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1. In the present paper we are going to consider quadratic matrices of 
order p, the elements of which are real or complex functions defined in the 
interval [—я:, я] . In the sequel such matrices will be called functional matrices. 
If we state a condition for a functional matrix, this must be taken in the sense 
tha t the condition must hold for all elements of the matrix. In this sense we 
speak of bounded, measurable, integrable, continuous etc. functional matrices. 
By the integral of an integrable functional matrix we understand the matrix 
formed from the integrals of its elements, and denote this by writing the 
functional matrix in question as integrated behind the integral sign. The unit 
matr ix and the zero matrix will always be denoted by E and О respectively, 
and the spur of a matrix will be denoted by an "Sp" written before the sign 
of the matrix. 

A Hermitian matrix will be called positive definite, if the corresponding 
Hermitian form vanishes only in the point 0, and takes in every other place 
positive values. If the form takes the value zero also outside the point 0, while 
it is nowhere negative, the corresponding matrix will be called positive semi-
definite. The positive definite and the positive semidefinite Hermitian matrices 
will have the common name of nonnegative definite matrices. Let A and В be 
Hermitian matrices. We say tha t A B, if A — В is nonnegative definite, 
and A > В if A — В is positive definite. 

In the sequel v runs through the rational integers, n through the nonnega-
tive integers, к, I through the integers from 0 to n, and a through the integers 
from 1 to p. z and zk denote respectively an arbitrary row vector of the p-
dimensional space with complex elements, while xk stands for a quadratic 
matrix of order p built from arbitrary complex numbers. 

2. Let f(x) be a Lebesgue measurable Hermitian matrix, positive definite 
on a set of positive measure, and nonnegative definite elsewhere. With the aid 
of this functional matrix we form the matrices 

n 

— л 
and with the aid of these the hypermatrices 

( « 0 « 1 

(i) T n ( f ) = "-1 
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T n (/) and the determinant Dn (/) = Det T„ (/) will be called the w-th Toep-
litzian matrix and determinant respectively, generated by the functional mat-
rix f(x). (For the case p = 1 see [2], 17, 38.) 

As one easily sees, these are Hermitian matrices. I t is also easy to show 
t h a t they are positive definite. Indeed, we form with the vectors zk the Hermi-
t ian form 

(2) J \ z k a l _ k z f = ±- ( \ j f z k e i k x 

k, f=0 2 Л: J ( k = o 

* 

m " yzk e'kx\ dx. 
\k=0 

Since f(x) is a Hermit ian functional matrix, positive definite on a set of positive 
measure, the function 

n j n > * 

2zkeikx f{x)\2zk eikA 
k=0 k=0 

is positive on a set of positive measure, if only zk z* > 0, i. e. if the right 
k= 1 

hand side of (2) is positive. 
The purpose of the present paper is to demonstrate the following 

Theorem. If f(x) is a Lebesgue measurable, nonnegative definite Hermitian 
functional matrix, then 

л 

(3) D n { f ) 1 exp j — Г log Det f(x) 
—л 

and this limit is to be taken equal to zero, if 

(4) f log D e t f(x) dx = — oo . 
—Л 

The author has investigated matrices of the form (1) in several papers 
([3], [4], [5]). In all three of these he has derived the theorem just formulated 
under more special conditions. So, in his paper [4], the author has obtained 
the limit (3) under the assumption tha t f(x) is a continuous, real, symmetric 
funct ional matrix, and 

(5) inf zf(x) z* — m > 0 , x £ [ — л, л ] , zz* = 1 . 

In papers [3] and [5] the expression (3), and its equivalent form based on the 
limit relation 

(6) lim J M Î L = hm 1/Щ7) 

has occurred as a special case of more general theorems. Indeed, this was the 
case in [3] for continuous Hermit ian functional matrices satisfying condition 
(5), while in [5] the condition of continuity was replaced by boundedness and 
measurability. 

