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On the basis of Kronig’s theory of relaxation the question is investigated, 
under which conditions there occurs only one relaxation time and under which 
conditions several ones. The obtained formulae lead directly, by application of 
some laws of the Brownian movement, to the result of Debye's theory and of 
its generalisations due to Perrin and Budo, respectively.

K ro n ig 's  theory o f relaxation1 m ay be outlined as follow s. L e t a 
system  consisting o f N ' particles (m olecules) be in statistical equilibrium  
configuration, determ ined b y  B oltzm ann's distribution law. I f  the num bers 
N[ o f particles having the energies W t (I =  1, 2 , . . . ,  N )  are changed, 
caused b y  a perturbation F  (e. g. b y  an electric or m agnetic field), and if  A lm 
denotes the probability o f transition between the states I and m per unite 

tim e, then

=  2  (  N mA ml -  A M ,a ,)  (i =  1, 2...........N ) .
dt \  /

U sing the fact that F  is sm all in the practically im portant cases and that 

in the case o f equilibrium

N f A : 0m =  N°mA ^  , (1)

K ro n ig  has obtained for the deviations nt =  N t —  N ?  the follow ing 
system  o f differential equations

^  =  2  \nmA ° , -  n ,A ,i  -  N°m A ’ , ( '-¡L  ^ -¡~ ] F 1 
dt m u l  \ d F  k T  / o  J

( / =  1, 2. . . . , N )  ,

(2)

where the indices 0 relate to the case F  =  0 and it is n1 +  n2 +  . .  ♦ 

+  nN =  0.

1 R. de L. Kronig, Physik. Zeitschr. 39, 823, 1938.
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T h e hom ogenous equations obtained from  (2) by substituting F  =  0, 
must inform  about the dependence o f the n{ upon the time if  the 
perturbation were suddenly rem oved. In the most simple case o f only two 
states we have the solution (the time measured from  the rem oval o f F )

ni =  —  n2 =  n'i e ( w ith =  A 021 - M i ° )
w hich show s the m eaning o f the relaxation tim e r. K ro n ig  did not consider 
further consequences o f the equations (2); this w ill be given below .

T h e  substitution o f the expressions n, =  at e~ ^ 1 (Z =  1, 2 , . . .  ,N )  
in the hom ogenous equations belonging to (2) leads to the characteristical 
equation for X

-  V  Aim  +  X
m̂ .1

A ? n - .1 A ft  rrt +  A.
mJzN

=  0* (3)

Considering the dependence o f the n; upon the tim e, it is im portant to 
note that the roots o f (3) are real and positive, apart from  the root ), =  0.2 
N am ely, if  we m ultiply the l s i , . . . . ,  N th colum n o f the determ inant respec­
tively w ith i V ° , . . . . ,  N%, then it becom es sym m etrical because o f (1), and 
in the diagonal elements the coefficients o f X are N l t . . . . ,  N n . T o this case 
one can apply a well-know n algebraic theorem 3 according to w hich the roots

are real. Furtherm ore, expanding <P (X) in pow ers o f X, one can prove
<P (X)

that in the equation— -—  =  0 N  —  1 changes o f sign occur1 and so all

the N —  1 roots are positive. T herefore the reciprocals o f all the roots can be 
regarded as relaxation times.

T h u s the general solution o f the hom ogenous equations, i. e. the solu­
tion w hich can be adapted to any kind o f initial values o f nr , . . . . ,  nN (these 
fulfilling only the condition n1 + ------+  nN =  0), contains N  —  1 relaxa-

2 We suppose that the root i  =  0 be simple;, otherwise, as one could prove, the 
elements A;°m of at least one row of (3) must vanish; then the A® l vanish likewise and so 
we should consider by (2) less than N  states.

3 See e. g. O. Perron, Algebra II., 1927, p. 14.
4 The coefficient of 1 — k in this equation is the sum of the principal minors 

with k rows of the determinant <1> (0). It may be proved by total induction that the 
singn of these minors is equal to (— 1)*.
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tion tim es (more correctly: at most N — l  different relaxation tim es).5 
B u t because o f the physical m eaning o f the n/s it is perm issible to consider 
on ly that initial values n j n°N w hich are determ ined by assuming 
that the system  is, at the m om ent t =  0 when F  is rem oved, in the equilib­
rium  distribution belonging to a constant perturbation F . T h en , F  being 

sm all b y  supposition,

m =  N , -  N ? =  N*

Wi W? W,

k T k T k T
e e —  N f— e

Wi Wf O F Wi

v  M  
. 2  e 2 ’ ,  V \ v *  kT

T h e  evaluation gives

TV0
n} = -------- (wi —  w )F  (/ =  1, 2 , . . . ,  N ) ,

k T
(4)

where means the increase o f  the energy o f the Ith state in the field F  =  1 

and w is the average value o f the wif i. e.

