UNSOLVED PROBLEMS

We start with this number a new
section of this journal: that of unsolved
problems. In this section unsolved prob-
lems will be proposed, at the same time
some information about previous results
in the direction of the problem in question
will be given. Problems for this section
as well as comments on published problems
should be sent to G. ArLexirs, editor of
the section, to the address of the redac-
tion of the journal (Budapest, V. Readl-
tanoda u. 13—15.).

HEPA3PEIWIEHHBIE INNPOB/IEMbI

Haupnasi ¢ HacTosimiero Homepa TIoMe-
1aeTcsl HOBBIA pasjesl B HalleM >KypHale:
HepaspeuleHHbIe TpobJjembl. B aTom paspelne
Mbl IyOJMKYEM HepaspeuleHHble IPo0JeMbl
M OIHOBPEMEHHO YKaspiBaem Ha 0Oojiee paH-
Hple pe3yJibTaThl, CBsI3aHHblE C JAHHOH Mpo-
osnemoit. ITpoGnembl, npepHa3HaYeHHBIE [JIst
9TOr0 pasjieia, a Tak)ke 3aMeyaHusl, CBsI3aH-
Hble € cooOwaembIMu npobJieMamMu IIPOCHM
HanpaBuUTh 110 aApecy pelaKlMM >KypHana
(Budapest, V. Redltanoda utca 13—15.)
st pepaktTopa pasaena G. ALEXITS.

SOME UNSOLVED PROBLEMS
by
Pavr ERDOS

In this paper I shall discuss some unsolved problems in number theory.
combinatorial analysis, set theory, elementary geometry, analysis and pro-
bability. The choice of problems is purely subjective, I discuss problems on
which I worked myself or which interested me and it is certainly not claimed
that all or most of the problems discussed here are very important, but I
hope the reader will find them challenging and amusing; most of them will
have a combinatorial character. Classical and wellknown problems are-
avoided as much as possible.

I gave several talks on unsolved problems at various places (Moscow,
Leningrad, Peking, Singapore, Adelaide). In the autumn of 1959 I gave a
series of talks on unsolved problems at the Mathematical Institute of the
Hungarian Academy of Sciences and most of the problems discussed here
were discussed in my lectures.

My first talk on unsolved problems was given on November 16, 1957
at Assumption University Windsor, Ontario, Canada, a paper on this talk
appeared in the Michigan Mathematical Journal 4 (1957), 291-—300, and
there is a considerable overlap between this paper and the present one.

¢, €1, Cy ..., C will denote positive absolute constants. i. o. is an
abreviation for infinitely often.

I. Problems in number theory

First some problems on prime numbers.

1) Denote by z(x) the number of primes not exceeding x. It has been
conjectured that
(L. 1.1) a(x + y) < n(z) + n(y).

It is easy to verify (I. 1.1) for small values of y (P. U~xcAr informed
me that he verified it for y < 41). For « > z,, * = y (I. 1.1) was proved by
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Lanpavu. Harpy and LirrLEwoop proved by BruUN’s method that

(1.1.2) (@ + y) — @) < —J—
logy
and A. SELBERG proved that
(1.1.3) n(x+y) — al@) < 27 +0(3/1°g1°gy].
log y (log )

A conjecture weaker than (I. 1.1) but stronger than (I.1.3) would be: To
every & > 0 there exists a y, so that for y > y,

(I. 1.4) nr+y) — @y < (14+e) 2.
log y

The replacement in (I.1.3) of 2 by a smaller constant would be of great
importance.

Instead of considering z(z + y) — @(x) one could define f(x, y) as the
greatest integer k so that there exist k integers @ <a; <a, <... <@q, <
< x + y satisfying (a;, a;) = 1. The proof of Harpy and LirTLEWOOD
gives f(z, y) < cy/log y (trivially f(z, y) = n(x + y) — a(z)) and one could

conjecture that f(z,y) < zw(y) or that f(x,y) < (14 e)l Y_ for Y > Ys
ogy
Following HarpYy and LiTTLEWOOD put

e(y) = lim sup (#(z + y) — 7(x)).
X=00
One would conjecture that lim p(y) = oo and perhaps even
y=oo
o(y) > (1—¢) yflog y for y > y,,
but it is not even known that p(y) = 2 for y > y,.
G. H. Harpy and J. E. LiTTLEWO0O0D: “Some problems of partitio numerorum.”
Acta Mathematica 44 (1923) 1—70.
E. Laxpavu: Handbuch der Lehre von der Verteilung der Primzahlen. Vol. 1.

A. SELBERG: ,,0n elementary methods in prime number theory and their limitations.’
Den 11-te Skandinaviske Matematikerkongress (1952) 13 —22.

>

2) Denote by 2 = p; < p, < ... the sequence of prime numbers. Put
d, = Pni1— Pn- TURAN and I proved that for infinitely many n and m,
d,>d, andd, ., > d,. It is not known if d, = d,,, holds i. 0. We could
not prove that i. 0. d, > d,, ., > d,, ,, in fact we could not even prove that
1. 0. eitherd, > dy. > e OF @y <, i < @

It seems very likely that the sequence d,/log n is everwhere dense and
that it has a distribution function (in other words the density of integers
n satisfying d,/logn < ¢ exists and if we denote it by f(¢) then f(0) = 0,
f(eo)=1). Ricct and I proved that the set of limit points of d,/log » has positive
measure, but co is the only known limit point (theorem of WrsTzyNTHIUS).
Analogous questions can be asked about d,/d, ;.
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P. Erp6s and P. TurRAN: “On some sequences of integers.”” Bull. Amer. Math.
Soc. 54 (1948) 371—378.

P. Erp6s: <On the difference of consecutive primes.”” Ibid. 885 — 889.

P. ErpOs and A. RENvI: “Some problems and results on consecutive primes.’
Simon Stevin 27 (1950) 115—125.

G. Ricor: “Recherches sur ’allure de la suite p,:; — p,/log p,.”’ Colloque sur la
Théorie des nombres, Bruxelles (1955) 93—106.

E. Westzy~tHIUS: »Uber die Verteilung der Zahlen die zu den ersten Primzahlen
teilerfremd sind.”” Commentationes Phys.-mat. Soc. Sci. fenn. 5, Nr. 25, 1—37.

’

3) Sharpening the result of Wesrzy~THIUS I proved that i. o.

(. 3.1) g T
(logloglog n)?
and RANKIN proved that i. o.

5 log n loglog n loglogloglog n

1.3.2 d, >
( ) " (logloglog n)?

It seems to be very difficult to improve (I. 3.2).

IneHAM proved d, < n*s (d, < n'~¢ was first proved by HOHEISEL
for & = 32999/33000) and the Riemann hypothesis would imply d, < n'>"e.
CrAMER conjectured that

(I 3.3) lim sup d,/(log n)? = 1.

The old conjecture on prime twins states that i. o. d, = 2, but it is
not even known that

(I. 3.4) lim inf d,/logn = 0.
I proved using Brun’s method that
(I. 3.5) lim inf d,/log n < 1.
I further proved that
(I. 3.6) lim sup min (d,, d, ,)/log n = oo,
but I can not prove that

(I.3.7)  liminf max (d,,d,,,)/log » < 1orlimsup min L’dl'”l—d"m = oo
ogmn

also I can not prove

limdn;{_dnﬁ»l—l—. e +dn+k—1< 1 i

klogn

where ¢ does not depend on 7.

P. Erp6s: “On the difference of consecutive primes.”” Quarterly Journal of Math.
6 (1935) 124—128. See also T. H. Cuana: “Uber aufeinanderfolgende Zahlen, von denen
jede mindestens einer von 7 linearen Kongruenzen gentgt, deren Moduln die ersten n
Primzahlen sind.« Schriften Math. Sem. w. Inst. Angew. Math. Univ. 4 (1938) 35— 55.

R. A. Raxxkin: ,,The difference between consecutive prime number.” Journal
London Math. Soc. 13 (1938) 242 —247.
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A. E.INncHAM: “‘On the difference between consecutive primes.” Quarterly Journal
of Math. 8 (1937) 255—266.

H. CraMER: “On the order of magnitude of the difference between consecutive
prime numbers.” Acta Arithmetica 2 (1936) 23 —46.

G. HonErIseL: ,,Primzahlprobleme in der Analysis.” Sitzungsber. der Preuss.
Akad. der Wiss phys. Math. Klasse, (1930), 580—588.

P. Erp0s: “The difference of consecutive primes,” Duke Math. Journal 6 (1940)
438 —441.

R. A. RaxkiIN, Proc. Amer. Math. Soc. 1 (1950) 143 —150.

P. ErpGs: “Problems and results on the differences of consecutive primes.”
Publ. Math. Debrecen 1 (1949) 37— 39.

4) REnyr and I proved by Bruxn’s method that to every ¢, there exists
a ¢, so that there exists r > ¢, logn d's d,, ..., d, . satisfying

(I.4.1) k<mn, &y > 0, 0<4

IIA

r

’

but we can not prove that (I. 4.1) holds for every ¢, and ¢, if n > ng (¢q, c,).
Denote by a; < a, < ... the sequence of integers having not more
than two prime factors. I proved that

(I. 4.2) lim sup (a,,;—a;)/logk > ¢

but can not prove that the lim sup in (I. 4.2) is infinite, I can not prove that
the limit in (I. 4.2) is positive if the a’s are the integers having not more than
three prime factors. (Erpfs— RENYTI, see problem 2.) (I. 4.2) was a problem
in Elemente der Mathematik, 1955.

5) CRAMER (see problem 3) proved, assuming the Riemann hypothesis
that

(I.5.1) 2 (Pr+1 — P)? < cx(log x)? -

Pr<X
It is possible that
(L.5.2) Z (Pry1— Pi)? < cxlogz

Pr<X

holds. |Perhaps even lim . = D — 0 exists) . (I. 5.2) seems hope-
zlog®w pe=x

less at present, but perhaps the following conjecture of mine can be

attacked. Let 1 =a; < a,< ... < ay, be the integers relatevely prime to
n. Then

w(n):l n2
1. 5.3) N [y P s,

=5 P(n)

I can not even prove that
P(m)—1
(I.5.4) Z’ (@11 — ap)? < C n(loglog n)e
K=

((I. 5.4) follows easily by BruN’s method with » (logn)e.
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SIVASANKARANARAYAMA PrILpar conjectured that

(1.5.5) N 4, = ]7

<

% o(l)] P

c——
k=0(mod 2)
k<n

(I. 5.5) seems very difficult but again one can conjecture that

n.

~ ]
(1.5.6) N (@, —a) = (72 + o(1)

-
k=0(mod2)
k<gq(n)

We mentioned already (the probably hopeless) conjecture that d,/log »
has a distribution function. Let n, be the product of the first ¢ primes. Denote

by f(¢, ) the number of solutions of a{., — aj’ < rc(—n"— (@ 1= k=g are
p(n;)
the integers < n; relatively prime to »). Is it true that

lim f(e, ) Jp(n;) = g(c)
exists ? It is not difficult to show that the numbers
By — @

nlp(n;)
are everywhere dense in (0, o).

