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P. ErpGs and A. RENYT in their paper [1] consider the evolution of the
random graph I', y having » labelled vertices (or point) and N edges which
are chosen at random in such a way that each possible choice has the same
probability. If 4 is some property which the random graph may or may not
posses let P, y(A4) denote the probability of the random graph possessing the
property A.They treated the “‘typical” structures arising at a given stage of the
evolution (i.e. if N is a given function of n). (A typical structure means a
structure the probability P, n(A4) of which tends to 1 for n— o.) If 4 is
a property such that

(1) lim P, y(4) =1,

n—o

then we say that ““almost all’’ graphs have this property which can be formed
from n given labelled points and N edges. If there exists a function 4(n) tending
monotonically to - oo for n — + oo, such that

o, #f lim MO _g
: n>+e A(n)
(2) hin Pn,N(n)(A) = N( )
e i, 3 B 2l e
n—>+w A(n)

then this function A(n) is called a threshold function for the property A.
A graph is called a balanced graph, if it has no subgraph of a degree
larger than its own. (If the graph (7 has n given points and N edges, then the

number %\7 is called the degree of the graph.) Two graphs are called iso-

morphic, if there exists a one-to-one mapping of the vertices carrying over these
graphs into another.

A graph is bichromatic if it has m given labelled points P, P,, ..., P,,
of the first colour and n given labelled points Q,, Q,, ..., @, of the second
colour and N edges connecting points having different colours.

A bichromatic graph is called a bichromatic complete graph of order
(k, 1) if it has k vertices of the first colour, ! vertices of the second one and kl
edges. A connected bichromatic graph which has k points of the first colour
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and [ points of the second one, and k + I — 1 edges, is called a bichromatic
(k, I)-tree. It can be seen easily that the complete graphs and trees are balanced
raphs.
= The aim of our paper is to determine the threshold function for a certain
type of graphs, which are subgraphs of the bichromatic random graph.
Let the bichromatic graph I',, y consist of m given labelled vertices
P,, P, ..., P, of one colour, n given labelled points Q,, @,, . . ., @, of the other
colour and N edges connecting vertices of different colours only, chosen at
random in such a way that all admissible choices have the same probability.
Increasing the number of the edges NV so that it remains very small com-
mn

pared with m and n, for example if N = o H/m iy

I, consists of isolated points and isolated edges. Especially if m ~ cn,
then in the case of N = o(}/n) it will be very probable, that the random graph
consisting of isolated points and isolated edges only. Namely the probability
that at least two edges of I',,, , y have a common point equals to 1 minus the
probability that there are no edges having a common point. As the probability

it is very probable that

)

of the choice of any admissible set of N edges is the same, namely 1 /imn

thus the probability that the edges have no common point is
ni[™ n )

)

mnl '

N

(3)

Accordingly the probability that at least two edges of I',, ,\ will have a
point in common is

[m (n.
v\
*) L= —may
v
Using the relation
n nk _ K
(5) I ~ ﬁe 2n
valid for £ = o(n's), we obtain that for N = o H/
m -+ n
vl
AN\ P . -
TSP sl b el BT D R I N B,
(6) mn _OlN m i n  mn ] al)s
N

If however in the case m ~ cn, N ~ ¢, Yn , where ¢,> 0, is a constant not de-
. 1 v -1 - .
pending on n then the appearance of trees consisting of three points, that
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is (1,2)- or (2,1)-trees has a probability with a positive limit for n — oo,
but the appearance of a connected subgraph consisting of more than 3
vertices remains still very improbable. If NV increases while n is fixed, the
situation will change only if N reaches the order of magnitude of n's. Then
the (1,3)-, (2,2)- and (3,1)-trees having four points appear. Generally (in the

case m ~ cn) the threshold function for the appearance of the trees of order
k+1=2

(k, 1) is n*+!=1 | This result is contained in the following

Theorem. Letk > 1,1 > 1, and v be positive integers (k + 1 — 1 < v < k).
Let #y,, denote any non empty class of connected balanced bichromatic
random graphs which contain k points of the first colour, l points of the second one
and v edges (connecting points having different colours). The threshold function
concerning the property of the bichromatic random graph, that it contains a sub-

K+l

graph isomorphic with some element of ., ,, is equal to n e . Supposing
that m ~ cn, where ¢ > 0 and does not depend on n.