As is well known, eigenvalues of Toeplitzian matrices in the case p = 1, 
i.e. when the generating functional matrix is replaced by a generating function, 
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have first been investigated by G. Szegő ([8], [9], [10]). He was also the first 
to obtain for the case p = 1 the result expressed in our theorem ([8], [9], [10]). 

In the proof of our theorem we make use of the following theorem of 
H E L S O N a n d L O W D E N S L A G E R ( [ 6 ] , 1 8 6 ) : 

If fix) is a Lebesgue measurable nonnegative definite Hermitian matrix and 
dM an arbitrary measure talcing as values nonnegative Hermitian matrices and 

having the absolute continuous part —— f(x) dx, then 
2л 

(7) 
л л 

inf - Г Sp [(x0 + P) (*0 + P)* dM] =exp ( — - f Sp log f(x) dx J , 
p J {2лp J I 

where x0 runs through all unimodular matrices and P through the trigonometric 
polynomial matrices 

(8) P(eix) = Zxkeikx. 
k> 0 

(7) must be taken equal to zero, if 
л 
I Sp log f(x) dx = — o o . 

— Л 
I t is also known tha t the theorem just quoted of H E L S O N and L O W D E N S -

L A G E R has been proved for the case p = 1 by G . S Z E G Ő under the assumption 
that f(x) is absolutely continuous, and later without this assumption by 
K O L M O G O R O V ( [ 7 ] ) . 

In order to establish a connection between our theorem and that of 
H E L S O N and L O W D E N S L A G E R , we shall need the matricial generalization of the 
Lagrange transformation relative to positive definite Hermitian hypermatrices 
built from matrices of order p. This generalization will be given in 3. The theo-
rem itself will be proved under 4. There it will also be pointed out tha t from a 
special case proved earlier [5] of the theorem of the author formulated in this 
paper the special case of the theorem of H E L S O N and L O W D E N S L A G E R can easily 
be derived. 

3. Let the positive definite Hermitian matrix of order (m -f- 1 )p 

(9) A„ 

( «00 « 0 1 • • • « О т 

f l 0 « 1 1 • • • « i m 

'ml • • • « m m ' 

be given, which is built from matrices akl of order p. By the form belonging to 
the matrix (9) we understand the matrix 

m 
(10) Xk akl X* Hm{x0, xv..., xm). 

k,l=* 0 

Now we prove the following lemma, constituting a generalization of the 
well known Lagrange transformation: 
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Lemma 1. By the transformation 

( S o > S i S m ) — ( ® 0 . X l ' • • • > x m ) В 

defined with the aid of the hypermatrix 

В 

built from matrices of order p which depend only on the elements of the matrix (9)' 
the. positive definite Hermitian form (10) can be given in the form 

Hm(x o , Xy xm) = g0 y0 §* + ly y y g? + . . . + gm ym Sm , 

where y0, yv . . ., ym are positive definite Hermitian matrices of order p. 
For p = 1 our theorem gives the Lagrange transformation for positive 

definite Hermitian forms. 
Proof. Let 

Е О О . О 

fioi E О . о 

fio2 fin Е . о 

ihm film Ihm . Е 

a, n a. - 1 
- Д 

and 

Since 

о i 

? — ь о — Xn 

j o " 0 0 

xi fin + • • • -f 

( 7 = 1 , . . . , m ) 

xm Ihm • 

S o « 0 0 S o = x 0 « 0 0 Ж 0 + Ж 1 « 1 0 x 0 + • • • + X m « m 0 x o + x 0 « 0 1 x * + 

+ a?0a02X* + • • • + ® о « о т ж т + a r e members which do not contain as,,, 

using the notation a00 = y0 we obtain 

Hm(x0, Xy, . . . , xm) = S0 y0 S* + Hm_y(Xy, . . . , xm) . 