A2 k@), l 214 < oo

6) Let f(n) be a real valued multiplicative function, i.e. f(a.b) =
= f(a)-f(b) if (a, b) = 1. Assume | f(n) | = 1. Is it true that

(I.6.1) T N f(k)

=00 1
n n —

always exists? It is easy to prove that if

(1.6.2) Nk < oo,

= P

hen the limit (I. 6.1) always exsists and is ditferent from 0. It can be con-
ectured that if (L. 6.2) diverges, then (I.6.1) is 0. If f(p®)=—1, then the
conjecture is equivalent with the prime number theorem. I conjectured
(I. 6.1) about 20 years ago, but quite possibly the conjecture is much older.

WinTNER observed that if |f(n)| =1 can be complex valued, the
limit (L. 6.1) does not have to exist.

A WINTNER: “The theory of measure in arithmetical semigroups. Baltimore, 1944.
See also N. G. Tcaupako¥F: “Theory of the characters of number semigroups.” Journal
Indian Math. Soc. 20 (1956) 11—15.

7) OstMANN conjectured that there do not exist two sequences of
integers a; <a,< ...; by <by,< ... each having at least two elements so
that all but a finite number of primes are of the form @, + b;. and there are
only a finite number of composite numbers of this form.

15 A Matematikai Kutaté Intézet Kozleményei VI. 1—2.
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HorxreEck proved, using BrRUN’s method that both sequences must be
infinite.

It seems certain that OSTMANN’s conjecture is true, but the proof
may well be difficult.

8) A. WINTNER once asked me if I can prove the existence of an infinite
sequence of primes p, 1 < i<oo so that if a; <a,< ... are the integers
composed of the p’s, then lim (@, ; —a;) = oo. I was unable to prove the

i=o
existence of such a sequence of primes. A well-known theorem of Pélya states
that if the a’s are all composed of p;, p,, ..., p, then lim (a;, ., — ;) = 0.
=

For several problems and conjectures on prime numbers see A. SCHINZEL
and W. SterpINskI: ““Sur certaines hypothéses concernant les nombres
premiers.” Acta Arithmetica 4 (1958) 185—207.

Now we consider some problems on additive number theory.

9) Can one give k 4 2 integers 1 < a; <a, <... <@, , < 2" so that

k+2

the sums > ¢

l
-1

shows that one can give k + 1such integers and 3, 5, 6, 7 shows that a, ., < 2!
is possible. Very recently Conway and Guy answered this question affir-
matively, independently of each other. The problem, wether one can find
k + 3 such integers < 2F remains open.

More generally one can ask what is the maximum number of integers

k

a;, <ay<...<a, <z so that the sums > ¢

i=1

a;, & =0orl, are all distinct? The sequence 2/, 0 < 7 < k

; a;, &=20 should be all

different? Moser and I proved that

(I.9.1) k= log (1 + ¢) loilo&r_
log 2 2 log 2
s oo : . log
Probably (I.9.1) is very far from being best possible, k£ = T +0(1) -
og 2

is quite possibly true.
P. ErpGs: ““Problems and results in additive number theory.”” Colloque sur la
théorie des nombres, Bruxelles (1955) 136 —137.

10) Denote by f(n) the maximum number of positive integers a; < a, <. ..
not, exceeding n for which the sums a; + a; are all different. Sibox asked
to estimate f(n). TurAx and I proved that

(I. 10.1) f(n) < n% + n'ls,
and SiNgEr proved that for intinitely many »
(I.10.2) f(n) > n*.

It is possible that f(n) = n’% 4+ O(1).

SiNeER's proof is based on his construction of a perfect difference
set i.e. a set of residues a,, a,, . . ., @, (mod n) so that every residue mod »
except 0 can be uniquely represented in the form a, —a;. Clearly a perfect
difference set is only possible if n=/4*+4 k + 1 and SiNGER proved that a
perfect difference set exists if £ is a power of a prime. It has been conjectured
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if & is not the power of a primes a perfect set can not exist. Special cases of
this conjecture have been proved by Bruck and Ryser. The case k£ = 10
is not yet decided.

From (I.10.1) and SixgERr’s result one can in fact deduce

(I. 10.3) f(n) = (1 4 o(1))n*%.

Denote by fy(n) the maximum number of a’s not exceeding » so that
all the sums a; + a; + @, are all distinct. Bose recently asked me if I can
prove analogously to (I. 10.1) and (I. 10.3)

(I.10.4) fa(n) = (1 4 o(1))n':

The proof of (I1.10.4) seems difficult, the method we used in the proof
of (I.10.1) does not work.

Sipox also asked what can be said about an infinite sequence for which
the sums a; 4 a; are all different. TurANx and I proved that for such a
sequence

(L.10.5) lim sup a,/k? = co (or lim inf f(n)/}n = 0),

but we constructed a sequence for which lim inf @,/k* < oo.
One can show that there exists such a sequence for which

(I.10.6) @, < ck® for all % .

There is a considerable gap between (I.10.5) and (1.10.6), which at present
I can not fill.

REny1 and I proved by using probabilistic methods that to every e
there exists an I =[(¢) and a sequence @, < a, <... for which a, < k2+¢
and the number of solutions of n = @, + a; is less than /.

ErDGs —TUuRrAN: “On the problem of Sidon in additive number theory and on some
related problems.” Journal London Math. Soc. 16 (1941) 212—215.

J. SINGER: ‘“A theorem in finite projective geometry and some applications to
number theory.”” T'rans. Amer. Math. Soc. 43 (1938) 377—385.

R. H. Bruck and H. J. Ryser: ‘“The nonexistence of certain finite projective
planes.” Canadian Jowrnal of Math. 1 (1949) 88 —93.

P. ErpGs and A. RENv1: ,,Additive properties of random sequences of positive
integers.”” Acta Arithmetica 6 (1940) 83—110.

For the problems considered in 10. and 11. see also A. STOHR “Geloste und ungeloste
Fragen iiber Basen der natiirlichen Zahlenreihe, I. and IL.¢¢ Journal fiir die reine und
angewandte Math. 194 (1955) 40 —65 and 111 — 140, many interesting problems can be
found in this paper.

Of the many problems discussed in ST6HR’s paper I just wish to mention
the following problem of RorrBacH: What is the smallest number of integers
ay < @y <...<a, so that every integer < n should be of the form
a;+a,. The estimate k,>|/2n is trivialand ROERBACH improves this to (1+4-¢))/2n
for a fixed £>0. Recently MosEr obtained a better value for & (L. MosEr, Acta
Arithmetica 6 (1960) 11—13). Trivially k, < 2}/n and perhaps k, = 2|/n 4+ O(1).

For a review of additive number theory see H. H. Ostmaxx: Additive
Zahlentheorie, Ergebnisse der Math. Heft 7. (two volumes).

11) Another problem of Sipox asked if there exists an infinite sequence
of integers so that if g(n) denotes the number of solutions of n = a; + a;,

15*
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then to every & > 0 there exists an n, so that for n > n,

(L) 0. gln) = e

I proved by probabilistic arguments that such a sequence exists, in
fact I proved the existence of a sequence with

(L 11.2) ¢, log n < g(n) < ¢, log n.

The existence of a sequence with g(n)/log n = ¢ > 0 is an open problem.
An older conjecture of TURAN and myself stated that if g(r) > 0 for all n > n,
then lim sup g(n) = oo (perhaps even g(n) > ¢ log n for infinitely many =,
which would show that (I.11.2) is best possible). Our conjecture seems rather
difficult. A stronger conjecture would be: if a, < ck? for all & then lim sup
g(n) = co. This would imply our original conjecture, but is perhaps easier
to attack; all we can show is that lim sup g(n)>1 (see STGHR’s paper quoted
in 10.1).

TurAN and I conjectured that if a; < a, <. .. is any infinite sequence
of integers then

b

v

(I.11.3) > g(k) = cn + 0(1)

k=

Ii

is impossible. Fucas and I proved the following stronger theorem:

n n la
(L. 11.4) gk) =cn+o
g (log n)

is impossible for ¢ > 0. In the case @, = &* Harpy and LaxpAU proved that

n

(L. 11.5) N gl — Z— n + o((n log n)').

=y

In the case a, = k? (this is the classical problem of the lattice points

in the circle) it has been conjectured that for every & > 0
n
T
(L. 11.6) gk) = —n 4+ O(n'1¢) .
= ’

(1.11.6) is very deep. It is very likely that (I.11.4) is very close to being best
possible, but we have not been able to prove this. Very recently Jurkar
improved the error term in (I.11.4) to o(n's).

It would be of interest to show that the number of solutions of a, a; +
-+ a, < n can not be of the form ¢ n + O(1), but this, and possible gonorall—
zatlons in the direction (){ (I.11.4) have not yet been done.

Very recently H. RicuerT proved the following rosult
et w2 @y 2 l)o any sequence. Then
(L. 11:5) = aga;=nlogn + cn 4 O(n?
kli<n
and
(L. 11.6) Sa,=n+ On?

k=1
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can not both hold ifa < i— Perhaps the condition (I.11.6) is superfluous

[perhaps the error term in (I.11.5) has to be changed].

P. ErnGs: “On a problem of Sidon in additive number theory,” Acta Szeged
11 (1954) 255—259, see also the paper quoted in 1. 9).

P. Ern6s and W. H. J. Fucas: “On a problem of additive number theory.”
Journal London Math. Soc. 31 (1956) 67—173.

E. Laxpau: Vorlesungen iiber Zahlentheorie, Vol. 2.

12) Lorenz proved the following conjecture of STraUs and myself: to
every infinite sequence of integers a; < a, <. .. there exists a sequence of
density 0,b, < b, <. . .sothat every sufficiently large integer can be expressed
in the form a; + b;. In particular he proved that if the a’s are the primes
then the b’s can be chosen so that B(x) < ¢ (log@)®. I improved this to
B(x) < ¢ (logx)* (B(x) =3 1). Perhaps such a sequence exists satisfying

bi=x
B(x) < ¢ loge. From the prime number theorem ¢ = 1. I can not prove
that ¢ > 1. This would follow from the following general conjecture of H.
Haxaxt (oral communication): Let ¢y < ay < ...; by < by < ... be two
infinite sequences of integers so that every sufficiently large n» can be written
in the form a; 4 b;. Then

(I.12.1) lun sup A @) B(@)/xz > 1.
Does there exist a sequence b, <b, < ... satisfying B(zr) < . e

log @
that every sufficiently large integer can be written in the form 2"g—}— b;
Lorenz’s result only gives B(z) < cx loglogz/loga.

