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1. According to a well-known theorem the integrals of the linear equation 
u" -j- a(t)u = 0 are for positive continuous non-decreasing a(t), with lim a(t) = 

<=00 
= oo all bounded and there is at least one solution tending to zero as t —>- °°. 
I t is an interesting problem how further conditions must be imposed on 
a(t) so that every solution may behave similarly. The theorem mentioned in the 
title gives reply on this point. In order to be able to quote this theorem we need 
the knowledge of two notions: one from set-theory, another from function-
theory. 

a) Density of an interval-sequence: Let {(an, ßn)} (n = 1, 2, . . .) be an 
interval-sequence on the half line t ^ 0 having no point in common. I t is said 
of density s (е. > 0) on (0, provided that 

j k ( ß i - a - i ) 
о™ 1 

b) Function tending to infinity "quasi jumping" respectively "varying 
regularly" : The function F(t) being positive continuous non-decreasing, tending 
to infinity as t—V °o is said "tending to infinity quasi jumping", if to every 
e > 0 number there is an interval-sequence {(«„, ßn)} of density less than e 

00 

so t ha t on its complementary set on the set (0, oo) — 2 (an> ßn) — thein-
n= 1 

crease of F(t) is finite. In the opposite case F(t) is called tending to infinity 
"regularly". 

The theorem of A R M E L L I N I — T O N E L L I — S A N S O N E (S . [ l ]p . 6 0 . ) is as follows. 
If in the equation u" + a(t) — 0 a(t) is positive non-decreasing continu-

ous together with its derivative, lim a(t) — °° and log a(t) tends to infinity 
< = • » 

regularly, then every integral of the equation tends to zero as t —00. 
Z . O P I A L generalized this theorem for more complicated a(t) and showed 

tha t the differentiability of a(t) need not be supposed (s. [2]). 
2. The purpose of the present paper is to find an extension of the A. —T.— 

S.-theorem to the nonlinear equation 
(1) u" + a(t) f(u) = 0 . 

This is intended by the following 
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Theorem. If in equation (1) 
1. a(t) > 0, is continuous non-decreasing, lim a(t) = log a(t) tends to infinity 
regularly, ,= 00 

2. f(u) is a continuous non-decreasing odd function, 

3. t i f f ! = 0 ( 1 ) ( « - > 0 ) and t^HH. is non-increasing for и > 0, 
и и 

4. | / («i) — /(«,) I ^ ш ( J м, — «2 | ), where co(z) is positive non-decreasing and 

dz 
Í co(z) 

oo («0 > 0) , then every solution of (1) tends to zero as t -> °o. 

Proof. As is well-known these hypotheses assure the existence and uni-
queness of an oscillatory solution (for t 0) with given initial conditions 
(s. [3] and [4] ). Le t us suppose there exists a solution u(t) contradicting this 

theorem. Its "ampl i tude" defined by A(t) 
u' 2 

f- 2 F(u) is non-increasing 
a(t) и 

(s. [4] ) (F(и) means here \ f(z)dz). Let its limit be denoted by A. By our 
ó 

assumptions A > 0. Taken (1) in to account 
t 

A2(t) = 2 F(u) + — = АЦ0) + ( dA2(t) = A2(0) 4- ( 
a(t) J J 

2 f(u)u' + 
2 и' u" dt — 

J- 2 y'2 f u'2 
-4— da(t) = A2(0) - ——da(t) = АЦ0) - — 
a2(t) J a2(t) J a(t) 

о о 
This may be writ ten in the form 

da(ff 

W 

u'2 da(t) 

"о(/Г 

( 2 ) 

i 
A2(t) = A2(0) — Г \A 2 ( t ) - 2 F (it) 1 

) a(t 

too. Tending log a(t) to infinity regularly there is such a number f 0 > 0, that 
t he growth of log a(t) on the complementary set of all sequences {(an, ßn)} 
( a n < ßn < an f j) of intervals of density less t han e0 is infinite, i.e. the series 