Let Bm denote the matrix which arises from B, if we replace by zeros all ele-
ments of В with the exception of those in the f i rs t column and in the diagonal, 
and let Am_y denote the matrix of the form Hm_x (as,, . . ., xm), then from the 
equality 

( o ) ' B„ Го 
(O) A„ 

Щг — A„ 

i t is clear that Am__x is a positive definite Hermitian matrix of order np. But 
then, by the foregoing 

H m - l ( x V • • • > x m ) — S i Г 1 S * + Hm_2{X2. • . • , Xm) . 

Continuing this process, we obtain the theorem to be proved. 
From our theorem there follows 

Уо 

АШ=В\ 
T i ( о ) 

В* 

(о) Ут> 
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and from this 

In view of 

Det Am — Dm — Det y0 Det yl . . . Det ym . 

s 
0' ®1> • • • > O, . . . ,0)= __ Ж, в,,- xf = 

i,j=0 
= ( ж 0 + ® i /?oi + • • • + as s А » ) У о ( « о + ® i A u + • • • + x s A > s ) * + 

+ (x1 + x2ßl2 + . . . + X,ßls) yßx1 + X2ß12+ . . . + a c s f t u ) * + 

+ • • • + xs ys xf , 
if we denote by Ds the determinant obtained from Det Am by leaving only the 
first ( s + 1 ) p rows and columns while cancelling everything else, the relation 

(11) Ds == Det y0 Det . . . Det ys 

follows. 
Lemma 2. If the eigenvalues of уm are and xm runs through all unitary 

matrices, then 

(12 ) I n f i S p Hm(x0, x v . . . , xm) = i [ Я ( т > + . . . + . 

I f , moreover, xm runs through the matrices, whose determinants have the absolute 
value 1, then 

inf j S p / I J x 0 . X, xm) = КЯГ . : . Aj™> 
Д m - l 

Proof. By Lemma 1 Sp y, £* >. 0, and therefore 

(13) Sp Hm(x0, x1 xm) > Sp xm ym X* . 

Let ym have the Jordan normal form 

ymUAU*, UTJ* = E . 
If the sum of the squares of the absolute values of the elements standing in the 
a-th row of the matrix U* 4 is denoted by s2, then 

(14) i S p xm ym X* = - S p Л (и* X* xm и) = i [si Я</"> +...+S* Я (
р

т ) ] . 
V p P 

If x m is unitary, in which case U* xf, is also unitary, we have s2 = 1, and 
so (14), together with (13), already proves (12), the relation expressing the first 
half of our theorem. 

From (14) one gets 

(15) 
1 

- S T > x m y m x * > K ( « 1 • • • S p M m ) • • • 4 m ) -p ""m i m ""m = r \~i • • • "pi "l • • • "p 

and in view of the well known determinant theorem of Hadamard, by which 

(Sl .. .s.)2 ^ Det xm xm 
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and by the equality 

Aím>...4m> = Det y m = D 

Dm-1 

resulting from (11), we get the inequality 

(16) i Sp xm ym X* è f Détaxas* Aj"1' . . . A<m) = Det acm m " - m 7~) 
J J m - \ 

Let I Det a?m | = 1. From inequality (13) we get through inequality ( 16) 
the relation 

(17) 1 Sp Hm(x0, xv . .. , ® J è f *ím) . . . Ag»> : 
A n - i ' 

Now it remains only to be shown that the left hand side of ( 17) actually at tains 
the lower bound given in (17). Indeed, if 

xm=(ßv . . . . ßp), \ßa\
2= y ]/A<->... A<m) -

then I Det x m | = 1 and 

i Sp ym X* = i [Ai-) 1/9,1« + . . . + A<-> |/J„|»] = f Ai-) . . . A<->. 

From the proof of Lemma 2 it is clear that the second assertion valid also for 
I Det xm I ^ 1. 