G. G. LoreENz: ,,On a problem of additive number theory.” Proc. Amer. Math.
Soc. 5 (1954) 838 —841.

P. ErpGs: ,,Some results on additive number theory.” Ibid. 847 —853., see also
my paper quoted in I. 9).

W. Narkiewicz: ,,Remarks on a conjecture of Hanani in number theory.”
Coll. Math 7 (1960) 161—165.

13) A sequence b; < b, < ... was called by KHINTCHINE an essential
component if for every a; < a, < ... of positive density o the ScHNIREL-
MANN sum of the two sequences has density greater than «. By density we
mean here SCHNIRELMANN density ie. the greatest lower bound o-
A(n)/n, 1 £ n < oc. The SCHNIRELMANN sum of @, and b;, 1 < 7, j < oo is
the set of integers of the form {a;, b;, ¢, +b,}. 1 proved e}\tendmg previous
results of KuintcHINE and BUCHSTAB that every basis is an essential
component, a sequence b, < b, < ... is called a hasis if there exists an
integer k so that every lntoger is the sum of % or fewer b’s. LinNnik proved
that an essential component does not have to be a hasis, in fact he constructed
an essential component for which B(z) = o(z¢) for every & > 0. Linnik
informed me that he can construct an essential component satisfying B(z) <
< exp [(logz)'—¢]. It seems to me that if b, /b, > ¢ > 1 then the sequence b,
can not be an essential component, but I have not been able to show this
(it is easy to show this for b, = 2f). Perhaps B(x)/logaz — oo holds for every
essential component.

Does there exist an essential component b; for which there does not
exist a function f(a), satisfying f(a) > 0 for 0 < a < 1, so that if a; has
SCHNIRELMANN density o the ScHNIRELMANN sum of the two sequences
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has density = a + f(a)? (I was recently informed by E. Wirsine that
he proved in his unpublished dissertation 10 years ago thatsuch an essential
component does not exist).

P. Erp6s: <On the arithmetical density of the sum of two sequences one of which
forms a basis for the integers.”” Acta Arithmetica 1 (1936) 197 —200.

U. V. Linnik: “On Erdds’s theorem on the addition of numerical sequences.”
Mat. Sbornik 10 (1942) 67— 78, see also A. StoHR and E. WIrsING: “Beispiele von wesent-
lichen Komponenten die keine Basen sind.« Journal reine und angewandte Math. 196
(1956) 96 —98.

14) Romaxorr proved that for every integer a > 1 the density of
integers of the form p + a* is positive (p runs through the primes). L. KarLmir
asked me a few years ago if for every 4 > 1 the density of integers of the form
p + [4¥] is > 0. The answer no doubt is affirmative, but I have not been
able to prove it.

I proved that if g(n) denotes the number of solutions of p + 2k = n,
then lim sup g(n) = oo, in fact g(n) > ¢ loglog n i. 0. It seems that 105 is the
largest integer n for which all the integers n — 2k, 2 << 2k < n are primes.

Let now 1<a, <a,< ... be a sequence of integers satisfying
A(x) > ¢ log . Denote by ¢(n) the number of solutions of a; + p = n. Is it
true that lim sup g(n) = oo? Clearly analogous questions could be asked
if the primes are replaced by other sequences.

N. P. Romanorr: »Uber einige Siatze der additiven Zahlentheorie.« Math. Annalen
109 (1934) 668 —678.

P. ErpGs: “On integers of the form 2r + p and some related problems.” Summa
Brasil. Math. 2 (1947—51) 113—123.

15) Denote by 4, () the number of distinct integers not exceeding x
which are of the form a; + a@;. I conjectured that if lim A(x)/x = 0 then

(L.15.1) lim sup 4,(z)/A(z) = 3.

It is easy to see that (I.15.1) holds with 2 instead of 3 and that if (1.15.1)
1s true it is best possible.

H. Ma~xn~: “A refinement of the fundamental theorem on the density of the sum
of two sets of integers.” Pacific Journal of Math. 10 (1960) 909 —915.

16) RoTm conjectured that there exists an absolute constant ¢ so that
to every k there exists an my = n4(k) which has the following property: Let
n > n,, split the integers not exceeding n into k¢ classes {a{’}, 1 < j < k.
Then the number of distinct integers not exceeding » which forsome j, 1 < j <k
can be written in the form a{’ + a{ is greater than cn.

17) Let (a, b) = 1. I conjectured and BircH proved that every suffi-
ciently large integer can be expressed as the sum of distinct integers of the
form akb!, 0 < k, | < oo.

Let a; < a, < ... be an infinite sequence satisfying a, ;/a; — 1, I con-
jectured that if every arithmetic progression contains infinitely many integers
which are the sum of distinct a’s then every sufficiently large integer is the
sum of distinct a’s. This was disproved by Casstrs, who also proved a weaker
sufficient condition that every integer should be the sum of distinct a’s.

Cassers’s beautiful work (which incidentally contains BircH's result
as a special case) leads one to the following conjecture: Let a; < a, < ...
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he an infinite sequenceof integers satisfying
i

(1.17.1) A2 x) —AKX) » oo and JEaa = Af, 0O<acx<l
k=1

where {na} is the distanceof a from the nearestinteger. Then every suffi-
ciently large integeris the sum of distinct a's. casserLs proved this under
the assumptionof (A sufficiently large)

(1.17.2) ARX~ AKX »c¢> Ha@df = oo, 0<ac<1
log log £ k=1

| conjecturedthat for every B, 1< B < 2 every sufficiently large

integer is the sum of distinct integers of the form [B. casseLs observed

that this fails to he true if [B"] gets replacedby the nearestinteger to R~

A. 3. BIRCH: ,Note on A problemof Erd6s." Proc. Cambridge Phil. Soc. 55 (1959)

370-373.
J. W. S. CASSELS: ,0On the representationof integers as the sums of distinct
summandstaken from a fixed set." Acta Szeged 21 (1960) 111—124.

18) Let flj < a, < ...< a, < 2n be n arbitrary integers. Denote by
b < b, < ... < b, the other integers » 2n. Denote by My the number
of solutions of a,— bj = k. Put

M = min max My
2nfk<2n

where the minimum is taken over all sequences a; @, ..., an.

n . . I 1
| proved M > , scHERK improved this to 11 n and swiercz-

. .4-11/6
KowsKi proved n.
5

moser proved in a very simple and ingenious way that
M > (« 1)
and by more complicated arguments he can prove

M > J4- 1/15 (n 1) > 0-3570 (n 1).

2
SELFRIDGE MoOTzkLN and raLston showed that M < n, which disproved
5
ou
my conjectureM = —. The problem of determiningthe exact value of M is

open.
P. ERDOS: "Some resultsin number theory." (In Hebrew) Riveon Lematematika

9 (1955) 48.
S. SWIERCzKOWSKI: "On the intersection of a linear set with the translation

of its complement."Coll. Math. 5 (1957) 185 — 197.
L. MOSER: "On the minimal overlap problem of Erdds." Acta Ariih. 5 (1959)

117-119.
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T. S. MOTzKIN, E. E. RALSTON and J. L. SELFMDGE: "Minimal overlap under
translation."” Abstract. Bull. Amer. Math. Soc. 62 (1956) 558.

Now | state various problems on different topics of number theory-

19) Denote by r¢(n) the maximum number of integers not exceeding
n which do not contain an arithmetical progressionof & terms. The first
publication on r(n) is due to TurRAN and myself where the conjecture
r(n) < o&™ was enunciated (the problem may he older but | can not
definitely trace it. scHurR gave it to HILDEGARD ILLE around 1930).

saLem and spencer disproved r(n) < 08, in fact they shoved

(1. 19.1) rs{n) > i-diogiogn.
BEHREND improved this to
(1.19.2) rs(n) >

and moser constructedandinfinite sequencewhich satisfies(1.19.2) for every
n. roTH proved rz(n) = o(n), more precisely he showed

(1.19.3) 4(i) < enjloglogn .

For & > 3 the plausible conjecturer(n) = o(n) is still open.

The inequality, r(n) < (L—e)dlog 0a,1g & < 0o, n > 0&(4), would
imply that for everyéthereareé primesin an arithmeticprogression.Recently
W. A. coLuBlerr observedthat 23143+ 1. 30030is aprime for 0~ Z" 11.
cHowLA proved that there are infinitely many triplets of primes in an
arithmetic progression.

vaN der waerDEN provedthat to every é there exists an f(k) so that
if we split the integersg /(4) into two classesat leastone of them contains
an arithmetic progressionof & terms.If we could show that for some n

ft
r(n)<-~, ) we clearly would have f(k) g n, and in fact this observation

led TorRAN and myself to the problemof estimatingry(n). van der wAERDEN'S
upper estimatefor /(4) is very bad, and unfortunatelynobody succeededin

giving a betterone.rapo and| provedthat/(4) > ((4 — 1)25)« (w. Schmidt
just showed/(4) > 2%k see Am. Math. Soc.NoticesJune1961p. 261.)

P. ERDOSand P. TURAN: ,On somesequence®f integers."Journal London Math.
Soc. 11 (1936). 261— 264.

R. SALEM and D. C. SPENCER: "On setsof integerswhich contain no three terms
in an arithmetic progression."Proc. Nat. Acad. Sei. USA 28 (1942) 561—563.

F. A. BEHREND: "On setsof integerswhich containno threetermsin arithmetical
progression."lbid. 32 (1946) 331—332.

L. MOSER "On non-averagingset of integers."” Canadian Journal of Math. 5
(1953) 245-252.

S. CHOWLA: "There exists an infinity of 3-combinationsof primesin A. P.,"
Proc. Lahore Philos. Soc. 6 (1944) no. 2 15-16.

B. L. VAN DER WAERDEN: "Beweis einer Baudetsehen Vermutung." Nieuw
Archiv  Viskunde (2) 15 (1928) 212—216.

pP. ERDOS and R. RADO: "Combinatorial theoremson classificationsof subsets
of a given set.”" Proc. London Math. Soc. (3) 2 (1952) 438-439.

20) scHUR proved that if we split the integers< en! into n classes
the equationx + y = z is always solvable in integers of the same class.
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Denote by f(n) the smallestinteger with this property. It seemslikely that
f(n) is very muchlessthan en!, in fact it hasbeenconjecturedthat f(n) <c"
and/(y)'/" -a-N .

TURAN proved (unpublished}that if onesplitstheintegersn< &~ sn + 3
into two classesthen in at least one of them the equationx + y = z, x =f= ¢
is solvable, and that this is not true for n< é” 5ft + 2. The analogous
problem for three classesis not yet solved.

I. SCHUR: .Jahresbericht der Deutschen Math. Ver. 25 (1916) 114.
R. RADO: "Studien zur Kombinatorik" Math. Z. 36 (1933) 424-480.

