.8.2) is obviously contained in the parallelogram m (1.2.3) 
i. e. the estimation (2.8.1) holds trivially. Since the square in our theorem 
can be covered for A>c/6 by two squares at most, both of the form (2.8.2) 
with 

5 
CO2 

ß = — ( 1 - y ) . 

the theorem (1.3.5)—(1.3.6)—(1.3.7) is proved. 
9. Finally we shall deduce from (1.3.5—1.3.6)—1.3.7) the theorem of 

L I N N I K in the form (1.1.4)—(1.1.5)—1.1.6). We may suppose 

2 со4* 

in (1.1.4) owing to (1.2.3). We can cover the parallelogramm (1-1.4) by 

1 + 
е л 

1 + 
A 

squares of the form (1.3.6) with 

7 = 1 
Я 

log A 

and I <2 I < A3!». Henee by the theorem (1.3.5)—(1.3.6)—(1.3.7) the total-
number of zeros in (1.1.4) cannot exceed 

1-1 4 еш'х < 1 + 
PX - 6 5-

4 < 0 + 
Я a . 

Q. e. d. 

(Received October 25, 1960.) 
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О ТЕОРЕМЕ ПЛОТНОСТИ Ю. В. ЛИННИКА 

Р. T U R Á N 

Резюме 

В 1944-ом году Ю. В. Линник доказал, что существует такое поло-
жительное постоянное число Ъ, что если (к, Т) = 1, тогда существует простое 
число р = Z(mod к) такое, что р <кь\ Это доказательство было упрощенно 
К. А. Родосскти- Трудность в доказательстве этой глубокой теоремы сос-
тоит в доказательстве двух других теорем, первой из которых является 
теорема плотности указанная в заголовке. В настоящей статье дается в 
самом себе полное, отличное от первоначального, доказательство этой 
теоремы на основании теоремы (1.3.2) — (1.3.3) — (1.3.4) автора, являю-
щейся также источником многих других результатов теории чисел, с 
подробностями сделаюхцими возможным эффективное определение встр-
ечающихся там существенных постоянных (1. (1.2.4)). Недавно S. 
K N A P O W S K I удалось на основании этого доказательства найти также 
доказательство второй упомянутой теоремы. 

12* 
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