By the proof of Lemma 2 and by Lemma I it is clear that there holds 
the following 

Corollary. The minimizing matrices x0, xv . . x m are given in both cases 
of Lemma 2 by 

(ж0, xv . . . , xm) =-- (о, о xm) B~l, 

if xm denotes an arbitrary unitary matrix, resp. a matrix satisfying the condition 
I Det xm I = 1 and minimizing the expression Sp xm ym a?*. 

4. In this section we are going to prove our theorem. 
Since T„(/) is a positive definite Hermitian matrix, we can employ the 

generalized Lagrange transformation defined in our Lemma 1. By giving 
closer attention to the procedure which led us to this transformation, we re-
mark that the matrix yk arising in the diagonal in the A-th step depends only 
on the matrices a0, ax, ..., ak. From this it follows that continuing this proce-
dure for all values of и, we make correspond to the matrix (1) a sequence {yn} 
of positive definite Hermitian matrices of order p. 

Lemma 3. The sequence {yn} is monotonically nonincreasing. 
In order to prove this we start with the form 

IIn(x0, xv ... , xn) = y0 Í;* -(- yx + • • • + §n yn ьп 

gained by use of the generalized Lagrange transformation of the form belonging 
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to the matrix Tn(f). Indeed, hence we get 
Я 

i f " n \* 
Yn й IIn(o, xv ... , xn_v E) = — 2 xk e'Xx f(x) 2 xk e 'H dx = 

J lk= I k= 1 j 
— 71 

= ét\ (Í***Í(A-,)X) /<*) (J**ei(ft-,)x) ^ = • • • - . 
— л 

Since this inequality holds for all matrices xv ..., x„_v the relation yn < yn-x 
follows. 

All elements of the sequence {yn} are positive definite Hermitian matrices. 
So we have the following 

Corollary 1. The limit lim yn = у exists. 
Л->-со 

Indeed, by Lemma 3, the sequence ( z y n z * j is monotonically nonin-
creasing and bounded for any fixed vector z, and so it has a limit. With the aid 
of suitably chosen vectors z it is easy to show tha t the sequence {yn} converges 
elementwise. 

Corollary 2. If the eigenvalues of yn resp. of у are in monotonically non-
decreasing order 7.*"', . . . , A<,N) and / , , . . . , AP respectively, then A(„N) | AA. 

For a proof see e. g. [1], 298, Satz 15. 

Corollary 3. The sequence | D ^ i f ) j ™ monotonically nonincreasing. 

On the basis of ( 11) and of Corollary 2 we indeed have 

D n i f ) - Det yn = A<"> . . . A<P"> ^ A<"-B . . . A ^ - B = Det yn_y - D "~ l { f ) 

Dn~i(f) ' 1 * - x F ' * D , a f ) 

Corollary 3 gives the first assertion of our theorem. 
Consider now the Hermitian forms (2) belonging to the matrices Tn(f). 

By Lemma 2 and by Corollary 3 to Lemma 3 we have the following 

Lemma 4. If f(x) is a Hermitian functional matrix, Lebesgue measurable, 
nonnegative definite and positive definite on a set of positive measure, then 

* p   
(18) i n f — — Sp(a?0 + P) (x0 -f- P)* f(x) dx = lim 

P V ' z 71 

where x0 runs through all matrices satisfying [ Det x0 \ = 1 and P through the 
trigonometric polynomial matrices (8). 

It is clear tha t (18) vanishes if and only if At = 0. 
In case f(x) is positive semidefinite almost everywhere, we have Dn(f)=0, 

and so the quotients — — a r e senseless. Then however the infimum (18) 
D n - f f ) 

can be taken equal to zero by (6), which is true for nonnegative Hermitian 
functional matrices f(x), positive definite on a set of positive measure. 

4 A Matematikai Kutató Intézet Közleményei VIL A/L—2. 
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Using now the theorem of H E L S O N and L O W D E N S L A G E R in (18), we 
obtain the limit (3), proving at the same time our theorem. 