In his interesting paper Rado considers very much more general problems.

21) Let /(n) be an arbitrary number theoretic function which only
assumesthe values + 1.Is it true that to every ¢, there existsa d and an
m so that

(1.21.1) gmd) = O f(kd) \> ¢ ?
k=1
It is perhapseven true that
(1.21.2) maxg(m, d) > c;logn.
d?ﬁT.n

If we assumethat f(ci.b) = f(a)f(b) then (1.21.1) would imply
n
(1.21.3) limsupj 2 f(k) =°°,
k=l

This conjectureis similar to the conjectureof vAN DER CORPUT ON
the discrepancyof sequenceslet \z\ = 1, 1+ 7+ o0o0.Denoteby N(n\a,b)

the number of z- 1 igLn on the arc (a, b). The discrepancy
D(z, z, ..., z) is defined as follows:
D 2 2= max Sy P
é

where the maximum is taken over all the arcs (a,b) of the unit circle.
VAN DER CORPUT conjecturedand Mrs. VAN AARDENNE — EHRENFEST
proved that for every infinite sequencez,; 1 did oo, |z,[= 1

(I. 21.4) lim smupD{zx, 2, ... ,Z;) = 00.
n=
(in fact she proved that D(z, z, ..., z,) > filog log n[[og log log n i. 0.).
ROTH proved that i. o.
(1.21.5) Dz, 2, ..., Z,) > c(logi)Oa.
It is easyto seethat there exists an infinite sequencefor which
D(z, 2 Z) < c; log ft

1/2

for every n and it seemspossiblethat in (1.21.5)*(log ft)™ can be replaced

by c; log ft.
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As far as I know the following two problemsare still unsolved: Let
lz 1= 1, 1A &< oo be any infinite sequence.Does there exist a fixed arc
(a, b) of the unit circle so that

; €0, wo b—a
(1.21.6) lim sup A (ra; a,'b) e .
Is it true that 2€
(1.21.7) lim supmax// |z—z]|= o007?

n=t» M=11=1

If (1.21.7) and (1.21.6) hold one could try to determine how fast the
left sidestend to infinity.

N. G. TcCHUDAKOFF, quoted in problem s.

VAN AARDENNE-EHRENFEST "On the impossibility of A just distribution.”
Indag. Math. 11 (1949) 264-269.

K. F. ROTH: "On irregularities of distribution." Matematika 1 (1954) 73— 792

22) Let 1jg a« A & A ... A a, hen arbitrary integers. Denote:

n
M@, ...,a) = max/7(1 2«!) ,f(n) = minM(a, ... aj
i=1 =]
wherethe minimum is to betaken over all sequences, a, ***, a, SZEKERES
and | proved that

1.22.1) lim /(0&)}/" = 1,f(n) > \2n.
Recently | proved (unpublished)that for some ¢, > 0
(1.22.2) fln) < exp (&«,).

It is quite possiblethat for some c /(») > exp (»)* -0); but we were not even
able to prove that f(n) > n for every & if n > ny(K).

My proof of (1.22.2)used probabilisticargumentsVery recently atkin-
SON proved f{n) > exp (AiO* logn) in a surprisingly simple way, in fact
he proved that

max; [J (1 —.)"~*" < exp(cnlog n)
g=11 k=\

n

P. ErDOs and . szekerRes "On theproduct f j (1 — 2°»)." Acad. Serbe des
Sei. 13 (1959). 29 — 34. -

F. v. ATKINSON: "On a problem of Erdés and Szekeres". Can. Math. Bull- 4
(1961) 7—12.

23) DenAote by f(k) the minimum number of terms in the squareof a
polynomial | Sharpening a result of renvi and reoer | proved

that f(k) < k10 for a suitable Ai> o. renv:i and | conjectured that
f(k) o- oo asé —eo0. This seemsmost plausible,but we have not yet been
able to prove it.
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A. RENYI, Hungarica Acta Math. 1 (1947) 30— 34.

P. ERDOS "On the numberof termsof the squareof a polynomial.” Nieuw Arch.
Wiskunde (1949). 63— 65.

W. VERDENITJS: "On the numberof termsof the squareand cube of polynomials.
I ndag. Math. 11 (1949) 459-465.

24) Does there exist to every fi a system of congruences
(1.24.1) y.(mod &,), A< ni< np< . ..< ng (Ic = Jc(c)

so that every integer satisfiesat least one of them? pean swirT and seLF-
RIDGE constructedsuch congruencesfor i < 8.

Similarly one can ask if a system (1.24.1) exists where all the 72, arc
>1 and odd (or not divisible by the first r primes)?

sTtein and | askedthe following question:What is the maximum num-

ber of congruencesa, (mod 04,),n, < 08 < ... < Nk g X so that no integer
shouldsatisfytwo of them (i. e.the arithmetic progressionsa-+ 72,1 gigks
should be disjoint). We proved (unpublished)k, > for every e > O if

X > Xo(e). We conjecturek, — o(x).

P. ERDOS "On aproblemonsystemsof congruences”(In Hungarian) Matematikai
Lapok 4 (1952) 122-128.

25) Let 1< << a < ... he an infinite sequenceof real numbers
satisfying
(1.25.1) j kay —aj\ ~ 1
for every € and i j. Is it then true that
(1.25.2) im— V —=0,
x=>° logx aﬂ'
6 a<x

and
(1.25.3) Y, ! < f?

H + loga-

If the a'sareintegers(1.25.1) meansthat no a divides any other, in this
case (1.25.2) was proved by seHrenD and (1.25.3) by me.

F. BEHREND: ,On sequence®f numbersnot divisible one by another." London
Math. Soc. Journal 10 (1935) 42-45.

pP. ERDOS ,Note on sequencesf integersno one of which is divisible by any
other." Ibid. 126-128.

26) Let a < a < ... be an infinite sequence of integers, denote
by b, < b, < ...the sequenceof integersno one of which is a multiple of
any of the a's. sesicovitcH constructed a sequencea, for which the b 's
do not have a density.pavenrorT and | provedthat the b' s always have a
logaritmic density, i.e. that

i M-Lyi
lozx &ai
always exists.
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Make correspondto each a, a set of residuese!”, 10 j O O Denote
now hy < b, < ...the integerswhich do not satisfy for any a

(. 26.1) b= «/"(moda,), 1 /™ &, b> a.

Is it then true that

(1.26.2) lim ' Xx*'1
logx Vsl

exists? (1.26.2) it true is a generalization of (1.26.1), (i = 1, «" - 0 for
all a).

pavenrorT and | alsoprovedthat if a; &, ... is a sequenceof pos-
itive density, we can select an nfinite subsequenceay( 1 00) satis-
fying cij;\(ijx . It is an open problem if three distinct a's exist satisfying
[eq.a]] = a..

ESICOVITCH: "On the density of certain sequencesof integers." Math.

Annalen 110 (1934) 336-341.

H. DAVENPORT and P. ERDOsS: "On sequence®f positiveintegers."Acta  Arithme-

tica 2 (1937) 147— 151, seealso Indian Journal of Math. 15 (1951) 19-24.

pos: "Density of some sequencesof integers." Bidl. Amer. Math. Soc.
64 (1948) 65— 692,

27)Is it true that the density of integershaving two divisors d, and<R2
for which d; < d; < 2dyis 1?In my paper just quotedin 26) | prove that
this density exists, but | can not show that it is 1.

Letay < a < ...”™ n be any sequenceof integers,by< b, < ... the
integersno one of whichis a multiple of any a. B(x) = b{‘ 1. Is it true that

for everym >n

(1.27.1) BM~ABin),
m n

It is easyto seethatin (1.27.1) 2can not be replaced by any smaller
constant, to see this let the a's consist of a, n= 2a — m=2a;.

28) BAMEAH and chowLa proved that for suff|C|entIy Iarge N the
interval (n, i6N7 ' % always containsin integer of the form x + y2 It has
beenoften conjecturedout never provedthat this holds everyN if n > ng(C).
In factit seemslikely that for everye> 0the interval (¥, n + n°) contain
in integerof the form x* -f &. 1 proved that for a suitablefl > 0 and infinitely-

many n the mterval (» n + filog fl/(log log does not contain any
integers of the form x* -j-
Denote by S, . the squarefreeintegers.It is easyto prove (I do

not know who difl it first) thati. o
(1.28.1) s+1-§ > (1 + 7(1))y %6 log 5-log log 5-

The questionif (1 -f o(l)) in (1.28.1) can he replacedby 1+ f has not yet
been decided.| proved that

(1.28.2) lim * (5-+i_s-)2
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exists. More generally one could ask the following question: Let & < & <

be any sequenceof integerssatisfyinga/k oo anddenoteby b, < b, <

the sequenceof integers no one of which is a multiple of any of the a' s.
Is it then true that

(1.28.3) lim-* J; (b - b+

4 bi<n

existsand is finite (in (1.28.2)a, = pf)l It is easyto seethat if we only require
a, < ck’ then (1.28.3) does not hold in general.

R. P. BAMBAH and S. cHowLA: "On numberswhich can be expressedas a sum
of two squares."Proc. Nat. Inst. Sei. India 13 (1947) 101— 103.

P. ERDOS: "Some problemsand results in elementarynumber theory." Publ.
Math. Debrecen 2 (1951-52) 103—109.

As far as| know the best upper bound for g.;—s, is dueto rRicHERT,
who improved a previousresult of K. F. roTH. rRicHERT provedsi;; —& <
< i s?»log s,.

H. E. RICHERT: "On the differencebetweenconsecutivesquarefreenumbers.”
London math. Soc. Journal 29 (1954) 16— 20.

29) Denote by A(n) the number of integersnot exceedingn which are
the product of two integersnot exceeding&/» proved that for every e > 0
if n> 0&(8)

(log«)® —— (elog 2)°g°g"/i*g2 < A(08)< (logodf-—- (clog 2)"d°g«/°e” .
( ) lo oa log n
1.29.1

Let a < a <..< a, < On-, b, < by <..< by < On betwo sequen-
ces of integersso that all the productsa®, are distinct. Is it then true that
n
Xg < ﬁl— -.?This if true is certainly best possible,to see this choose the
og 0a

a's to he the integersnot exceeding' n" andthe b'sthe primesin | —iO? nfi j »

~ P A AYEAAN A L QX AAy FOXAAQINAAD A NOQAXAN L AXO: o AQXATAA
P. ERDOS: ,,IA lalll aneiioloe~aneli iadadainoaa a oaloee +efaé." Aanoieé

Eaieiadaanélal o6ieadsdfieodoas (1960) 41—49; for a weaker result see . ERDOS:
,Some remarksin number theory" (In Hebrew.) Riveon Lematematika (1955) 45—48.