Wi
( d W \  -  2 N?Wi  

~ \ d F ) o , W  N '
(5)

W e m ay now seek, when is the behaviour o f the system  described w ith the 
aid o f only one relaxation tim e. Substituting the expressions

iV;° _  _JL 
Til — ---------- (W i —  w )  F  e r

k T
(I =  1, 2 , . . . ,  N) (6)

in the hom ogenous equations belonging to (2), and taking (1) into account, 

we obtain

1 __ 2 Aim (Wi — wm)
T

(/ =  1, 2 , . . . ,  N )  . (7)
Wi —  w

T h e nom inator is because o f the definition o f the A ,°m the mean decrease

6 The particular solution belonging to the root J. =  0 is, because of 
+  « . . . .  +  un =  0, trivial.

2
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o f w (we shall note it w ith j  w,) defined above (per unite tim e). T h erefore:

when the quotients ^  Wl— have for all I the same value, we m ay say
wt — w

- ^ , then the solution o f the hom ogenous problem  is given b y  (6) and 
w —  w
the relaxation time is

w —  w
* =  ___ ' ♦ (8)

J  w

W hen the condition just m entioned is satisfied, the solution o f the original 
nonhom ogenous problem  in the case o f the most interesting periodic 
field F 0 ewn is seen to be (apart from  a term  decreasing exponentially in 
tim e):

_  N i (tv, -  w) F 0 e '^  „  _  1 „  An
ni . -  ■ - (/ 1, , N) . (9)

k T  1 +  i w r

It is easily seen that the obtained results can be generalized as 
fo llow s: W hen the quantities wl —  w calculated for the given problem  can 
be written in the form

Wi —  w =  -(- v̂ i (I —  1, 2, . . . ,  N) (10)

with r (but not less) linearly independent system s v(p , . . . ,  v(p 
(I =  1, 2, . . . ,  N )  o f the kind that the condition m entioned after (7) is 
fulfilled for all (i =  1, 2, . . . ,  r), then one obtains r different relaxation 
times

y(r)
T1 ~ ____ > ♦ ♦ ♦ > Tr =  (11 )

J  V<U J  v (r)

and the solution is in the case o f a field F 0 eim (apart from  term s decreasing 
exponentially in the time)

N [

k T
------- -----+  • • ♦ +  — 4 — ( / = 1 , 2, . . .  , i V)  .
1 +  l  10 Tj 1 -f- I  OJ T t\

(12)

T h e obtained results w ill be applied in the follow ing to the dielectric 
relaxation in polar liquids. T h e  mean dipole m om ent m due to the orienta-
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tion o f a m olecule having the perm anent m om ent fx is given in a field 
F ° eim according to D e b y e ’s well known theory6 by the expression

! F 0 eim
m =

3 k T  1 -f- 1 io x
(13)

w ith the relaxation tim e r =  — , where 0 is the coefficient o f friction
2 k T  x

for the rotation. D e b y e ’s original theory regards the m olecule as a rigid 
spherical body. It has been generalized from  the point o f view  o f the 
form  and structure o f the single m olecule in tw o lines: one o f  these 
generalizations, due to P errin 7, uses as m odel for the m olecule the ellipsoid; 
the other, given by B u d o ,8 takes into account m olecules w hich  have free

Fig. 1 .

6 P. Debye, Polar Molecules, Chap. V.
7 F. Perrin, Journ. Phys. (7) 5, 497, 1934.
8 A. Budo, Physik. Zeitschr. 39, 706, 1938.

2 *
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rotating groups. W e shall show that the results o f these theories follow  
directly from  our form ulae, if  one makes use o f some fam iliar laws o f 
the Brownian m ovem ent.

W e shall begin directly w ith the ellipsoid m odel. L et X , Y ,  Z  be a 
set o f axes w hich lie fixed respectively in the directions o f the half principal 
axes a, b, c o f  the ellipsoid. T h e  position o f the axes X , Y ,  Z  relative to
the set o f axes X 0, Y 0, Z 0 fixed in space can be specified by the Eulerian
angles O, W p  where O  is the angle between the Z  and Z 0 axes, w hile cp 
are respectively the angles between the nodal line and the X 0 and X  axes. 
I f  we suppose the field in the Z 0 direction and if  /ua,p b, juc denote respectively 
the com ponents o f the dipole m om ent ¡j. referring to the axes X , Y , Z , 
then the potential energy o f /u in the field F  i s : —  F  p cos (w, F )  =  
=  F  (ua sin O sin cp +  ¡a0 sin O cos cp —  c cos i9-) (see fig. 1 .) and hence, 
according to (5)

w&<p =  Pa sin O sin cp 4- Hb sin 0  cos cp —  /¿c cos O , w =  0 . (14)