V [log a(ai+1) - loga(A)] = bg-a ( a '+ l ) 

i=i /= i a(ßß 

is a divergent one. I t will be proved later, tha t one can choose (to e0) such a 
number r) > 0, t h a t the sequence of all the intervals (an, ßn), where the in-
equali ty A2(t) — 2 F(u) < r] is satisfied, have a density less than e0. On account 
of (2) 

°<+i 

A2(an) ^ АЦ0) - V I [A2(t) - 2 F(u)] . 
É I J 

A 
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But on the intervals (/?,-, a i + 1 ) we have 42(i) — 2F(u) ^ rj, therefore, 

"i+i 

A2(a,) < A>( 0 ) - n У f ^ = A2( 0) - г, V log a ( a ' + l ) . 
iÄ J «W Й »(A) 

ßi 

However this results in 42(a„) < 0 for n large enough, what is impossible. — 
Hence we have still to show, tha t a choice of p like above is possible. 

3. The inequality A2(t) — 2F(u) ^ r) implies 

Ait) - V ¥ f W ) < < < 'H-, 
- A(t) + ]/2F(u)- A(t) ~ Q 

where о denotes the greatest lower bound of A (t) for t F 0. This is a positive 
number accordingly to our assumption on u(t). Therefore it is sufficient to 
show that a number rj* > 0 can be chosen so t h a t the sequence of the intervals, 
where 

* (3) A{t) — ]/2F{u) фр 

is of a density less than f0 . Namely multiplying (3) by A(t) + y~2F[u) ^ К 
(A(t) and consequently u(t) are bounded) we have A2(t) — 2F(u) 5Í rf К = ~rj 
and ~rj satisfies our requirements. Being lim A(t) = A there is a place ^ 0 

(=00 

so tha t the inequality A r/* A(t) A — rf is fulfilled for t ^ tv In other 
words: every number t tx satisfying (3) satisfies the inequality 

A — У 2 F (и) ^ 2 »;* or A 1 — 2 У* < |/2Р(м) 
A 

too. Since the density of a sequence of intervals does not change by omission 
of a finite number of intervals (preceding <,), it is enough to prove the existence 
of such a number 0 < a < 1, t ha t the density of the interval-sequence Sa. 
where a A < | /2F(u). is less than e0. Viz., conversely, the previous inequality 

implies A )Í2F(u) < 2 r\* with a certain rj* | rj* = — 4 ( 1 — cr)) and this 
I 2 ' 

the further inequality A(t) — p* — У Щи) ^ A — )[2F(u) ^ 2p*. i.e. A(t) 
_ , fj2 Л2 v 

- У 2F(u) ^ 3 rj* = p. By the notation ц = p - i j — J the condition oA^ 

^ У 2F(u) takes the form | и | i i /и. - Let us estimate the density of the 
se quence SDenoting the successive intervals of by (a'n, ß'n) (n = 1, 2, . . . ) 
we have | и (a'n) \ = | и (ß'n) | = /i. Regard simultaneously with (1) the auxi-
liary comparison equation 

(4) v"+ a(a'n)f(v) = 0 

too and take its solution vn(t) satisfying the initial conditions vn(a'n) — 
= I u(a'n) |, v'n(a'n) = I u'(a'n) | . Let the first root of the equation vn(t) = p 
lying to the right of a'n be denoted by ß"n, resp. the first root of the equation 

9 A Matematikai Kuta tó Intézet Közleményei VII. A/1-2 . 
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vn(t) = 0 situated left f rom a'n by y'n. Applying a comparison theorem of the 
Sturmian type (s. [4] ) on u(t) resp. vn(t) (solutions of (1) resp. (4)) 

ß'n — a'n ^ ßn — a'n and a'n-y'n<a'n-ß'n^. 