30) Let /(0d)he an additive function,i. e.f(ab) = f(a) + f(b) if (a, b) = 1.
Assume that J(0a-f 1)—/(08)]| < ¢, Is it true that /(0d)= c, log 04+ g(n),
where j g(n) | < ca. | provedthat if /0&d+ 1)—/(08)-> 0 or if /(04d+ 1) ~ f(n)
then /(0d)= #i log V.

P. ERDOS: "On the distribution function of additive functions."Annals of Math.

47 (1946) 1 — 20. My proofs of the abovetheoremswere unnecessarilycomplicated and
have beensimplified by various authors.

Many interesting problems and results on additive functions can be
found in the following three papers:

M. KAC: "Probability methodsin someproblemsof analysisand number theory."
Bull. Amer. Math. Soc. 55 (1949) 641— 665.

KuBILJUs, Uspehi Matern. Nauk. Il (1956) 31— 66.

P. ErRDOS, Proc.InternationalCongressof Math. Amsterdam(1954) Vol. 3, 13— 19.
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31) The following problem is dueto W. LE VEQUE: Let a, < <, <
be an infinite sequence tending to infinity satisfying a.,/a,-> 1. Let

o3 a.
a-g X< g1, put y, = —e -, Ogy<\. We say that the sequence
ai+i a,
Xn, 19 n< o0 is uniformly distributed mod a; &, ...if ¥y, i g n< o0 is
uniformly distributed.s it truethatfor almostall athesequenceia, 1gn < 0o
is uniformly distributed mod a,, &,...? LE VEQUE proved this in some

s pecial cases.

W. J. LE VEQUE: "On uniformdistribution modulo A subdivision." Pacific  J.
of Math. 3 (1953) 757-771.

32) sTrAUS and | conjecturedthat for every integern> 1

1.1+2+1
n X oy z
is solvablein positive integersx, y, z. scHINZEL conjecturedthat for every
a > 0if n> ng(a) F: X—+ y—+ — is solvablein positive integers x, y, z.
SCHINZEL conjecturedthat there exists A & sothat every sufficiently
large integer can be written in the form (a, are integers)
é é
IJ ai— 2 ai, »2 2, lg gk
. 21 ( g g

33)Problem of seLFRIDGE andsTrRAus. Let Z,, 2, ... .Z, be n complex

numbers, oq, &, ... , 8y are the products of Z's taken é at a time. The

authors prove that if &= 2, n6 2'and the crs are given, there can be at
most oneset of Z,, 1gi g n which generatethem. For n = 2'this is not
true, herethey conjecturethat therecan be at mosttwo sets of Z's which
generatethe cr's.

If & > 2they conjecturetheZ's (if they exist)are determineduniquely
by the cr's and they prove this in many cases,but the generalproblem is
unsolved.

J. L. SELFRIDGE and E. Straus: ,On the determination of numbersby their
sums of a fixed order." Pacific Journal of Math. 8 (1958). 847—856.

34) Problem of LitTLEwoop. Let a and R be two real numbers.Is
it true that

(1.34.1) lim inf n(na) (nB) = 0

where (no.) denotesthe distanceof na from the nearestinteger? (1.34.1) is
trivial exceptif both a and B have houndedpartial quotientsin their con-
tinued fraction development.(1.34.1)seemsvery deep,evenif a = |/2,3 = O3
say.

Another very difficult problemin the theory of diophantine approxim-
ation is the following one: bavenPORT and HEILBRONN proved the
inequality

(1.34.2) 12 4 nl <E
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is solvable for every e > 0in positive integers n¢ if not all the o, are of the
same sign and at least two of them have irrational ratios.
It is not known if for every irrational a and e> O the inequalities

]6¢-j-y) a—Zl<e and |+ yY —Zaj<£E

are solvable in integers. The case a = is also undecided.

H. DAVENRORT and H. HEILBRONN: "On indefinite quadratic forms in five
variables," London Math. Soc. Journal 21 (1946) 185—193.

Several unsolved arithmetical problems are stated in a recent paper of
sierpiNskl L'Enseignement  Mathématiqgue s (1960) 221 — 235, an English
version appeared in Scripta Math. 25 (1960) 125 — 136.

[1. Problems in combinatorial analysis and set theory

1) Let cg, &, ... , & he n elements. Ay A, ..., A, are é setsformed
from the a's so that no A can contain any other. SPERNER proved that

(1. 1.1) max 4 =

(Il. 1.1) has several applicationsin number theory, e. g. seHreND's result
(1.25.1) IS proved by using (I1.1.1).

The question has been consideredthat in how many ways can one
select sets Aso that no A should contain any other. Denote this number
by A(n). From (lI.1.1) we have

111

< A(n) < 12" where T,

It seemsthat A(n) < exp (cT,), perhaps fi can he chosen to be
(1 -f- e) log 2 for every e> 0 if n > ny(e).

How manysets A, A, ..., A, canone give sothat the union of two
of them neverequalsa third? (all three setsare supposedto be distinct i. e.
Aj A A,, AjJUAj = Aj is not permitted).l conjecturedfor a long time that
I = o(2"). If | could prove this the following result in numbertheory would
follow: Let cg < & < ... he an infinite sequenceof positive density, then
there are infinitely many triplets of distinct integers a, a & satisfying
[a-,a,] = ac (seeproblem!1 26).

It is possiblethat | < (1 + o(l)) T,

Several other problemscan be askede. g. How many sets can one give
so that the union of anytwo of them nevercontainsathird? How many sels
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Aj can onegive sothat the symmetric differenceof any two setsshould con-
tain at leastr elements?

E. SPERNER »Ein Satz uber Untermengeneiner endlichen Menge.« Math. Zeit-
schrift 27 (1928) 544— 548.

2) As far as | know R. peLTEsoHN and suTHERLAND (unpublished)
were the first to construct an infinite sequenceformed from the symbols
0, 1, 2 where no two consecutiveblocks wereidentical. It is easyto.seethat
in a sequenceof length four formed from the symbols0 and 1two consecutive
blocks will be identical,i1 understandthat euwe proved that in an infinite
sequenceformedfrom 0 and 1 there will he arbitrarily large identical conse-
cutive blocks, hut that there do not have to be three consecutiveidentical
blocks

Let us now call two consecutiveblocks ,identical" if each symbol
occurs the samenumber of times in both of them (i.e. we disregardorder).
| conjecturedthat in a sequenceof length 2~—1 formed from & symbols
there must be two "identical" blocks. This is true for k g 3, but for é= 4
de BruUIJN and | disprovedit and perhapsaninfinite sequenceof four symbols
can he formed without consecutive"identical" blocks.

3) uttLewoop and ofrForD proved the following result: LetZ,,

g i g n hen complex numbers.Then there exists an absolute constant

1
fi so that the number of sums
n

(H.3.1) o += =1
i=i
which fall into the interior of an arbitrary circle of radius 1is less than
2" lou 71
fi~— . 1proved thatif Z,~ 1, 1g i g n (i. e. the Z, 's are real) then

~

0a
the number of sums (II.3.1} which fall into the interior of any interval of
length two is at most " and this estimationis best possible.The proof
n

\ 2
usesthetheoremof sPERNER (seeproblemll.1). A donot know if this inequality
remainstrue if the Z, are complex numbers (my proof gives for complexz
c2"\n), or more generally vectors of Hilbert spaceof norm> 1. In this ease
| can only prove that the number of summands (IT.3.1) falling into an
arbitrary unit sphereis o@").
J. E. LITTLEWOOD and C. OFFORD, Mat. Shorink. 12 (1943) 277— 285.

P. ERDOS "On a Lemma of Littlewood and Offord." Bull. Amer. Math. Soc.
31 (1945) 898-902.

4) ramsay proved that there exists a function/(/, k, 1) sothat if we
split the /-tuples of a set of /(/, k, I) elementsinto two classesthen either
there are & elementsall whose /duplets are in the first class or | elements
al whose/-tuples are in the secondclass.szekeres and | proved that

(I.4.1) 2%</2,kkgijrd*) ; /(2,819 j* 2.

The best estimation for /(/, k. k), / > 2 is due to rRapo and myself.
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It would be interesting to determinef(i, k, 1) explicitely, this seems
very difficult evenfor «=2.1 havenotevenhe ableto provethatllm (2, &, ey

exists. | can prove that
(1. 4.2) 1(2, 3,k > clél(log A

but could not decide whether/(2, 3, k) > c}é is true.

| do not wish to mention herethe many problems connectedwith the
generalisationsof rRamsay's theorem to cardinal and ordinal numbers and
just state one of the simplest unsolved problemsin this subject.

Let D he a well ordered set of ordinal number w?, a.< U. Split the
pairs a Cy, b£<p into two classes so that there isno triplet all whose pairs are
in the first class. Does there then exist a set <g i ( of type p?® all whose
pairs are in the secondclass?

For a = 2 this was proved by speckER, for 2 < a < w it was dis-
proved by him, for a > wthe problemis open.The mostinterestingunsolved
caseis a = i

_ E. P. IAMSAY: "On a problem of formal logic." Collected papers,82—111. See
also O. Il. SKOLEM: »Ein kombinatorischerSat/, mit Anwendungauf ein logisches Ent-
scheidungsproblem. Fund. Math. 2« (1933) 254—261.

P. ERDOSand G. SZEKERES "A CombinatorialProblemin geometry." Compositio

Math. 2 (1935) 463-470.
P. ERDOS "Remarkson a theoremof Ramsay."Bull. Res.Council. Israel (1957)
21— 24.Seealso"Graphtheoryand probability.”" Can. Journal of Math .1 andll, 11 (1959)

34-38,13(1961) 346—352.
E. SPECKER: »Teilmengen von Mengen mit Relationen.« Comm. Math. Helv.

31 (1956—57) 302— 314,

P. ERDOSand R. RADO: ,,A partition calculusin settheory." Bull. Amer. Math.
Soc. 62 (1956)427—489.(Seealsothe forthcomingtriple paperof ERDOS—HAJNAL—RADO.)

5) Let a, &, ...,a, be n elementsA,, A, ..., A, &> 1setswhose
elementsare the a's. Assumethat eachpair (a,-, af) is containedin one and
only one A. Thenk >n. This is a result of de BruiaNn andmyself (also proved
by szekeres and HANANI). We can not determinethe smallestl so that
there should exist setsA.. A, . ... A,, I > lsothateverytriplet (a-a-, a,)
is contained in one and only one A.

N. G. DE BRUIIN and P. ERDOS "On a combinatorial problem." Ind.  Math.
(1948) 421-423.

C. sTEINER conjectured that if n = 6A + 1 or 6A' -f- 3 there exists a
system of triplets of n elementsso that every pair is containedin one and
only one triplet (if n is not of the aboveform it is easyto seethat such a
system can not exist). STEINER'S conjecture was first proved by reiss and
later independentlyby MOORE.

