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1. Introduction 
At the end of A recent paper [1], P. V E R M E S lists some problems which 

arose in his work and we are now in a position to answer four of his questions, 
all in t he negative. We first list these questions. 

(a) Is the convolution of two sequences in ф' always in ф' ? I n other words 
if the power series of u(z) and v(z) a re convergent a t the rational points on the 
unit circle, is the same true for t he power series of u(z) v(z) ? 

(b) if и is in ф', i. e. if u(z) — Zuk zk~x is convergent a t every rational 
point on the unit circle, is the set of values of u(z) a t such points bounded ? 

(c) is a ring? 
(d) if А, В are in 6?, x in ф' is always A(Bx) = (AB)xt 

Let uk = 
a 

к — 1 

2. Solutions 

I n the first place, as V E R M E S points out, if (d) were true i t would imply 
(c) and if (c) were t rue it would imply (a). Hence to show tha t t h e answer to all 
four questions is no it is sufficient to show tha t the answers to b o t h (a) and (b) 
are no. 

ei(k-1) = ei{k-i) _jE(a. + 1) T h e n , t h e se r ies 
( 4 - 1) ! Г(а — 4 + 2 ) 

00 °° Па "I- 1) 
2 «•/, zk~x is — „ , . _ (e' z}k l , or the binomial expansion 

1 *TI ( 4 - 1 ) ! Д А - 4 + 2 ) ' R 

of (1 -f- zé)a. If 0 > a > — 1 the series is convergent for |ze' | g 1 
except if ze' = — 1, t ha t is z = е ' ( я - Ь , which is not a rational point. Hence 
the series is convergent at all ra t ional points on the unit circle. However, the 
value of u(z) is (1 + ze')" and since 0 > а > — 1, if {Z„} is a sequence of rational 

numbers with limit point — (1 — 1 /я), then the sequence {Де2"«л)} is un-

bounded. This answers (b). 
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Now consider two such series, and let 

,-a-n Л а + 1 ) uk = vk = e'(k 17 —1—' 
(к — 1 )\Г(а — к+ 2) 

where ПОЛУ — — > A > — 1 . 
2 

Then u(z) = v(z) = (1 ® zeja, and both the series are convergent at 
every rational point on |z| = 1. But u(z) v(z) = (1 -f- ze')2a, and since — 1 > 2 a 
this binomial expansion is not convergent at any point on |ze'| = 1, tha t is 
|z| = 1. Hence the answer to (a) is also no. 

(Received May 24, 1961.) 
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