ON THE NONLINEAR EQUATION u” - a(t) u - q(t) f(u2) = 0

by
I. BIHARI:

1. This part of the paper generalizes a theorem due to Z. Opraw [1].
The generalization in question is as follows :

Theorem 1. Let a(t) be continuous, mnon-decreasing, positive for t > 0,
the function f(u) continuous, non-decreasing, positive for w = 0, f(0) = 0 and

(1) [—d”ﬁr — 4+ o (g > 0)

q(t) continuous for t = 0 and

o

" el g, — o
(1) Jﬁ71< ,

0

~

then every solution of the equation
w’ + aft)yu + q(t) f(u?) =0

2
18 bounded for t = 0, moreover the expression  A(t) = u?(t) + ) tends to

af(t)
a finite limit as t — + oo (e.g. the sequence of the extreme values of |u| is con-
vergent ).2
Proof. Let u(t) be an arbitrary solution of (2). Then
t
’9 a2 . 2
A(t) = u?(t) + () = u*0) + il +J d lu2 + =
a(t) a(0) a
0
t t i
o~ .) ’ ’” ’
il J (Quu’ G )dt— fz—t—da(t),
a a?
u2(0) ’
where C = u?(0) + (O)—. We have from (2) «'' = —awu— q f(u?).
a

1 Technical University, Budapest.
2 The proof may be modified to include the linear case too.
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Therefore
1
e ~ 9 ap? Fa2
(3) Ay =C — ‘;2 da(t) EJ e 2(@0_) gdt .
0 0
t

’2
a(t) being non-decreasing we have J—u?d a(t) = 0(t = 0). Making use of the
a

0
property of the geometric and quadratic means

!2u’ f,(u2)|Sf2(’u2) 4 w2
Ve |7 a
Thus by (3)
(4) So_}_ﬂQu}‘(zﬂ |q'dt<C J[fzuz u;]%/q:ldté

2?2
=C +J[i2(u2 + “—J a4 ]lq'dt
a Va
0
Let us denote J?Z—(_()iST (uy > 0) by F(u) and its inverse function by F~1(u).
8) +s

Then by a wellllo known lemma we obtain from (4)

o il

|«

and the statement concerning the boundedness of [« | an *—' is proved. Let
a

(5) A < F‘I(F(C') g J %dt < p1
0

us denote this boundary by K, then |u| < K, |l7_| < K. Applying this on the
a

second integral in (3)

_ﬂ f(u?) —’V—'dts 2 f(K2) Jiq'dts2Kf(K2)J|i_ldt.

This involves the convergence of the integral in question for { = 4 oo. The
first integral in (3) is — as a non-decreasing function — also convergent for
t — - oo and its limit must be finite (otherwise the right member of (3) would
be negative for sufficiently large¢and this is impossible). Consequently in
virtue of (3)

w(

A(t) = u¥(t) +-

j) has a finite limit.



ON THE NONLINEAR EQUATION u” + g(t)u + 6(t)f(u?) = 0 289

2. In the following problem the conditions imposed on a(t), ¢(f) and f(u)
are different from the previous ones. Let our equation be given in the form

(6) w” + a(t)u + q(t) f(w) =0.
Then we have

Theorem 2. Let a(t) be a positive continuous, non-decreasing function
for t > 0, let the function q(t) be contz'nuous and satisfying together with a(t)
the conditions l g ’< 2
t

| a |
positive functwn f(u) be defined for all u and f(u) € L1p (1), further let the bounded-

< — (a > 0) for ¢ sufficiently large, let the

ness of Fwi] be assumed for all w, where F(u) = J f(s) ds.
u?

Then every solution of (6) is bounded if t — oo.
Proof. Let ¢, be a positive constant, to be determined later. Then simi-
larly to (3) we have (denoting A(t,) by C)

t t
y 01’2
A) =C — 2 |‘1_F@ Lo J“—da(t) < O + 2 F(u(ty)) 1) _
a a? a(ty)
to ts
: ’
2 F(u(t))‘i@ 12 J F(u) (-q—) dt,
a(t) a
t,
whence
t
| . ’
(7) Aty < K + 2| F(u ]+2J|F )
a a
where K =C + 2| F(u(t,))| q(tt) Let the maximum of |« | in the interval
a ‘

[to, t] be M, and let |u| take on the value M at 7 (t¢ < T < t). Then by (7)

(8) M2< A(r) < K + 22| F())| +2;F(M)1a(;__i S z]F(M);tE.
¥ 0 f 7

0

Hence
9) M2 — 2| P :1112{1 i 33] e
to ly
ni s
Letus choose for £,so much a large value that theinequality | Fj(lf f )| :fg =0
i (i

< % be satisfied. Then by (9) M? < 2 K, what was to be proved.

(Received December 6, 1960.)
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3AMEUYAHHUSA OTHOCUTEJIbHO HEJIMHEWMHOI0 YPABHEHMUS
w’ -+ alt)u -+ q(t) f(ud) = 0
I. BIHARI

Peslome

Teopema 1. (O6o01eHue oHoit Teopembl OPIAL). ITycmb u(t) HenpepolsHas
HeyOblaowan noaowcumenstan Pynkyus om t = 0, f(u) Henpepvienaa HeyOwl6a-
owyas PyHKyus om wu, Komopas noaoycumenvHa 04 w = 0,

=)

7T
0)=0 u | ———=+o0 ug > 0)
1(0) e (g
~l
oasee, q(t) Henpepolenas PyHryus om t =0 u ‘ wfli dt < oo, moeda  awboe

a(t)
0
peuterue YpasHeHus

w" +at)u + q(t) f(u?) = 0
oepanuyero 0as t = 0 u évipajicenue

1Meem KOHedHblll npedea npu t —- oco.

Teopema 2. [Tycmo 1) ¢Pynkyus a(t) > 0 HenpepoviéHa 1 HeyObléarowas,
¢pyuryus q(t) HenpepoigHa 0aa t = 0 u nycms 0yoem 6binOAHEHO YcA06Le
1
} = (o >0)

044 0ocmamoyno Goavuux t > 0,
2) @yukyusa f(w) onpedesena 04 écex 3naueHull w u f(u) € Lip (a),

3) [M 02paHUieHa
(22

F(u) = J f(s)(ls‘ u F(u) neyobwsaiowas @ynrxyus
0

oaa w > 0, mo20a 6éce peweHUs YPaBHEHUA
w” + alt)u + q(t) f(u?) =0

oepaHudeHst npu t—- oco.
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