Let now 2 A r < sbe any two integers.For which n is therea system
oi combinationstakens at atime formedfrom n elementsso that all r tuples
should be containedin one and only one s tiuple. The easer = 2,s= 3 is
STEINER'S. The only other case which has been settled is r= 3, s= 4
H. RANANI recently proved that such a system existsif and only if e = 2
or 4(mod s6). (Very recently HANANI settled the casesr = 2, s= 4 and
r= 2, s=5).

Il lias been known for a long time that if n= p? f-p -} 1(p prime),
r= 2,s=p -- 1, then there exist n (P 6 1) — tuplets so that every palr
is containedin one and only one (p' 6 I)-tuplet. If n= A?>-f-é&-f-1,&6 p"

16 A Matematikai Kutaté Intézet Kézleményei VI. 1—2.
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it hasbeenconjecturedthat sucha systemof (k + I)-tuplets doesnot exist.
Special casesof this conjecturehavebeen proved by Bruck and RYSER, the
first unsettledcaseis @ = 10 (see 1.10).

Connectedwith this problemis the following conjectureof sSYLVESTER:
For every n = 0 (mod 4) there exists an orthogonal matrix of order n all
whoseelementsare £ 1 (it is easyto seethatif nd 0 (mod 4) sucha matrix
does not exist.) If n = 2 syLveEsTER showed that such a matrix exists,
if p= —1 (mod 4). PALEY provedthat suchamatrix exists for p -j- 1, the
general caseis still unsolved.

Denote by M, the maximum value of an n by n determinant whose
elementsare + 1. From HADAMARD'S theorem it follows that M, ~ i'®
andif a SYLVESTER matrix existsM, = 0&". It follows easily fromthe prime
number theorem for arithmetic progressionsthat for every n > ng(e)

(11.6.1) M, > (1-8)"06a"™.

coLuccl and BarRBA proved that if 046 o (mod 4) then
(1. 6.2) M, < (204— (n - —0/2- +o(1))

M. REISS »Uber eine Steinerschekombinatorische Aufgabe.«J. reine und an-
gewandte Math. 56 (1859) 326—344.
E. EL MOORE "Concerningtriple systems."Math. Annalen 43 (1893) 271— 285.
Seealso ,Practical memoranda."Amer. J. Math. 18 (1896) 264— 303.
HANANI: "On quadruplesystems."Can. J. Math. 12 (1960) 145—157.
J H. SYLVESTER "Thoughts on inverse orthogonal matrices." Phil. Mag. (4)
24 (1867) 461—475.

R. E. A. C. PALEY: "On orthogonalmatrices."Journal of Math, and Phys (1933)
311-320.

COLUCCI: «Suivalori massimidei determinantiad elementi + 1.» Gior. di Matern,
di Battaglini 54. See also G. BARBA ibid. 71.

See also G. SZEKERESand P. TURAN: ,An extremal problem in the theory of
determinants."(In Hungarian, Germansummary) Sitzungsber |11. Klasse Ung. Alcad.
54 (1937) 796-806.

7) Problem of van der waErRDEN: Let |ak | be an n by 0& doubly
I 1
stochasticmatrix i. e. a >0 and S a, u= S'"lk — nferevery land e .
=i ' k=i J
. 04! . .
Then the value of the permanentis 0—'/, equality only for g =—! The
permanent( terminology of syLVESTER) is the sum of the expansionterms
of the determinant.The fact that the permanentof a doubly stochastic
matrix cannot ho 0O is a theoremof FROBENIUS—K NIG. VAN der WAERDEN'S
problem seemsto be difficult.
I made the following two weaker conjectures:The value of at least
one term of the permanentis > —, and the still weaker one: There is at

least one non-zeroexpansionterm of the permanent where the sum the

factorsis > 1. This was provedby rR. ReEe and S.mARcus (in factthey prove

that thesumis » — S a% .
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R. REE and S. MARCUS: ,Diagonals of doubly stochasticmatrices." Quarterly
Journal of Math. 10 (1959) 296-301.

8) A specialcaseof a theorem of TURAN states\that if in a graph of n

vertices the number of edges is greater than + 1 , then the

graphalwayscontainsatriangle.He points out that the following analogous
problem is unsolved: Let there be given n elementswhat is the smallest
number f(n) so that to every system <p of f(n) triplets formed from the n
elementsthere are always four elementsall four triplets of which occurin <p

P. TURAN: "On the theory of graphs."Coll. Math. 3 (1954) 19-30.

D. KONIG: Theorie der endlichen und unendlichen Crapheri.

9) HAJNAL and 1 provedthe following theorem:To every real x make
corresponda boundedset of real numbersf(x) whose outer measureis less
than 1. Then for every finite é there exists an independentset of & elements
(i. e.asetx X, ..., X so that for every 1< i, jgk, i06 j x $f(X))).
We can not prove that there always exists an infinite independentset (not
even if we also assumethat the setsf(x) are compact.)

If we assumethat the setsf(x) are closedand of measure< 1, we can
not even prove that there are two independentpoints. (Recently cLabysz
provedin a very ingenious way the existenceof two independent points.
The existenceof an independenttriplet is open).

P. ERDOS and A. HAJNAL: ,Same remarks on set theory, VIR." Michigan
Math Journal 7 (1960) 187—191 for fartherproblemsin this directionseeP. ERDOsand

A. HAINAL: "On the structure of set mappings.Acta Math. Hung. 9 (1958) 111—131.
and P. ERDOS "Some remarks on set theory." 3 (1953) 51—57.

[11. Problemsin elementarygeometry

1) Letaq, X%, . . ., X, be«pointsin theplane.Denoteby M (X. X%, ... %)
the number of distinct distancesbetweenany two of the points. Put

fn) = min My(X« X, ..., X)),

where %, X%, ..., X, rangesover all sets of n distinct points of the plane.
It seemsto be difficult to get a good estimatefor f(v), the bestresults (due
to moser and myself are)

(1. 1.) Cift*® < f(n) < c,ft/|/logw.

I would guessthat the upper bound is the right one and perhapseven
the following result holds: Thereis one point x sothat amongstthe distances
(Xj, %) there are at least czw/|/logn distinct ones.

71
If the setx, X, ..., X IS convex it seems that f(n) = — ; despite

its seemingsimplicity 1 have not beenableto provethis. A somewhatstronger
conjectureis: In every convex polygon thereis a vertex which has no three
vertices equidistantfrom it.

How often can the same distance occur between n points of the
plane? Denote this maximum by g(n). | proved

ft+c./loglogn < g(n) < n*?2

1 believe that the lower hound is close to being the correct one.

16*
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CcoXETER asked me how many points doesone haveto havein «-dimen-
sionalspacesothat oneshouldbesureto havemorethantwo distinct distances
betweenthem. | stated that for c¢s sufficiently large n* points suffice, but-
my proof was wrong and if correctedit only gave exp («'F).

One canshow that from 7 points in the plane one can always find three
of them which do not determinean isoscelestriangle,it is easyto see that
this is falsefor 6 points. How many points doesone haveto have in «-dimen-
sional spaceto he surethat one can find three of them which do not determine
an isoscelestriangle? This is not even known for » = 3.

P. ERDOS "On sets of distancesof n points." Amer. Math. Monthly. 54 (1946>
248-250.

L. MOSER "On the different distancesdeterminedby n points." Ibid. 59 (1952)
85-91.

P. ERDOS "On someproblemsin geometry."(In Hungarian)Mat. Lapok (1954)
86— 92. .Many further problemsare stated in this paper.

2) BLUMENTHAL'S problem. Let there be given « points in the plane,
denote by A% X, ..., %) the largest angle (g &) determined by the n
points, and define

o, —inf A%, ...,X,

where the minimum is taken over all sets of « points. szekerRes proved
that aé»+1> & 1

i ']'n(z"' . e j andthat for every e> 0,2" points can be
given with A(x%, L0 > 8 1-1 this implies 0.2"gél\ -
n 1 n)

szekeRes and | recently proved that 0.2«<= & 11 and in fact for
every 2" points A(X, X, ...,%n) > é11 n—l , we also showed a2»_i

| n
Let there be given 2" + 1 points in « dimensionalspace.1 conjectured

é
that there are always three of them which determine an angle> . This

is trivial fore = 2, for « = 3 it was proved by (unpublished)n. H. KAIPER
and A. H. BoERDIJK. For « >3 the problem is open. (Recently this con-
jecture was proved by L. panzErR and G. GRUNBAUM in a simple and
ingenious way.)

G. SZEKERES "On an extremumproblemin the plane." Amer. Journal of Math.

53 (1941) 208—210. Our paperwith SZEKERESwill appearin the Annales of the Univ.
of Budapest 3 (1961).

3) BORsuUK's problem. Is it true that every set of diameter onein n
dimensionalspaceis the union of n + 1setsof diameter < 1?This is trivial
for n = 1,easyfor n= 2. For n = 3 it was first proved by Eggleston and
later simultaneouslyand independentlycrunBaum and HEPPEsS found A
considerablysimpler proof. The problem is open for n > 3.

BORsSUK and uLAam proved that the n dimensionalsphereis not the
union of n sets of smaller diameter.
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K. BORSUK »Drei Satzeuber die n-dimensionaleeuklidischeSphére.« Fundamenta
Math. 20 (1933) 177-190.

H. G. EGGLESTON "Covering A three dimensional set with sets of smaller dia-
meter." Journal of bond. Math. Soc. 30 (1955) 11— 24.

B. GRUNBAUM: ,,A simple proof of Borsuk's conjecturein three dimensions."
Proc. of Cambridge Phil. Soc. 53 (1957) 776-778.

A. HEPPES—P. REVESZ »Zum Borsukschen Zerteilungsproblem." 4eta. Math.
Acad. Sei. Hung. 7 (1956) 159—162.

A. HEPPES: ,Térbeli ponthalmazok felosztasakisebb armoérdja részhalmazok
Osszegére."MTA 111. Oszt. Kozi. 7 (1957) 413—416.

Il. HADWIGEE: »Uber die Zerstiickung eines Eikdrpers.« Math. Zeitschr. 51
(1949) 161-165.

H. LENZ: "Zur Zerlegungvon Punktmengenin solche kleineren Durchmessers.«
Arch. Math. 6 (1955) 413-416.

4) SYLVESTER conjectured and caLLAT first proved that if we have
n points, not all on a line then there is at least one line which goes through
exactly two of the points. Denote by G, the minimum number of such lines,
de BrRUIJN and | conjecturedthat G, -> 00 as n->00. This was proved
by moTzkin (his paper contains many more problems and results in this

3 n . .
direction). Mmoser and keLLYy proved that G, - - and this is bestpos-

7
siblefor n= 7. Forn > ny perhaps G, = n— 1. For arge n perhaps there
alwaysis atriangle all whoselines goesthrough only two of our points (except
if y—1 of them are on a line).