Proof. The proof of the theorem is similar to that of the analogous theo-
rem of ErpOs and RENYI concerning the threshold for subgraphs of given type
of one coloured random graphs. Let B,,, denote the number of all graphs
which can be formed from % labelled points of the first colour and 7 labelled points
of the second colour and belonging to the class &, ,,. If P, y(5;, ») denotes
the probability that I', , v has at least one such subgraph which'is isomor-
phic to some element of By, then obviously

mn — v)
m)(n N —v
(7) Pres) = (7)) Bt
N
As a matter of fact at first we choose k points of one colour (this can be done in
(7;; ways) and [ points of the other colour (which can be done in different

ways); from these we form all graphs which are isomorphic to some element of
the class &%, (this may be done in B,,, different ways); then the
number of graphs G,y Which contain the selected graph as a subgraph is
equal to the number of ways in which the remaining N — v edges can be chosen
from the mn — v possible other edges. (In this way are repeatedly taking into
consideration those graphs which have more than one subgraph isomorphic
with some element of the class %, ,.)
From (7) we obtain

(8) P (B 1) =0 (—_t—f .

k+1
From (8) and the supposition m ~cn, if N = o (nzv 7) it is clear that

(9) Pm,n,N(Bk,l,v) = 0(1)

and thus we proved the first assertion of the theorem.
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In proving the second part of the theorem let us denote by .%?f"f};.’;‘)
the set of all subgraphs of the bichromatic complete graph which contains m
points of the first colour and » points of the second colour, which are isomorphic
to some element of &,,,. If S BP, let the random variable #(S) be
equal to 1 if S is a subgraph of Bt and &(S) = 0 otherwise. Then the mean
value of the number of subgraphs of I',, , v which are isomorphic to an
element of %, ;,, is

M(Z «S)= = M(3) =

SeBY S By

(10) (mn — v
m|(n N —v Biio Nv
= B0 ~ b, S
gLl (mn) k11! mo—kpo-!
N

If 8, and S, are two elements of %{™" which have no common edge then
the mean value of the product &(S,) ¢ ( 2)

mn—2v]
N —2¢ :
mn )

N

(11) M (2(8,) &(S2)) =

If however S, and S, have r common edges (1 < r < v — 1), then

n——20+r]

(12) M(e(S,) e(S) = "] 0

¥

On the other hand if i and j denote the number of common points of 8, and
S, of the first and second colour respectively, and ¢ 4 j = s, then — as the
intersection of S, and S, is a subgraph of S, (and S,) and as by our suppo-

k
sition each S is balanced — we obtain - = Y that is s = il ] ; thus

s k+1 v

the number of such pairs of subgraphs S, and S, does not exceed the sum
m]k(m-—k l n—l)
k i] k—i '

FlvE=—1,
By making use of the supposition m ~ cn we obtain

(14) B,%,,_vi:jz. [m][lj)(fz:f (7; (;)(n,——%]:o(nz(ﬂz)_ﬁizﬁ).

i MkD k l—7
e

sz-r ]

(mn)2°-" )

(13) Bio

r(k+10)
s -

l
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Consequently we obtain

M(( 2 eS))= = M((S)+

SeBEY Sems
mn — 2v
B}, ,m!n! N —2v T
15 A i M T O R O NSRS )
(15) + k2 1%(m — 2k)! (n — 20)! mn £ [( n] 5
N
k+!

3 NY - C; A4 Y
2D )’ B i
+0[(n ) 2,( - J]

The meaning of the sum of the second and the third term of (15) is the
following: the mean value of the number of such pairs of subgraphs which have
no common edges but have ¢ + j common points does not exceed the following

mn — 2v
k+i1—1
2

w Bl ey

(mn
Let us divide the sum (16) into two parts

w3

mn — 2v
k+1—1
2

(mn—2v
N—QU]
mn

N

n—1
l

(17)

N —2v m) (k) (m — k)y(n)[(l)(n—1
B}, — .
R Z (k”z”k —i J(l (7‘ 1— 7‘]
N
Wherefrom we obtain
mn — 20}
2 | _ v 2 k+l-1
(18) B.m!nl  (N-—20v 1o N 2 L :
k21 (m — 2k)! (n — 20)! [mn pAeR0) o, witt]
v
For the second term of (15) it is easy to see that
(mn - 20] mn — v)“’
L 2 ()2 e
(19) m! n! N —2v é(m (n] e
k121 (m — 2k)! (n — 20)! mn k) (1) [mn $
v v)
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And if we suppose that

(20) o

Lol
n )

it follows using the relation D?*(&) = M(&?) — M2(&) where D?(¢) denotes the

variance of & that
- M(ff(S)))z)

=w—> 4+ o0, n—>oo.