Evaluate the lengths ß„ — a'n and a'n — y'n. Equation (4) may be solved. 
Obtaining 

(5) 2Vv" + 2a(a'n)f(v)v' = 0 resp. v'2 + 2a(a'n) F(v) = К , 

where 

F(v) = í m dz and К = v'2(a'n) + 2a(a'n) F(vn(a'n)) = u'2(a'n) + 
о 

+ 2a(a'n) F(u(a'n)) = a(a'n) A2(a'n) . 

Thus (5) gives 

dV = Ya(a'n) A2(a'n) — 2 a(a'n) F(v) resp. dt = 1 

dt VA2(a'n)-2F(v) 

Hence 
v,lm F(v„m) 

2 Г dz _ 2 Г _ фф  

У А2«) - 2 F(z) ~ ][a(oZ) J f(z)]fA2(a'n)- 2A ' 
,< 1 я1 A1 

(A = F(z)) 
where vnm — max vn(t) (vn(t) is symmetrical on its maxima) and 

(«П. ßn) 
R R 

a ' - ' = 1 _ Г d z
 = > 1 Г  

a " f o K ) J l ^ 2 « ) - 2 F(z) ~ fej J M2(<i) - 2 F(z) ' 
о 0 

By the last relation 

(в) Ä - л . , > < - ft., i « ; - л a ^ j mrm • 
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The ampl i tude B2
n(t)=-AL± + 2F(vn (t)) of vn(t) is cons tan t (s. [ 4 ] ) . For 

a(a'n) 

this reason 

B2(vnm) = 2 F(vnm) = B2(a'n) = A2{a'n), 

consequently 
4 A\A'H) \A\A-) 

ß ' - a > = 2 Г dX 1 - Г d X 

" l ^ K ) J m УАЦа'п) - 2A - fi/г) J р а д - 2 A 
4<J"A" I Я'A1 

_ 2 P 2 K ) — ff2 A2 _ 2 P 2 + r„ — a2 A2 _ 2 p 2 ( l - g2) + 

Р Р Т Щ У ~ / Й Ш ~ / Й Ш Г 

where vn 0 and lim vn = 0. Therefore vn g v ( v > 0) fore some n n0 and 

FFILCISFFI-^SLFS^L < „ £ „ „ ) . 

/(/*) Va(an) 
By means of this and (6) 

( 7 ) J ^ ^ 2 p 2 ( l a2) -j- v = G ( a > v h 

^ J YA2(t1)-2F(z) 
о 

and finally 

I (Ä, — «n) f ( 0 , - a ; ) 
(8) ^ ± 1 £ - 5 = * ± I £G(a,v) (N > n0). 

P » - a " » 2 {ßn-ßn-1) 
n=n,+ l 

The number p is increasing with g, therefore the denominator of (7) too. Once 
having chosen the number v, i.e. n0 so tha t G( 1, v) < e0 is, we have also 
G(a, v) < e0 provided tha t g is near enough to 1. Therefore the left hand side 
of (8) may for arbitrary N > n0 be made less than e0 by taking a near enough 
to 1 and just this was to be proved. 

(Received April 28, 1961.) 
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РАСПРОСТРАНЕНИЕ О Д Н О Й Т Е О Р Е М Ы ARMELLINI—TONELLI— 
SANSONE НА Н Е Л И Н Е Й Н Ы Е У Р А В Н Е Н И Я и" - f а ( < ) / ( м ) = О 

I. BIHARI 

Резюме 

В статье дается доказательство следующего факта. Всякое решение 
нелинейного уравнения 

и"+ a(t)f(u) = 0 

стремится к нулью при если только a(t) положительная, непрерыв-
ная неубывающая функция, loga(í) стремится «регулярно» к + 0 0 при 
í-v-j-oo, f(u) является неубывающей нечёткой функцией, далее, не 

убывающая функция при и > 0, = 0(t) (и ->- 0) и, наконец, | f ( u f ) 

— f(u2) I ̂  <ы(| их — и2\), где ca(z) неубывающая положительная функция и 
и, 

(«о^О) . 
J co(z) 
о 
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