SYLVESTER asked: Let there be given n points no four on a line. What
is the maximum numberof lines which goesthroughthreeof them? He proved

that this maximum is greaterthan * Y __cn onthe otherhandthe maximum
3
. 1 n\
is < _
3 2]

Let there be given n points not all on a line | observedthat it easily
follows from caLLAaI's result that these points determine at least n lines
(seealsoll.5). c. piIrRACc conjecturedthat there always exists a point which
is connectedwith the other points by more than cn lines.

Let there be given y points not all on a circle. What is the minimum
number of circles thesepoints determine?This problem is unsolved (seealso
[1.5).

O. H. MOTZKIN: "The lines and planes connectingthe points of a finite set."
Trans. Amer. Math. Soc. 70 (1951) 451—464. This papercontainsmany more problems
and resultsand also the history of this problemand many referencesto the literature.

5) Miss kLEIN asked: Does there exist for everyy an f(n) so that if
/(y) points in the plane are given no three on a line then there always exist
n of them which are the vertices of a convex polygon. She proved/(4) = 5
and makal and TURAN proved that /(5) = 9. szeEkeREs conjectured/(y) =
= 2"-2+ 1. He and | proved

)2 « 4
(111. 5.1.) 22N (R) A
(y — 2
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P. ERDOSand G. SZEKERES: "A combinatorialproblemin geometry", Compositio
Math. 2 (1935) 463—470. The proof of the lower bound in (lll. 5. 1) will appearin
the Annales of the Univ. of Budapest.

6) HEILBRONN's problem. Let there be given n points in the unit
circle. Denoteby A(%, X%, ... ,X,) the smallestareaof all the triangles deter-
mined by the Xj. Estimate max A% ...,X%) where the maximum is taken
over all the x in the unit circle. A, <cjn is trivial. rRoTH proved

, more precisely

A, < ¢ fTi(loglog ,

and | observedthat A, > cy/r’. It seemsto he a difficult and interesting
problem to improve theseinequalities for A,.

K. F. ROTH: "On A problemof Heilbronn." London Math. Soc. Journal 26 (1951
198-209.

7) Recentlyit was askedif the planecanbesplit into four setscp, 15 /'54
so that no cp should contain two points whose distance is 1. Several
mathematiciansobservedthat this certainly can not ho done with three sets.
(I can not trace the origin of this problem.)

8) ANNING and 1 provedthatif in an infinite set of points in the plane
all the distancesbetweenthe points arc integersthen the points all are on
aline. Onthe otherhandit isknownthat onecangive an infinite set of points,
not all on a line so that all the distancesshould he rational. uLam asked:
Doesthere exist a set <p densein the planesothat all the distancesbetween
points of (pare rational? | think the answeris no, but the question seems
very difficult. scHoeEnBERG asked if to every polygon and every e there
exists a polygon whose vertices are at distance< e from the corresponding
vertices of the original polygonand all whosesidesand diagonalshave rational
length. Clearly if uLam's problem has an affirmative answer,then the same
holds for scHOENBERG's problem. BesicoviTcH dealt with some special
casesof this problem.

P. ERDOSand A. ANNING: "Integral distances."Bull. Amer. Math. Soc. (1945)
598-600 and 996.

A. S. BESICOVITCH: "Rational polygons." Mathematika 6 (1959). 98.

Furtherliteratureon thesesimilar problemsandresults:L. FEJESTOTH: Lagerun-
gen in der Ebene auf der Kugel und im Raum. Berlin, 1953 and H. HADWIGER and H.
DEBRUNNER »Kombinatorische Geometrie in der Ebene.« L'Enseignement Math. 1
(1955) 56— 67. The paperalso appearedin Frencha more detailedversion of this paper
recently appearedin book form .Monographiesde L'EnseignementMathématiqueNo 2.
See also a forthcoming book of HADWIGER on these subjects.

IV. Problemsin analysis

1) Let 2+ ... be a polynomial of degreen. 11. carTAN proved that
the setj/(z) | < 1 (which we will call Ef can be coveredby a set of circles
the sum of whoseradii is < 2e. It seemslikely that 2 e can he replaced by
2 (which if true is known to he best possible).If EfY is connectedthis was
proved by pomMMERENKE, and in the general case he recently proved this
with 2.59 instead of 2.
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Assumethat Ef is connected.ls it true that

(IV. 1.1) max If(z) I < —?
ZCE(> 2

K]

POMMERENKE proved this with —n2. (v. 1.1) if true is best possible as is
2

shown by the 0&th tcHeBICHEFF polynomial T.(2).

Is it true that to every c>0 there exists an A(c) independentof n
so that Al8>can have at most A(c) componentsof diameter > 1+ c?,

Is it truethat the length of the curve |f,(z) [= 1 is maximal for f,(z) =
= z"—1.

Let 1 z | 1. Estimate from below the areaof EfK HERzOG, PIRANIAN
and | prove that for every e there exists an ny so that for n > ng(e)
the areaof Ej’ canhe madeto be < e, but we havenot succeededn getting
an a good estimate of the area from below.

Let —1 x Wx N ... X 1. Is it true that the measureof the
set on the real line for which jf(x) |iL 1is ~ 2f27? (We can prove that the
diameter of this set is lessthan 3). Most of these problemsare discussedin
our paper with Herzog and Piranian.

P. ERDOS F. HERZOG and G. PIRANIAN: "Metric properties of polynomials."
Journal d'Analyse Math. 6 (1958) 125—148.

CHRISTIAN POMMERENKE: "On some problemsof Erdds, Herzog and Piranian."
Michigan Math. Journal 6 (1959) 221—225; ,,0n the derivative of a polynomial." Ibid.

373—375;"0On somemetric propertiesof polynomialswith real zeros."lbid. 377— 380;
»Einige Satzelber die KapazitatebenerMengen.«Math. Annaién 141 (1960) 143—152.

2) Littlewood conjecturedthat for every sequenceof integers n, <
<< ...< g

26
e
(iv. 2.1) j ! ocosi x dx > filogé
Ju=i 9
e, = i showsthat if true this is best possible.It was not even known that

the integral (1iv.2.1) tends to infinity with k. Recently p. coHEN proved
(iv.2.1) with 7 (logAlloglog &"» and bavenporT improved this to
fi (log //loglog &)™+,

ANKENY and cHowLA conjecturedthat to every fi > O there exists a
é so that for

e
cosn;x c

(1vV. 2.2) min S i< —Fe
0£6<2y 1=1

(1v.2.2) immediately follows from the result of coHEN.
cHowLA observedthatif ne < ny < ...< ng is A sequencefor which

*
the sums n, d: fij are all distinct then i, e,(s cos "iX\]cI
i=i o

" COS(E- £ 1 J) X
)<i<j<k
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gives a trigonometric polynomial of k¥ — & terms whoseminimum is > — \k.
He thenasked: is it truethat the minimum of (IV.2.2) is less than —-c)ik
for a suitable absoluteconstantfi > 07?

PAUL COHEN: "On a conjectureof Littlewood and idempotentmeasures." Amer.

Journal of Math. 82 (1960) 190-212.
H. DAVENPORT: ,On a theorem of P. J. Cohen." Mathematika 7 (1960) 93—97.

3) Let f,{0) be a trigonometric polynomial of degreen all whose roots
are real. Is it true that

(V. 3.1) i ifn6) 1= 4-

f,(0) = cos n0 showsthat if (IV.3.1) is true, it certainly is best possible

For similar problemssee P. ERDOS "Note on some elementaryproperties of
polynomials."Bull. Amer. Math. Soo. 46 (1940) 954— 958.
n

4) It is known that there exists a polynomial » eZ, a= + 1for which
K=1

(1v. 4.1) max
1*1=1 £=1

As far as | know it is not known if there exists a polynomial of the above
form which besides (IV.4.1) also satisfies

(IV. 4.2) mm X &z > c\n

fc=1

In fact it is (as far as | know) not known if a polynomial satisfying
(1V.4.2) exists.

Does there exist an absolute constant A > 0 so that

(IV. 4.3) max 1 e > (L+ f) /047?
[2]= 11 k=1

(1v.4.3) is trivial for A= o (PABSEVAL'S inequality).
| can prove (my paper will appear in Annales Polonici Math,
the analogousinequality for trigonometric polynomialsi. e.

1 +
(V. 4.4) max Se, cosk0 > &
k=1 f2
A generalisationof (1V.4.3) would be
(IV. 4.5) max &g ™ > 1+ c)fn.
M=i k=1
Here | can not even prove
I + N ,R-

(1V. 4.6) max k=
0£9<2R
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J. CLUNIE: "The minimum modulus of a polynomial on the unit circle." Quarterly
Journal of Math. 10 (1959) 95-98.

©
5) Let f{2) = JEa,Z' an entire function
n=0 "
M) = max |/(2) I, mr) = max ja r" |.

Is it true that if lim m(ryM(r)  exists it must be 0? cLunie (unpublished)

Ao 1o
proved this if a, ig I(%. Determine
max lim m(r)/il/(r) = f.
f

— 06 A< 1 is trivial. kO6vArRI observedfii> — , hut the exact value of fi
2 2
is not known.

S. M. SHAH: ,The behavior of entire and a conjectureof Erdds" Amer. Math.
Monthly 68 (1961) 419- 425.

6) Let /(2) be an entire function. | conjecturedand rpoas proved (un-
published) that there exists a path L so that for every n

(IV. 6.1) lim \f@z)/Z2\ —>- 00

where 2 00 on L. Can one estimate the length of this path in terms of
M(r)1 Doesthere exist a path along of which |/(2) | tendsto 00 faster than
a fixed function of M(r) e. g. il/(r)*?

Huser proved the following theorem: Let /(2) be an entire function,
not a polynomial. Then to every B> 0 there exists a locally rectifiable
path Cy tending to infinity, such that

(IV. 6.2) $\f(z)\->\dz2\ < 00.
Q.
Does there exist a path N independentof R so that for every 8> 0
(IV. (6.3) J \fz\*\dz2\ < 00?
fi

A. HUBER: "On subharmonicfunctions and differential geometryin the large."”
Comment. Math. Helv. 32 (1957) 13-72.

N
7) Pélya's problem. Let f(2) = za;;2"'be an entire function of finite
o

c=l
order. Assume that lim njk = 00. Does, it then follow that

(IvV.7.1) Tim log m(r)/log M(r) = 1?

POLYA remarks that wiMmAN's results (Acta Math. 37 (1914) 305—326,
and 41 (1916)1—28) imply that if

(Iv. 7.2) log (nks1 - nYBog ne > 1/2,
then

(Iv. 7.3) Timm(r)jM(r)

1
A
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holds (also for functions of inifinite order). MacINTYRE andi proved that if
® & o0 1

< % then (IV.7.3) holds and that if 2 —% there
k=2 %+i — "k © k=2 sz — ng
always exists an entire function 22" °t Whicli
k=1
lim m{r)jM(r) = 0.
Y, ! < oo implies (IV. 7.2) .