Furtherm ore, expanding w,y T —  w&  ^  in powers o f O ' —  0- —  z i O  and 
rp' —  cp =  z l (p (up to and including the second order term s), we obtain

Jw$<p =  —  pa jco s O sin rp J  O +  sin 0  cos cp J<p  — ^ -s in ^ s in cp ( J O -2-(-

+  z l (p2) +  cos O cos cp z l O z l T  —

—  /jb j ĉos O cos cp j  0- —  sin 0  sin cp z l (p — sinOcoscp ( J +  

+  zl<P2) —  cos &  sin cp z l 0  zl <P —

sin 0  zl 0- - f  —  cos O z/ O2 
2 (15)

T h e average values ¿j O  etc. can be expressed by the averages o f  the 
squares o f the rotational angles z l  a , J  (i, z/ y referring respectively to the 
rotations about the X , Y , Z  axes. T hese averages (per unit time) are, 
according to the generalized theory o f the Brow nian m ovem ent due to 
Perrin , 7

2 k T  — —  2 k T  ----  2 k TJ a 2 =  ------  , j p *  , j r 2 =
?a Qb QC ) (16)

while z i a  =  z l ( i = j y  =  z l a j ( i  =  z l ( i z / r  =  J  y zl a =  0 .

Here (>a, çb, oc are respectively the coefficients o f friction belonging to the 
rotations about the X , Y , Z  axes. In order to express z i O  and J  cp by
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J  a, J  [ I , . . . ,  J  y* let us transport the ellipsoid from  the initial position 
described b y  O,  W, y  into another position ( 0 Y,  </>') w ith the follow ing 
three rotations (see fig. 1*) 1* Rotation d  « about the X  axis, then the set 
o f axes X ,  Y ,  Z  goes over to the set X ,  Y lt Z i  the position o f w hich should be 
specified b y  & lt Y'i> <)Pi (shortly: X Y Z -> X Y x Z\ ( O1 1r*i <pi))* 2. Rotation 
d  p  about the Y 1 axis, then X Y ^ Z j .- -> X xY XZ'  {0 'Y < fz) ' 3* Rotation d  y 
about the Z f axis, then X xY xZ'  -> X ' Y ’Z ’ (S' Y  rp'). In order to evaluate 
J  &  we use the relations obtained from  the spherical triangles ZqZiZ' 

and ZoZZi'.

cos O' —  cos Ox cos d  p  +  sin sin d  p  cos —  cp ĵ , ( 17)

cos —  cos 0  cos d  a +  sin O sin J  a cos (^ —  ®) ,
(18)

sin O ! sin rpx =  sin O sin (,-r —  9 ) .

Substitution o f (18) in (17) gives

cos O’ —  cos O cos d  a cos d p  — sin O’ cos a  sin d  a cos d  8-\-
(19)

+  sin O sin rp sin d  p  . 
ft

From  this we m ay express cos O' as a pow er series in d c t  and d p  up to 
and including the second order term s. O n the other hand, i f  we substitute 

the expression d  O =  ax d  « +  a2 d  p  +  . • .  +  o5 J  P2 in cos O' =

=  cos (0  -j- d  O) — cos O — sin O d  O — cos d  O2 , then we obtain for

cos O’ another pow er series in d  a, d  p.  T h e  com parison o f the two 
series gives us the values o f a 5. W e find so for d  rp and like­
wise, after rather long calculations, for d  rp the results

d  O —  cos rp d  a —  sin rp d  p  +  —  ctg 0  (sin2 <p d  a2 +  cos2 rp d  P2) +
2

-J- Ctg O sin rp COS rp d  a d  p ,

d  rp =  d  y — Ctg O (sin rp d  a +  COS rp d  p) +  ;

- f  —  (1 -j- 2 c tg 2 «9-) sin rp cos rp (d  a2 —  d  p2) +
2

-f- — -—  (cos2 rp — cos2 0  sin2 cp) d  a d  P * 
sin2 O

(2 0 )
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W ith these values and by (16) the averages occurring in (15) becom e 

— —  , _ .  / sin 2 cp , COS2 c p \
j  & =  k T  ctg 0- ( ------ + --------- £ )  ,

\  Qa Qb )

j c p  =  k T  ( I +  2 ctg2 &) sin rp cos cp ( — --------------— ^

\Qa Qb )