SesGir
min (w, n)

(21) D:( > &(S)) :0(

N

On the other hand from the inequality of Chebyshev we obtain

1 < 1
(22) Puun| 2 e8)— Z MEES) > 2 M(S) :0(_._)
seﬁ(mn) sEﬁ(m") 2 5613(1'[.'1.'3/ min (w, n)
and thus
(23) Pm,n,N( S aes 3 M(s(S))) PETS
SeBmn 2 €BG min ((0, 71)

It is clear from (10) that if w — oo, then

(24) > M(e(8) >+ oo

ﬁ

se.ﬁ(m an)

Thus it follows not only that the probability of the graph I',, , y containing
at least one subgraph isomorphic to some element of .%,,, tends to 1,
but also that the number of subgraphs of I',, , y which are isomorphic with
some element of %, , tends to 4o in probability.

Thus the theorem is proved.

If we put v = k£ + [ — 1into the threshold function given by the theorem
we obtain

Corollary 1. The threshold functwn for the property that the bichromatic
kti-2

random graph contains a (k, l)-tree is n*k+1=1 supposing that m ~cn.

This agrees with our result in [2].
And if we write kl instead of v we obtain

Corollary 2. The threshold function for the property that the bichromatic
Kkt

g by
random graph contains a bichromatic complete subgraph of order (k,l) is n K .

It is evident that the latter threshold function is equal to the threshold
for the property that a random graph (which is not coloured) contains
a saturated even subgraph (i.e. a subgraph consisting of k& -+ I points
PPy oo By and 105 Qs , @, and containing all edges P; @;) given by
P. Ern63 and A. RENYI in [1]

I am indebted to Professor RENYI for his valuable remarks.

(Received April 16, 1962.)
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FPAHUYHBIE ®YHKUHUHU [JIsd MOAINPA®OB [BY XL{BETHbIX
CJIYUANHBIX TPA®OB JAHHOI'0 TUIA

I. PALASTI
Pe3iome

[lycrs I'y, ,, & €CTH CllyyaiiHblil Tpad veTHOro 00X0Aa, KOTOPbI COCTOMUT
U3 m [aHHBIX NPOHYMepoBaHHBbIX BeplwuH Py, Py, ..., P, oKpalueHHBIX B OJUH
L(BET, 7 JAHHBIX IIPOHYMEPOBAHHBIX TOUEK @y, @y, . . . , @, OKpallleHHbIX B APYTOii
uBet, u N HayrajaBbliOpaHHbIX pebep. IIpeanosioyKum, 4To TOUKU OJHOTO LBeTa
HeJb3sl COeMHUTH PedpOM M UTO BCe BO3MOYKHbIE BBIOOPHI I'paOB 0AUHAKOIO
BepOsITHBL. B cBA3M ¢ yBenuueHuem uucia pebep N(m,n) uMeeT MecTo cleny-
tomee: Ecnm k> s, 1= 1, v nono)xkutenbHble nenble yicna (k+1 — 1< v < kl)
U By, 0003HauaeT J000ii He MyCTOH KJacc TaKMX CBS3HBIX, ypaBHOBe-
IIEHHBIX, CIyYalHBIX rpadoB ¢ YeTHHIM 00X0/0M, KOTOpbie COEpIKaT k ToueK
OJIHOTO 1BeTa M [ TOYEK JPYroro LBeTa, CoeJuHEHHBbIX v pe6paMu, TO rpaHHUYHAS
GYHKUMS OTHOCHUTEJIbHO TOr0 CBOMCTBA CJIYYaliHOTO ABYXLBETHOTO rpada, 4uTo

OH COJIePXKUT XOTsi Obl ouH moxarpad, u3oMOP(HBIE HEKOTOPOMY 3JIEMEHTY
k+1
Qi

B0, PABHA n ? | TIPK YCIOBUM, UTO m ~ cn (rae ¢ > 0 ¥ He 3aBUCUT OT 7).
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