\ A - |

G. POLYA: "Liicken und Singularitaten der Potenzreihen." Math. Zeitschrift

29 (1929) 549—640.
P. ERDOS and A. J. MACINTYRE: "Integral functions with gap power series."
Edinburgh Math. Proc. Ser. 2. 10 (1954) 62-70.

8) FEJER provedthatif 2 11"k < °° then the entire function 22 k* "'
assumesevery value at Ieasi;:énce and BIERNACKJ proved that it I:i:slsumes
every value infinitely often.FEJER and P6LYA conjecturedthat if njlc -> oo
then kooakz"k assumesevery value infinitely often.

=1

L. FEJER "Uber die Wurzelvom kleinstenabsolutenBetrageeiner algebraischen

Gleichung." Math. Annalen 65 (1908) 413—423.
M. BIERNACKI: "Sur les equationsalgébriquescontenantdesparamétrésarbitra-

ires." These, Paris, 1928.

9) Let (p LA 1< 00 be a set of complex numbers which has no limit
point in the finite part of the plane. Does there exist an entire function f(z)
and a sequence ;< nx< ...s0 that for every zEcp, /("*)@ = 0, 1~ & < 00
(i. e. the set of zeros of B%(z) contains cpdj

10) HANANI and|I proved (unpublished)hatif \a,\> A >0, lim |a, |/]/n

=0, a, real, then to every real a there exists a sequencee,= = 1
@

so that the series2 ®n°n 'S C+summableto a. It is easy to see that
n—I
\a,/Vn 0 can not be replaced by |a,{<ef«. But we conjecturedthat if
@

\a,\ > fi> 0 and the series 2°n i* C+summableto a finite number then

the conclusionof our resultremainstrue. We were unableto prove this, even

if we assumela, | < e]/«.
®

Let a,, 1A &< oo be a sequenceof real numbers. Assumethat VVq
/1=1

is Gx-summable.Denote by cp the set of valuesto which some rearrangement
N

of 22 n '* G-summable.sacemiHL and 1 proved that cpeither consists of
n=i
a single number, or is the whole real axis or is the set of all numbers
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a-f-v@, v= 0+ 1,+ 2,...1t would beinterestingto extend this for C
summability and for serieswith complex terms.

P. ERDOsand F. BAGEMIHL, "Rearrangementsf Cj-summableSeries."Acta Math.
92 (1954) 35—53. The problem has been consideredpreviously by S. MAZUR, SOC. Sav.
Sei. Lett. Lwow 4 (1929) 411—424. See also K. ZELLER and G. G. EORENTZ: "Series
rearrangementsand analytic sets." Acta Math. 100 (1958) 144—169.

11) TurAN's problem.Let z = 1,z ...,z beany complex numbers

Put s = 2*r TURAN conjecturedthat thereexists an absolute constanti
=1

so that

(Iv. 11.1) max || > .

lutein

Q
About 20 years ago TukAn proved max s > -=e, this was improved by

lafcan n
me to Tloan by TurAN to log 2/log n and by de Bruidn and ucHIJAMA
to ¢ Iog(l)oggnn[log n. Very recentlyatkinson proved TURAN'S conjecture
with f= T The best value of fi is unknown.

For problemsof this type and their applicationseer. TurRAN's hook:
Eine neue Methode in der Analysis und deren Anwendungen. The book also
appearedin Hungarian and there is a Chinese edition which contains new
material. A new American edition of the book will appearsoon.| would like
to mention just one problem proved (seeTurAN's book) that one can find
n complex numbersz = 1,|z\A 1, 2A i A n for which

(Iv. 11.2) max |*< 1+ )~

2<,k<,n+l

where ¢z > 0 is an absolute constant.Can one find n complex numbers z
satisfying (IV.11.2) and \z |~ 1, 1A &A nl

F. V. ATKINSON: On sums of powersof complex numbers." Acta Math. Hung.
12 (1961) 185—188.

V. Problemson probability
1) Let ry(t) bethesequencef Rademachefunctionsi. &. §(1)=6 1 with

probability — and the ry(t) are independentfunctions.The well known law
2

of the iterated logarithm statesthat for almost all t

n
(V. 11) limsup ¥ r(®)I*2nloglogn= 1.
1=A6> k=1

Assumenow that cpy(t) (p prime) is a sequenceof independentfunctions
= + 1 with probability —. Further assumethat for n = a *b, <p.{t) =

= (pa{t) <pp(t). Thus if the ip's are defined for all primesthey are defined for
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all integers.winTNER proved that for all e and almost all t

n

(V. 1.2) lim 2<Pk(t)In*" = 0.
and | improved this (unpublished)to
n

(V. 1.3) lim 2<B,(O* (lognf = 0.
k=1

It would he interestingto prove a result analogousto (V.l.l). | can
not even prove that

n
(V. 1.4) lim sup 2<B(t)In¥* = %%«
n—>° k=1
| was unableto locate the paper of wiINTNER.
The next few questionsdeal with random polynomials and power series.

2) Let o = +1. Completing previous results of vLiTTLEwoOD,

o
oerFoRD and kac, orFrForD and | proved that if we neglecti
(log log
n

polynomialsfz °k?* the number of real roots of the remaining polynomials
C =i

2
is of the form —logn+ o((log ny*®loglogn).
e

Our result wasnot quite strongenoughto provethe following conjecture
(which as far as | know is still open): Put 0 < t< 1,et the binary expansion
- Et)
of t bet= 2 -é&a. )
Denote by Ry(t) the number of real roots of the y-tli

) k=1 - £
partial sum of 2 fkA¥- Then for almost all |
k=1

(V. 2.1) lim Ryt —logn= 1.
n=<» é

Denote by R\ (t) the number of roots in the unit circle of the y-tli

partial sum of kZ‘ik")z"- A true that
=1

(vV.2.2) aa/»-* \

for almostall t? Here | can not evenprove that for all but o2") polynomials
n

2 e Z the numberof roots in |zl < 1is 1- o(n).
k=0 2

J. E. LITTLEWOOD and C. OFFORD, Proc. Cambridge Phil. Soc. 35 (1939) 133 — 148.

M. KAC, Bull. Amer. Math. Soc. 49 (1943) 314-320and 938, seealsoProc. London
Math. Soc. 50_(1948) 390-408.

P. ERDOS and C. OFFORD: "On the number of real roots of Arandom algebraic
equation." Proc. London Math. Soc. 139—160.
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3) saLEmM and zvemunp proved the following theorem: For almost
all t and n > ng (1)

k=0

(V.3.1) c(nlogn)K < max < c(nlog n)O.
E-1

The proof of the upper boundin (v.3.1) is easy,the difficult part was
the proof of the lower bound. One would exceptthat for almost all t

+ (t) a*
270 o

i0' (log n)Y*

where N does not dependon t. The following weaker statementhas also not

V. 3.2 lim max
( ) n=c =

n
beenprovedso far: For everyeif weneglecto(2") polynomials2 £k*°"¢ have
6=0

(V.33 (C—5H (nlog n)*> < rlnla)i 2 67 1< (G+ ° (nlog n)yY*.
6=0

Denote
Ma(t) = max j2 ek(t)
lax<l 1 6=0

The upper bound for M,(t) is given by the lan' of the iterated logarithm,
hut the lower bound is much more difficult. I proved (unpublished) that
for almost all t and every e> 0

(V. 3.4) lim M, (Z)/nJE - oo.

A theorem of cHunc implies that for almost all t there are infinitely
many n for which
(V.35) Mn(t) < i
loglogn
The exact lower hound for My(t) seemsvery difficult (the problem i-
due to SALEM and ZYGMUND).
Eka_

Is it true that for all but o(2") polynomials 2
6=0

(V 36) |r;]||:nl |26;(5< vk < 1°?

or more precisely how can one estimatethe minimum (V.3.6) as accurately
as possible.

R. SALEM and A. ZYGMUND: "Some properties of trigonometric series whose
termshaverandomsigns."Acta Math 91 (1954) 245—301.

4) DVORETZKY's problem. Let

(V.4.1)
n=1

Place on the circle of circumferencel at random arcs of length a,. It
is easyto seethat if (V.4.1) is satisfiedthen with probability one almost all
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points of the unit circle are coveredby the arcs. pvoretzky showed that
for suitable choice of a, all points of the unit circle are coveredfor almost
all choicesof the arcs of length a, (satisfying (V.4.1)], and that for suitable
choice of the a, for almostall choicesof the arcsthereare points not covered
by them.The first casewe shall call the caseof covering, the secondof not

1+ #
covering.a, — where ¢ > 0 wasshown by kaHANE to he in the caseof
n
covering.l proved (unpublished)that a, = — is in the case of covering but
n
] . . :
a, = ° in the caseof not covering. At presentno necessaryand suffi-

n
cient condition for the case of coveringis known.
1

Let ~ \b,f = oo. It is well known that for almost all choices of
n=1
(e 0]

e, = + 1,k2 ®n®n?" divergesfor almostall points of the unit circle. Sharpen-
=1

Q
ing previous results of bvoreTzky, heand T provedthat if jby j>\-.-> then
n .

®

for almostall choicesof e,= + 1,2°n°n?" divergesfor all points |z|= 1.
"3

We have an example of a series %ji>,|? = |Aa] A so that for
n=1

almost all choicesof g, = a-) 1 there exists a zy, |z \= 1, (zo0 depends on

the sequencee) sothat 2 °’ro convergesPerhapsevery seriessatisfying

n=1
04« 1 b, -*» 0 has this property.

A. DVORETZKY: "On the covering of the circle by randomly placed arcs." Proc.
Nat. Acad. Sei. USA 12 (1956) 199-203.

J. P. KAHANE: "Sur le recouvrementd'un cerclepardesarcs disposésau hasard."
Comptes rendus 248 (1959) 184—186.

A. DVORETZKY and P. ERDOS "Divergence of random power series." Michigan
Math. Journal 6 (1959) 343-347.

5) Denote by f(n, k) the number of random walk paths of n steps in
é dimensionalspacewhere we assumethat the path doesnot intersectitself.
It hasbeenobeservedhatlim /(08,8)™" = C, exists,but no sharperinequalities

are known for f(n,k) even for é = 2.

The expectedposition and distribution of the point afteroasteps has
also not been determined.lIt has often been conjecturedthat for € = 2 the
expected distancesfrom the origin divided byo&/* tends to oo and divided
by datendsto 0, for & ~ 3 the expecteddistancewas supposedto be 1(0a").

I do not know the origin of these problems (probably applications in
polymer chemistry,| first heard of them in 1949). Seethe forthcoming paper
of B. Renniein the Publicationsof the Mathematicallnstitute of the Hun-
garian Academy of Sciences,SeriesA.

(Received October 5, 1960.)
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