=  2 ^ r ^ > + sin> V
V Qa Qb J

( "
j  cp2 =  2  k T +  ctg2 &

1 sin2 cp cos2 cp

:)l

(22)

zl d- J  cp =  2 k T  Ctg &  sin rp COS cp ( — ------- j ,
\Q b  Qa /

and w ith these (15) reduces to the form

J  w# cp =  k T  | /na ( —  -f- —  j sin $ sin cp +
L V  !?b Qc /

+  Mb ( —■- H------J sin iT- cos cp —  pic ( —  +  —- \ cos ,9-
\Qc Qa /  \ Q a  Qb /

I f  we compare this equation w ith (14) we see that the conditions m entioned 
after (10) are fulfilled for r —  3 and so the three d ifferent relaxation times 
are given by

=  +  +  , 1  =  ^ ^ +  1 ) . (23)
Ta \  Qb Qc /  T b \ Q c  Q a /  T c \ q c o b )

T h e  mean dipole m om ent can be calculated on the basis o f the definition

¡ ¡ ¡ = M  <y +  n&_ gp) ft cos (fj ,  F ) d Q  

J (N # cp +  n# (f) d £2

w ith the aid o f (12), (10), (14) and w ith d n  =  sin 0 d & d f  d cp; we obtain

2 
t*bF , e iMt

m =
3 k T

2
Fa

+ +

9

f*c

1 +  lwra 1 +  i  10 r b 1 +  I OJ Tc
(25)

in agreem ent w ith Perrin 's resu lt7 w hich includes, o f course, the result (13) 
o f D eb ye ’s original theory in the case oa —  pb =  pc.
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A s regards the other generalization, we consider here only the case 
in w hich the m olecule consists o f only tw o rotating polar groups and the 
form  o f the m olecule can be regarded as sym m etrical about the com m on 
rotational axis o f the groups. T h is axis should be chosen as the Z  axis. 
L e t f.ic 1 and /na denote the com ponents parallel and perpendicular 
to the Z  axis, o f the dipole m om ent o f the group 1, /uc2 and /<' those o f 
the group 2 and let /.icl +  /uc2 =  /.ic. Because o f our assum ption we can 
choose the direction o f /fa as the X  axis (i. e. ub =  0) and take Qa— Qb= Q' 
T h e  coefficient q refers, o f course, to the m olecule as a w hole, w hile the 
coefficients o f friction o f the group 1 and 2 m ay be called qc and q[. 
Besides the angles </>, cp specifying the position o f the group 1 w e must 
introduce another angle cp ' belonging to f. ia and defined sim ilarly as cp . 

T h en , o f course, all the above form ulae remain in force (with the sim pli­
fications //6 =  0, oa =  ()b =  ()), we must only com plete them  w ith terms 
belonging to the group 2. T h e  terms w hich m ust be added respectively to 
the right hand side o f the equations (14) and (15) are

/ a sin &  sin cp' , (26)

—  jUa [cos &  sin cp' J  & +  sin &  cos cp’ J  cp' — (27)

------- sin &  sin cp' (J  & 2 +  J  cp'2) +  cos 0  cos cp' ¿J & J  cp' .
2

T h e  latter can be evaluated if  one takes into account that the rotations J /  

o f the group 2 about the Z  axis are entirely independent from  those o f the
-----7i 2 k T  -----7 _

group 1 and so (16) can be com pleted w ith J  y =  — —  , J  y —
________  _________ 9c

=  J  a J  y ' =  . .  ♦ =  z l y J  y ' =  0. It is to be seen that J  cp' can be 
obtained from  ¿1 cp given in (20) by substituting ¿1 y' instead o f z l y in it. 
T h e n  the average values in (27) becom e (using also (21) w ith oa =  ob = 0)

J  {)■ =  —  ctg & t z l cp' —  0 , z l O'2 =  ------  ,
O Q

=  2 k T  ( l j  +  , J  0- z l cp' = 0
\(> c  9  )

and w ith these one obtains for (27):

k T  { —  +  -—j-J sin & sin cp' .
\ e  Qc)

(28)
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A  comparison w ith (26) gives us the third relaxation time r ' ,  the first tw o 
being given by ra and rc in (23) for pa =  pb =   ̂ ; then

TC

2 k T  1
y —  = k T  ( —  +  +

Ta \  Q Qc J  *  a \  Q Qc /
(29)

and the mean moment (evaluated sim ilarly as in (24), (25)) becom es

F 0eim
m —  — ----

3 k T

2
He

+
2

/<«
+

I« a

1 Í  OJ Tc 1 - ( -  W I Ta 1 - f -  I iO T a .
(30)

a result w hich agrees w ith them  obtained in another w ay, cf. reference8.
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