By the preceding considerations it is necessary and sufficient for the 
validity of (4) that ^ = 0 be valid, resp. that the Lebesgue measurable func-
tional matr ix f(x) be almost everywhere positive semidefinite. 

As we have already mentioned in the introduction, the author has ob-
tained the theorem just proved also independently of the theorem of H E L S O N 
and L O W D E N S L A G E R for the case when f(x) is a Lebesgue measurable, bounded, 
positive definite functional matrix satisfying the condition (5). Of course our 
Lemma 4 can also be used in order to prove with its help the theorem of 
H E L S O N and L O W D E N S L A G E R for a functional matrix/(a;) having these properties. 
Indeed, it even follows from our remark on Lemma 2 t ha t (7) remains also for 
I Det x0 I ^ 1. 

In his paper [ 1 1 ] T . B A L O G H has investigated the infimum of 
я 

Sp I P(x) P*(x) f(x) dx, where P(x) runs through all matrix polynomials of 
—я 

grade n and of order p, which also satisfy the condition P ( a ) = E , where a 
is an arbitrary fixed complex number. Formula (12) of Lemma 2 also answers 
this question by a method and in a form different from those of T . B A L O G H in 
the special case, when a = 0, and in the more general case, when P(0) is an 
arbitrary unitary matrix. The result of T. B A L O G H is a generalization of a 
theorem of S Z E G Ő ([2], 38). 

Finally it is worth mentioning, t h a t a new possibility would arise for 
generalizing the theorem of S Z E G Ő mentioned in the introduction and to be 
obtained from our theorem by putting p = 1, by determining the limit у of 
the sequence {yn}, which exists in view of Corollary 1 to Lemma 3. This would 
perhaps give A new matricial generalization of the theorem of S Z E G Ő . Namely 
a matricial generalization of this theorem has already been given in the paper 
[5] by the author. 

(Received November 11, 1960.) 
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ОБОБЩЕНИЕ ОДНОЙ ТЕОРЕМЫ SZEGŐ 
В. G Y I R E S 

Резюме 

В настоящей работе автором доказывается следующая теорема: 
Пусть f(x) определенная в интервале [—я, я] измеримая по Лебегу 

функция с матричными значениями, типа рхр, неотрицательно опреде-
ленная и ермитова. Если 

Dn(J) = > 
где 

71 

ак = — I f(x)e~ikxdx, 
2я J 

— 71 
ТО 

71 

J M Î L I exp I — ( log Det fix) dx \ 
— 71 

и этот предел равен 0, если 
+ оо 

j log Det f(x) dx — — оо . 

При доказательстве автор установит связь со следующим результатом 
H E L S O N И L O W D E N S L A G E R [ Б ] , с т р . 1 8 6 ) : 

Если dM данная мера состоящая из неотрицательных самосопряжен-

ных матриц типа рхр, — f ( x ) абсолютно непрерывная часть меры dM, Р(х) 
2л 

бежит по тригонометрическим полиномам формы 

УАк e~iM 

к= О 

коэффициенты которых являются матрицами типа рхр, подчиненные усло-
вию Det А 0 = 1, то 

л я 

In f - 1 - Г Sp[P(x)dM(x)P*(x)] = e x p — - ( Sp [log/(®)] dx . 
p p J 2лр j 

— л —я 

Автор получил свою вышеформулированную теорему и независимо от тео-
ремы Хелсона—Ловденслагера для случая, когда f(x) измеримая по Лебегу 
функция с матричными значениями, ермитова и типа рхр, обладающая по-
ложительной нижней и конечной верхней гранью. ([5]). Исходя из этой 
теоремы можно доказать методом автора теорему Хелсона и Ловденслагера 

для случая, когда dM абсолютно 
непрерывна, т. е. dM = -— f(x) dx и f(x) 

2я 
удовлетворит условиям вышеприведенной теоремы. 

4 * 
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